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Keywords: Linear group; irreducible subgroups; GL(2, q); GL(3, q); soluble group.

Mathematics Subject Classification 2000: 20H30, 20G40

1. Introduction

In this paper we construct parametrized lists of soluble irreducible linear groups of
degrees 2 and 3 over a finite field E. That is, for n = 2, 3 and chosen E of characteris-
tic greater than n, we provide a complete and irredundant list of soluble irreducible
subgroups of GL(n, E): any such subgroup is GL(n, E)-conjugate to one and only
one group in the list. A complementary list of the insoluble irreducible subgroups
of GL(2, E) is also determined. Each group is given explicitly by a generating set
of matrices. These lists are available electronically to use within computer algebra
systems.

Although the abstract isomorphism types of subgroups of PSL(2, E) and
PSL(3, E) have been known for some time (see, for example, [8, Secs. 8.4, 8.5]
or Sec. 2 below), our work is a major advance beyond that knowledge. Most signif-
icantly, our lists furnish classifications by linear isomorphism in the general linear
group, with groups given by explicit generating sets of matrices. Furthermore, this
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is the first time such lists have been made available in electronic form, using meth-
ods that both avoid the natural permutation representation on the underlying set
of vectors and are independent of computational machinery for soluble groups.
Since field operations constitute the bulk of the computation, lists are constructed
quickly.

This paper is a companion piece to [11], wherein the first author considered
irreducible monomial linear groups of prime degree and degree 4 over finite fields.
We were originally motivated by the problem of classifying soluble primitive per-
mutation groups as in Short’s monograph [22]. In particular, our results enable one
to classify all primitive permutation groups with abelian socle in any degree that
is the square or cube of a prime.

The books [23, 24] by Suprunenko contain much pioneering work on classifica-
tion of soluble linear groups; for example, in [24, Sec. 21, pp. 162–168] generating
sets are given for GL(n, E)-conjugacy class representatives of the maximal soluble
irreducible subgroups of GL(n, E), n prime. Building on Suprunenko’s work (and
with due credit given to Jordan), Short in [22] lists soluble irreducible subgroups
of GL(n, E) for E of prime order p with pn < 256. His classification of soluble irre-
ducible subgroups of GL(2, E) is incomplete: as first detected by Alexander Hulpke,
two conjugacy classes of monomial subgroups are missing from [22, Theorem 3.5.2].

We draw on some of Short’s essential work, but in degree 2 we employ an
approach otherwise independent of his, which also applies to insoluble groups, and
moreover may be applied successfully to list the soluble groups of degree 3 (indeed
many of our methods are relevant in general prime degree).

Again motivated by classification of soluble primitive permutation groups, Eick
and Höfling [7] have developed an algorithm to classify conjugacy classes of solu-
ble irreducible subgroups of GL(n, E). Following Aschbacher’s classification [1] of
the maximal subgroups of GL(n, E), their algorithm first writes down the maximal
soluble irreducible subgroups of GL(n, E), then for each of those inductively con-
structs its maximal subgroups, deciding whether or not two irreducible elements
in the resulting list are conjugate. The algorithm was used to classify the soluble
primitive permutation groups of degree at most 38− 1; this has now been extended
to degree 10000 by Höfling.

Comparisons between the two approaches are not very meaningful. The algo-
rithm of Eick and Höfling requires explicit solutions to conjugacy problems, whose
inherent complexity grows with the degree and size of field. Our approach assembles
explicit generators and depends primarily only on the cost of computations in the
finite field.

We have created a parametrized list of generating sets for the groups. The list
is designed for Magma [4] but can be readily incorporated into other computer
algebra systems. The construction of the list for a specified degree and finite field is
very fast. While the generating set returned for a group may vary up to conjugacy,
in all other respects the list (and its ordering) is completely determined. We report
on this in more detail in Sec. 7.
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Finally we comment on steps taken to ensure the accuracy of our list, and
compare it with Suprunenko’s classification [24, Theorem 6, p. 167] of the maximal
irreducible soluble subgroups of GL(n, q), n ≤ 3.

2. An Overview

We now recall well-known descriptions of the abstract isomorphism types of irre-
ducible subgroups of GL(n, q) for n = 2, 3. These results guide our general approach
in Secs. 4–6, and are consequences of Aschbacher’s classification [1]; earlier treat-
ments include [16, Chap. II, Sec. 8].

Theorem 2.1. Suppose that G is an irreducible subgroup of GL(2, q) having
center Z. Then one or more of the following holds:

(1) G is imprimitive and conjugate to a subgroup of the group of monomial matrices
GL(1, q) wr S2.

(2) G is conjugate to a subgroup of the normalizer of a Singer cycle in GL(2, q).
(3) G is conjugate to a subgroup of GL(2, r)Z where GF(r) is a proper subfield

of GF(q).
(4) G/Z is isomorphic to one of A4, S4, or A5.
(5) G contains SL(2, q).

Theorem 2.2. Suppose that G is a soluble irreducible subgroup of GL(3, q) having
center Z. Then one or more of the following holds:

(1) G is imprimitive and conjugate to a subgroup of the group of monomial matrices
GL(1, q) wr S3.

(2) G is conjugate to a subgroup of the normalizer of a Singer cycle in GL(3, q).
(3) G is conjugate to a subgroup of GL(3, r)Z where GF(r) is a proper subfield of

GF(q).
(4) G normalizes an extraspecial group of order 33 and so G/Z is isomorphic to a

subgroup of the affine group ASL(2, 3).

3. Notation and Conventions

Throughout the paper, p is a prime and q is a power of p. The algebraic closure of
GF(p) is denoted Fp. Every finite field GF(q) is a subfield of Fp.

We write a diagonal matrix as the ordered sequence consisting of its main diag-
onal entries, starting at position (1, 1). For a group of diagonal matrices M and set
of primes ς, Mς will denote the largest normal ς-subgroup Oς(M) of M . Hence Mς

is the direct product
∏

r∈ς Mr.
Let K be a field. The group of all diagonal matrices in GL(n, K) is denoted

D(n, K), and M(n, K) = D(n, K) � Sn is the full monomial matrix subgroup of
GL(n, K), where Sn is the group of all n× n permutation matrices (identified with
the symmetric group of degree n). If K is finite of size k then “k” may replace “K”
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in this notation. The projection homomorphism M(n, K) → Sn defined by ds �→ s,
d ∈ D(n, K), s ∈ Sn, will be denoted π.

A primitive linear group in this paper is always irreducible. If the field of defi-
nition of a linear group is not clear from the context, then it will be indicated by
prefixing.

Another convention relates to our use of the word list, as in the Introduction;
here we always mean a collection of linear groups all of a certain specified kind,
that is complete and irredundant with respect to conjugacy in the ambient general
linear group.

4. Preliminaries

In this section n is prime unless stated otherwise.
An irreducible subgroup G of GL(n, q) is completely reducible over Fp, with

Fp-irreducible constituents all of the same degree. If G is not absolutely irreducible
then that degree is 1, so G is abelian. As such, G is conjugate to a subgroup of a
Singer cycle (a cyclic subgroup of GL(n, q) of order qn − 1). The theory of Singer
cycles in GL(n, q), and of their GL(n, q)-normalizers, is well-understood (see, for
example, [22, 2.32–2.35, p. 15]. Let An,q be a list of the irreducible subgroups of a
Singer cycle in GL(n, q).

For nonabelian groups, we begin by solving the listing problem in GL(n, Fp). The
nonmodular (namely, of order not divisible by p) absolutely irreducible subgroups
of GL(n, q) may then be obtained by determining groups in the list over Fp that
have conjugates in GL(n, q) and rewriting those groups over GF(q).

Glasby and Howlett [14] present an algorithm which, given as input an abso-
lutely irreducible matrix representation of degree d over a field E, produces an
equivalent representation in which all matrix entries lie in the smallest possible
subfield K of E. The complexity of this algorithm is d3|E: K|. We use an implemen-
tation in Magma of this algorithm to perform rewriting.

An absolutely irreducible subgroup of GL(n, q) either is conjugate to a subgroup
of M(n, Fp), or is a primitive subgroup of GL(n, q). These two situations are not
mutually exclusive. Thus we construct separately a list Mn,q of the absolutely
irreducible subgroups of M(n, q), a list PMn,q of the GF(q)-primitive, Fp-monomial
absolutely irreducible subgroups of GL(n, q), and a list Pn,q of the Fp-primitive
absolutely irreducible subgroups of GL(n, q).

We will find Mn,q from a list of the irreducible subgroups of M(n, Fp). Alter-
natively we could apply the “reduction mod p” theory of [11, Sec. 2] to the lists
of finite irreducible subgroups of M(2, C) and M(3, C) in Bácskai’s thesis [2]. In
an attempt to keep the account here reasonably self-contained, we elect not to do
that. While the constructions here and in [2] overlap to some extent, they differ in
several key areas.

The simplest sort of monomial linear group in any degree n has cyclic projection
in Sn. We use the next two results repeatedly when listing such monomial groups.
Denote (12 · · ·n) ∈ Sn by c.
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Lemma 4.1 (cf. [2, Lemma 5.2]). Let K be an algebraically closed field and
n > 1 any integer. Suppose G is a subgroup of M(n, K) such that πG = 〈c〉. Choose
g ∈ G with πg = c, and let ζ ∈ K be an nth root of det(c−1g). Then there exists
w ∈ D(n, K) such that Gw = 〈ζc, D(n, K) ∩ G〉.

Proof. Certainly G = 〈g, D(n, K) ∩ G〉. The conjugation action of c on a diag-
onal matrix is to cycle forward its main diagonal entries, so that if ζ−1c−1g =
(a1, a2, . . . , an) and

w = (1, a2, a2a3, a2a3a4, . . . , a2a3 · · ·an)−1

then gw = ζc as desired.

Lemma 4.2. Suppose G is a finite subgroup of M(n, K) such that πG = 〈c〉,
K an algebraically closed field of characteristic n. Then G is D(n, K)-conjugate
to the split extension 〈c, D(n, K) ∩ G〉.

Proof. By Lemma 4.1, G is conjugate to 〈ζc, D(n, K) ∩ G〉, where ζ is a scalar
whose nth power is in G. Since |ζ| is coprime to n, so ζ ∈ G.

By the next result, elements of PMn,q for n = 2 or 3 normalize Singer cycles.

Theorem 4.3. Let G be a primitive subgroup of GL(n, K) with normal subgroup N,

K any field. Then N is either irreducible or scalar. Thus if N is finite abelian then
N is cyclic.

Proof. By Clifford’s Theorem the KN -module K(n) has a single homogeneous
component. Since n is prime, if this is reducible then it is a direct sum of isomorphic
1-dimensional submodules, and consequently N is scalar.

Remark 4.4. If n is any integer and G ≤ GL(n, K) is primitive, then an abelian
normal subgroup N of G is a subgroup of the multiplicative group of a field, so that
N is cyclic if it is finite.

The following variation on a well-known theme plays a fundamental part in our
listing of the primitive subgroups of GL(2, q) and GL(3, q).

Theorem 4.5. Let G be a subgroup of GL(n, q). Then there exists Ĝ ≤ SL(n, Fp)
such that G/Z(G) ∼= Ĝ/Z(Ĝ). In fact, Ĝ ≤ SL(n, qm), where

(i) m is a divisor of n − 1 if n 	= p and n does not divide q − 1,

(ii) m = n if n 	= p and n divides q − 1,

(iii) m = 1 if n = p.

Further, Ĝ has property P if and only if G has property P, where P ∈ {irreducible,
absolutely irreducible, K-primitive}, K a subfield of Fp containing GF(q).

Proof. Suppose first that n 	= p. Let m̄ be the order of q mod n. If n and q−1 are
coprime then n divides (qm̄ − 1)/(q − 1), and thus GF(qm̄) contains nth roots of
every element of GF(q). If q ≡ 1 mod n then n divides (qn − 1)/(q − 1), so GF(qn)
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contains all the nth roots. Of course the nth power of GF(q)× is GF(q)× if n = p.
Then

Ĝ = {ωg | g ∈ G, ω ∈ GF(qm), ω−n = det(g)}

satisfies the stated conditions.

The disjoint union An,q ∪ Mn,q ∪ PMn,q ∪ Pn,q contains all irreducible sub-
groups of GL(n, q). If n ≤ 3 then the first three components of this union con-
sist entirely of soluble groups. We divide Pn,q into two sublists P◦

n,q and P•
n,q of

soluble and insoluble groups, respectively. The structure of soluble quasiprimitive
linear groups over algebraically closed fields has been thoroughly investigated by
Suprunenko and others.

Theorem 4.6. Let G be a soluble primitive subgroup of GL(n, Fp). Then

(i) Fit(G) is irreducible,
(ii) Fit(G)/Z(G) ∼= Cn × Cn,

(iii) Fit(G)/Z(G) is self-centralizing in G/Z(G),
(iv) G/Fit(G) is isomorphic to an irreducible subgroup of Sp(2, n) ∼= SL(2, n),
(v) a minimal normal subgroup of G/Fit(G) has order coprime to n,

(vi) p 	= n.

Proof. Set Fit(G) = F and Z(G) = Z. Note that G 	= F , for if G were equal
to F then G would have a noncentral abelian normal subgroup, but every abelian
normal subgroup of G is scalar.

The G-centralizer of F is Z(F ), and, since G is nonabelian, F 	= Z. Thus (i) is
a consequence of Theorem 4.3. For (ii)–(iv), see [24, Secs. 19, 20] or [6, pp. 71–74].
The representation implicit in (iv) arises from the conjugation action of G/Z on
F/Z. It is an irreducible representation because otherwise there exists a normal
subgroup L of G containing Z such that L/Z ∼= Cn, so that L is an abelian normal
subgroup of G. However Z is the maximal abelian normal subgroup of G.

A minimal normal subgroup of G/F is elementary abelian. It cannot have
order n since On(G/F ) = 1 by (iv) and [18, 9.17, p. 159], so it has order dividing
|SL(2, n)|/n = n2 − 1. Thus (v) holds.

To prove (vi), we define for each h ∈ F a homomorphism θh: F/Z → Z by
θh: gZ �→ [g, h]. If p = n then θh is trivial, which yields the contradiction that F is
abelian.

Remark 4.7. In Theorem 4.5, Fit(G)/Z(G) is the unique minimal normal sub-
group of G/Z(G). Thus G/Z(G) has trivial center.

Theorem 4.8. Let G be a finite soluble primitive subgroup of GL(n, Fp).

(i) Fit(G) is conjugate to an irreducible subgroup of M(n, Fp) with diagonal sub-
group of index n.
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(ii) |Z(G)| is divisible by n.
(iii) G/Z(G) splits over Fit(G)/Z(G), and all complements of Fit(G)/Z(G) in

G/Z(G) are conjugate.

Proof. We use Theorem 4.6 several times.
Since F := Fit(G) is a nilpotent p′-subgroup of GL(n, Fp), it follows that F

is monomial (see [16, 18.4, p. 580]). Let F̄ be a conjugate of F in M(n, Fp); then
Z := Z(G) < D(n, Fp)∩F̄ and so 1 < |F̄ : D(n, Fp)∩F̄ | ≤ n2. Since F̄ is irreducible,
so D(n, Fp) ∩ F̄ 	= Z, for otherwise Cn × Cn is a transitive permutation group of
degree n. Now (i) follows.

For (ii), note that if n does not divide |Z| then H2(F/Z, Z) = 0 by, for example,
the Schur–Zassenhaus Theorem; so F splits over Z implying that F is abelian.

Let C/F be a minimal normal subgroup of G/F . We have Hi(C/F, F/Z) = 0,
i ≥ 1, and after factoring out trivial cohomology we get Hi(G/F, F/Z) ∼=
Hi(G/C, (F/Z)C/F ). If (F/Z)C/F 	= 0 then Z(C/Z) ∩ F/Z is a nontrivial nor-
mal subgroup of G/Z in F/Z, but F/Z is minimal normal and self-centralizing in
G/Z. Hence Hi(G/F, F/Z) = 0 as required.

Corollary 4.9. If G is a finite soluble primitive subgroup of GL(n, Fp) then
G/Z(G) ∼= (Cn × Cn) � H for some irreducible subgroup H of SL(2, n), where the
semidirect product is formed with respect to natural action of H on the underlying
2-dimensional GF(n)-space.

Soluble groups are our primary focus. We will not attempt construction of P•
3,q,

an arduous task as evidenced by [8, Theorem 8.4.2]. We include P•
2,q since its

construction is not much extra work.
We adopt a simplifying restriction for Pn,q, treating only the nonmodular case,

which ensures that the characteristic p and characteristic zero representation theo-
ries coincide (see, for example, [18, 15.13, p. 268]). This is not a serious restriction
in degrees 2 and 3, since it produces at most two exceptional values of p.

To end the section, we mention a fact used without further comment, a conse-
quence of the Deuring–Noether Theorem [17, 1.22, p. 26]. Let K be a field, let n be
any positive integer, and suppose G, H are finite subgroups of GL(n, K) which are
conjugate in GL(n, L) for an extension field L of K; then G and H are conjugate
in GL(n, K).

5. Degree 2

Short [22, Chap. 3–5] describes how to list the soluble irreducible subgroups of
GL(2, q). A partial implementation of his algorithm — providing such lists for
GL(2, p) where p2 < 256 — is available in GAP [13] and Magma [4]. In this section
we list all irreducible subgroups of GL(2, q). Our methods are substantially different
to Short’s (especially for monomial and Fp-primitive groups) and carry over to other
prime degrees.
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5.1. The sublist A2,q

Theorem 5.1. Let α be a generator of GF(q2)×, and define

b =
(

0 1
−αq+1 α + αq

)
.

Let r be a divisor of q2 − 1 but not q − 1. Then A(r) = 〈b(q2−1)/r〉 is an irre-
ducible subgroup of GL(2, q) of order r. An irreducible abelian subgroup of GL(2, q)
is conjugate to A(r) for some r.

Proof. This is standard; cf. [22, Sec. 2.3].

5.2. The sublist M2,q

This subsection covers the same ground as [22, Chap. 3] but avoids the error of
[22, Theorem 3.5.2].

To list the absolutely irreducible subgroups of M(2, q) we apply results from [11].
We first assume that p is odd. Let a be the nontrivial 2 × 2 permutation matrix,
and recall the definitions of the diagonal matrices zi, wi, and the monomial groups
H(i, j, k), made before [11, Theorem 5.1]. That is,

zi = (ωi, ωi), wi = (ωi, ω
−1
i )

where ωi ∈ Fp has order 2i+1, ω2
i = ωi−1, and

H(i, j, 1) = 〈a, zi, wj〉, H(i, j, 2) = 〈azi+1, wj〉, H(i, j, 3) = 〈a, zi+1wj+1, wj〉.

Theorem 5.2. Let G be an irreducible subgroup of M(2, Fp) conjugate to a subgroup
of M(2, q). Then G is conjugate to G2 � G2′ for some 2-subgroup G2 of M(2, q),
and odd order subgroup G2′ of D(2, q) normal in M(2, q).

(i) Suppose q ≡ 1 mod 4, and let α be a generator of O2(GF(q)×), |α| = 2t, t ≥ 2.
Then G2 is GL(2, q)-conjugate to one of

H(i, j, 1) 0 ≤ i ≤ t − 1, 1 ≤ j ≤ t − 1
H(i, j, 2) 0 ≤ i ≤ t − 2, 1 ≤ j ≤ t − 1
〈a(α, 1), wj〉 1 ≤ j ≤ t − 1
H(i, j, 3) 0 ≤ i ≤ t − 2, 1 ≤ j ≤ t − 2
H(t − 1, t− 1, 3)

if G2′ is scalar, and to one of

〈a〉
H(i, j, 1) 0 ≤ i, j ≤ t − 1
H(i, j, 2) 0 ≤ i ≤ t − 2, 0 ≤ j ≤ t − 1
〈a(α, 1), wj〉 0 ≤ j ≤ t − 1
H(i, j, 3) 0 ≤ i, j ≤ t − 2
H(t − 1, t − 1, 3)

if G2′ is nonscalar.

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

05
.1

5:
46

7-
50

2.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

A
T

IO
N

A
L

 U
N

IV
E

R
SI

T
Y

 O
F 

IR
E

L
A

N
D

 o
n 

05
/1

7/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



June 28, 2005 8:50 WSPC/132-IJAC 00242

Linear Groups of Small Degree Over Finite Fields 475

(ii) Suppose q ≡ 3 mod 4. If G2′ is scalar then G2 is M(2, q)-conjugate to

〈a, (1,−1)〉,

whereas if G2′ is nonscalar then G2 is GL(2, q)-conjugate to one of

〈a〉
〈a, (−1,−1)〉
〈a(1,−1)〉
〈a, (1,−1)〉.

Distinct elements of the list consisting of all G2G2′ with G2 and G2′ as prescribed
in (i), (ii) are not GL(2, q)-conjugate.

Proof. By [11, Theorem 5.1], G is conjugate to G2G2′ where G2′ ≤ D(2, Fp) is an
odd order normal subgroup of M(2, Fp), and G2 is 〈a〉 or some H(i, j, k). Since G2′

is conjugate to a subgroup of D(2, q), G2′ must be in D(2, q).
(i) Suppose G2 = H(i, j, k). Then G has a scalar of order 2i+1, so i ≤ t− 1, and

(ωj , ω
−1
j ) ∈ G2 implies j ≤ t − 1 by [11, Lemma 4.2].

The groups H(i, j, 1), 0 ≤ i, j ≤ t − 1, and H(i, j, 2), 0 ≤ j ≤ t − 1, 0 ≤ i ≤
t − 2, are contained in M(2, q). Although H(t − 1, j, 2) 	≤ GL(2, q), we have that
H(t − 1, j, 2)wt+1 = 〈a(ωt−1, 1), wj〉 ≤ M(2, q).

Now suppose G2 = H(i, j, 3). If i, j ≤ t − 2 or i = j = t − 1 then G2 ≤
M(2, q). However, the hypotheses tr(G2) ⊆ GF(q) and (a) i ≤ t − 2, j = t − 1,
or (b) i = t − 1, 1 ≤ j ≤ t − 2, lead to the contradiction ωt ∈ GF(q): in (a), by
[11, Lemma 4.2], and in (b), because ωj+1 + ω−1

j+1 	= 0. It remains to consider that
G2 = H(t − 1, 0, 3) and G2′ is nonscalar. In that case the diagonal subgroup of
G2G2′ is the unique subgroup of index 2, so is in D(2, q) if G2G2′ has a conjugate
in M(2, q). But H(t−1, 0, 3) has a diagonal element of order 2t+1. Hence G2 cannot
be H(t − 1, 0, 3).

For all H(i, j, k) we have i ≥ 0, and the lower bound on j is determined by
whether or not G2′ is scalar, according to [11, Theorem 5.1]. Combining that infor-
mation with the upper bounds on i, j derived earlier yields (i) in its entirety.

(ii) Here H(0, 0, 3) = 〈a, (1,−1)〉 ∼= D8 is a Sylow 2-subgroup of M(2, q). If G2′ is
scalar then G2 is nonabelian, so must be conjugate to H(0, 0, 3). If G2′ is nonscalar
then, as in (i), G has no diagonal elements of order greater than the exponent of
D(2, q). After calculating orders we verify that the possibilities for G2 are H(0, 0, k),
1 ≤ k ≤ 3. Only H(0, 0, 2) is not in M(2, q), and this group is D(2, Fp)-conjugate
to 〈a(1,−1)〉.

A group G2G2′ here is conjugate to a group listed in [11, Theorem 5.1], so we
have an irredundant list by [11, Theorem 5.3].

If p 	= 2 then M2,q will be the list of all groups G2G2′ as specified in Theorem 5.2.
The odd order normal subgroups N of M(2, q) contained in D(2, q) are easily found;
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cf. [11, Remark 5.2]. For any prime p let Z denote the scalars of D(2, Fp) and set
W = D(2, Fp) ∩ SL(2, Fp). We have |Z ∩ W | = 2 and N ≤ ZW . Choose zw ∈ N

where z ∈ Z, w ∈ W are of odd order. Since (zw)a = zw−1 ∈ N , we see that z,
w ∈ N . Thus N ≤ (Z ∩ D(2, q)) × (W ∩ D(2, q)). Let ω be a generator of GF(q)×

and r be a prime divisor of q − 1. Set ωr = ω(q−1)/rs

, where rs is the largest
r-power dividing q − 1, and define zi,r, wi,r to be the diagonal matrices (ωri

r , ωri

r ),
(ωri

r , ω−ri

r ) respectively. Then Nr is one of the r-subgroups of 〈zi,r, wj,r〉 of D(2, q),
0 ≤ i, j ≤ s.

If p = 2 then, by Lemma 4.2, groups in M2,q are of the form 〈a, N〉 where N is
a nonscalar odd order normal subgroup of M(2, q) in D(2, q). It is straightforward
to prove that if N 	= N̄ then 〈a, N〉 and 〈a, N̄〉 are not GL(2, q)-conjugate.

5.3. The sublist PM2,q

We could try to recognize PM2,q within a list of the finite irreducible subgroups of
M(2, Fp), but will instead use Short’s classification [22] of prime degree primitive
metacyclic linear groups over finite fields.

Theorem 5.3. Let α be a generator of GF(q)×, and suppose q − 1 = 2tl, l odd.
Denote the scalars of GL(2, q) by Z. Set

c =
(

1 0
α + αq −1

)
and let A be the Singer cycle generated by the matrix b of Theorem 5.1. Then it is
valid to define PM2,q to be the list of all groups

〈c, Â〉, 〈cb2t−kl, Ã〉
where Â ranges over the subgroups of A of order not dividing 2(q−1), Ã ranges over
the subgroups of A such that O2(A) 	≤ Ã, |Ã| does not divide q − 1, O2(Ã ∩Z) 	= 1,

and k is defined by O2(Ã ∩ Z) = 〈b(q2−1)/2k〉.

Proof. This theorem paraphrases [22, Theorem 4.2.7]. As defined above, PM2,q

consists of pairwise nonconjugate primitive subgroups of GL(2, q). An element of
this list is Fp-monomial because it has a nonscalar abelian normal subgroup. By
Theorem 4.3, an Fp-monomial primitive subgroup of GL(2, q) normalizes an irre-
ducible abelian subgroup of GL(2, q); hence it is conjugate to a subgroup of the
normalizer of A and so to an element of the stated list.

5.4. The sublist P2,q

Theorem 5.4. Let G be an Fp-primitive subgroup of GL(2, q).

(a) Suppose p is odd. Then G/Z(G) is isomorphic to one of

(i) A4,
(ii) S4,
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(iii) A5,

(iv) PSL(2, q̄),
(v) PGL(2, q̄),

where q̄ is a p-power such that logp q̄ divides logp q.

(b) Suppose p = 2. Then G/Z(G) is isomorphic to one of

(i) A5 (log2 q even),
(ii) PSL(2, q̄),
(iii) PGL(2, q̃),

where q̄, q̃ > 3 are p-powers such that log2 q̄ divides log2 q and 2 log2 q̃ divides log2 q.

Proof. By Theorem 4.5 there is an Fp-primitive subgroup Ĝ of SL(2, q2) with
central quotient G∗ ∼= G/Z(G). If p = 2 then Ĝ ≤ SL(2, q), and by Theorem 4.6
(vi), G∗ is insoluble. Then by work of Dickson (see [16, 8.27, p. 213]), G∗ is a
group as in the statement of the theorem, or p is odd and G∗ ∼= PSL(2, q̃) and
logp q̃ divides 2 logp q, or G has a nontrivial cyclic normal subgroup, or G has a
nontrivial normal elementary abelian p-subgroup. It is easy to prove that neither
of the two latter cases is possible: the preimage of a cyclic normal subgroup of
G∗ in G is abelian and normal, hence central; and if G∗ had a normal elementary
abelian p-subgroup then its preimage in G would be in Fit(G), but p does not divide
|Fit(G)| by Theorem 4.6.

We now show that logp q̃ divides logp q when p is odd, G∗ ∼= PSL(2, q̃), and
logp q̃ divides 2 logp q. Suppose q̃ = pr, r = 2l, and s = logp q = ml. As G∗ is
isomorphic to a subgroup of PGL(2, q), we get that s ≥ r and (pr + 1)(pr − 1)
divides 2ps−r(ps + 1)(ps − 1). If m is even then we are done, so let m = 2k + 1.
Certainly pr + 1 is not a power of 2, so we can choose an odd prime divisor t of
pr + 1. Then t divides ps + 1 or ps − 1, so it divides ps + 1 + σ or ps − 1 + σ, where
σ = (p2l + 1)

(∑k
i=1 p(2k−2i+1)l(−1)i

)
. Since

σ =
k∑

i=1

p(2k−2i+3)l(−1)i +
k∑

i=1

p(2k−2i+1)l(−1)i

= −
k−1∑
i=0

(−1)ip(2k−2i+1)l +
k∑

i=1

p(2k−2i+1)l(−1)i

= pl(−1)k − ps,

t divides either pl + 1 or pl − 1. In both cases, t divides pr − 1, so t ≤ 2, a
contradiction.

To list p′-subgroups of GL(2, q) as in (a)(i)–(a)(iii) and (b)(i) of Theorem 5.4 we
use some very old results, due to Jordan and Klein, which amount to a classification
of the finite subgroups of SL(2, C) (see Blichfeldt [3, Chap. 3]). The classification
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rests on an isomorphism ι : PSU(2) → SO(3), coming from conjugation action of
SU(2) on R3, where the former is identified with the unit quaternions and the latter
with the unit quaternions having zero real part. This much is very familiar from Lie
group theory. Similarly, the finite subgroups of SO(3) are known: up to conjugacy,
there are two infinite families, one of cyclic groups and one of dihedral groups, and
three groups isomorphic to A4, S4, and A5. (The latter three isomorphism types
can be determined purely algebraically. The noncyclic subgroups of SO(3) are per-
mutation groups of finite degree such that each nontrivial element has precisely
two fixed points, and each point stabilizer is a maximal cyclic subgroup. Such a
group is the union of its maximal cyclic subgroups, which are the point stabiliz-
ers. Different point stabilizers intersect trivially.) Given that all homomorphisms
involved are explicit, and that one may get explicit generating rotations for the
finite subgroups of SO(3), it is possible to write down generators for corresponding
inverse images in SU(2) of those groups under the composite of the natural homo-
morphism SU(2) → PSU(2) and ι. (For our purposes this is the vital point. Analogs
of the elements S, U , V , and W1 of SL(2, C) given in [3, Secs. 57, 58, pp. 70–73]
will be chosen as generators for the Fp-primitive subgroups of GL(2, Fp) defined in
Secs. 5.5 and 5.6.) Moreover, it is clear that a finite subgroup of SU(2), and thus
a finite subgroup of SL(2, C), is SL(2, C)-conjugate to one of these inverse images
or to a splitting subgroup of index 2 in one of them. However, leaving aside the
cyclic case, no inverse image splits over its center, the full group of scalars. Those
with dihedral central quotient are dicyclic, irreducible and monomial. Those with
central quotient A4, S4, or A5 in PSU(2) are Schur double covers of A4, S4, or A5,
respectively; they are all primitive. (A dicyclic group is a double cover if and only if
it has order divisible by 8.) The covers of the alternating groups are unique, whereas
S4 has two covers, and the one in SL(2, C) is the binary octahedral group.

5.5. The sublist P◦
2,q

If the prime power r is greater than 3 then PSL(2, r) and PGL(2, r) are insoluble.
Thus, by Theorem 4.6(vi) and Theorem 5.4, there exists a soluble Fp-primitive sub-
group G of GL(2, q) only if p is odd, and G has central quotient A4

∼= PSL(2, 3) or
S4

∼= PGL(2, 3). Note that these isomorphism types may be inferred from Corol-
lary 4.9: SL(2, 2) ∼= S3 has irreducible subgroups C3 and S3 acting on the underlying
GF(2)-space Fit(G)/Z(G) ∼= C2 × C2; further (C2 × C2) � C3, (C2 × C2) � S3 are
isomorphic to A4, S4 respectively.

Theorem 5.5. Suppose p ≥ 5. Let ω ∈ GF(p2) be a primitive fourth root of unity,
and define

s =
1
2

(
ω − 1 ω − 1
ω + 1 −(ω + 1)

)
.

Let E be the set of even order scalars in GL(2, q). If q ≡ 1 mod 3, for each z ∈ E

select a scalar νz ∈ GL(2, q3) such that ν3
z = z, yet νz 	∈ 〈z〉. Define P1

2,q to be the
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following list of subgroups of GL(2, Fp) :

〈s, (ω,−ω), z〉
〈νzs, (ω,−ω)〉 q ≡ 1 mod 3 and νz ∈ GF(q) only

as z ranges over E.

(i) An Fp-primitive subgroup of GL(2, q) with central quotient A4 has center of
even order, and is conjugate to a group in P1

2,q.
(ii) Each group in P1

2,q is conjugate to an Fp-primitive subgroup of GL(2, q) with
central quotient A4.

(iii) Distinct groups in P1
2,q are not GL(2, Fp)-conjugate.

Proof. This is an application of [11, Theorem 5.4]. The conditions on νz ensure
|νz| = 3|z|. An element of Fp of order divisible by 3 lies in GF(q) only if q ≡ 1
mod 3, and as det(s) = 1, the necessity of the condition νz ∈ GF(q) is apparent.
Let G = 〈s, (ω,−ω)〉. The conjugacy classes of G/H ∼= A4 have representatives
gH , g ∈ {1, (ω,−ω), s, s2}, and therefore tr(G) = {0,±1,±2} ⊆ GF(q). Similarly,
tr(〈νzs, (ω,−ω)〉) ⊆ 〈νz〉GF(q). Hence an element of P1

2,q has trace values in GF(q),
so it is conjugate to a subgroup of GL(2, q) by [18, 9.14, p. 150].

Remark 5.6. If q ≡ 3 mod 4 then no element of P1
2,q is in GL(2, q), but all groups

may be rewritten over GF(q) using the algorithm of [14].

Remark 5.7. Let 〈α〉 be the scalar subgroup of GL(2, q3). In Theorem 5.5, z =
α(q3−1)/r for some (even) r dividing q − 1, and if q ≡ 1 mod 3 then we can take
νz = α(q3−1)/3r.

The techniques used to prove [11, Theorem 5.4] are also important in proving
the next result.

Theorem 5.8. Suppose p ≥ 5. Let ω ∈ GF(p2) be a primitive fourth root of unity
and α ∈ GF(p2) be a square root of 2. Define s as in Theorem 5.5, and

u =
1
α

(
1 + ω 0

0 1 − ω

)
.

For each scalar z ∈ GL(2, q) of even order choose a scalar µz ∈ GL(2, q2) such that
µ2

z = z, and denote the set of all pairs (z, µz) by E. If p ≡ ±1 mod 8 or logp q is
even then define P2

2,q to be the list of groups

〈s, u, z〉
〈s, µzu, z〉 µz ∈ GF(q) only,

(z, µz) ranging over E; otherwise P2
2,q is the list of all 〈s, µzu, z〉 such that

µzα ∈ GF(q).

(i) An Fp-primitive subgroup of GL(2, q) with central quotient S4 has center of
even order, and is conjugate to a group in P2

2,q.
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(ii) Each group in P2
2,q is conjugate to an Fp-primitive subgroup of GL(2, q) with

central quotient S4.
(iii) Distinct groups in P2

2,q are not GL(2, Fp)-conjugate.

Proof. Suppose G is an Fp-primitive subgroup of GL(2, q) with center Z = 〈z〉
such that G/Z ∼= S4. By Theorem 4.8(ii), |Z| is even. By the Universal Coefficient
Theorem,

H2(G/Z, Z) = Ext(S4/S′
4, Z) × Hom(H2(S4), Z) ∼= Ext(C2, Z) × Hom(C2, Z).

Say the extension-equivalence class of G corresponds to [ξ] ∈ H2(G/Z, Z). We
cannot have [ξ] ∈ Ext(S4/S′

4, Z), as ξ is trivial on the normal fours group in S4,
so gives rise to an S4-extension of Z with a noncyclic abelian normal subgroup
(cf. Theorem 4.3). Thus there are only two possible isomorphism types for G. Each
type of group contains a copy of SL(2, 3), the unique Schur cover of A4. The one
for which the Ext component of [ξ] is nontrivial has a noncentral element squaring
to z, and does not contain a Schur cover of S4 if |Z| ≥ 4.

Since G splits over its group of odd order scalars, we may assume Z is a 2-group.
If |Z| = 2 then G is isomorphic to one of the two Schur covers of S4: namely GL(2, 3),
or the binary octahedral group, call it B. Now GL(2, 3) has two faithful irreducible
ordinary representations of degree 2, but these are related in the usual way (cf.
[11, Proposition 2.12]) by the nontrivial outer automorphism of GL(2, 3), so there
is a single conjugacy class of irreducible subgroups of GL(2, Fp) isomorphic to the
p′-group GL(2, 3). Similarly there is a single conjugacy class of irreducible subgroups
of GL(2, Fp) isomorphic to B. Let K1 = 〈s, u〉 and K2 = 〈s, ωu〉 where ω ∈ GF(p2)
is a square root of −1. Using s3 = (usu)3 = 1 and (sus)2 = u4 = (−1,−1), it is not
difficult to check that K1

∼= B and K2
∼= GL(2, 3). Note that K1 but not K2 is in

SL(2, Fp), so K1 and K2 are not conjugate. Both K1 and K2 are nonabelian and
hence absolutely irreducible, and they are primitive because neither has an abelian
subgroup of index 2 (since SL(2, 3) is the unique subgroup of index 2 in a Schur
cover of S4).

If |Z| = 2 then we have seen that G is conjugate to precisely one of K1 or
K2. Assume |Z| ≥ 4. If G contains K1 (up to conjugacy) then it contains K2,
and vice versa, and G is conjugate to K1Z = K2Z = 〈s, u, z〉. Suppose now that
G does not have a subgroup isomorphic to K1 or K2, so that g2 = z for some
g ∈ G\Z. Let µz ∈ GL(2, q2) be a scalar such that µ2

z = z, so 〈G, µz〉 has a
subgroup K conjugate to K2, generated by the noncentral involution µ−1

z g and a
copy of SL(2, 3); say Kx = K2, x ∈ GL(2, Fp). Then Gx/Z ∼= S4 is a subgroup
of H = 〈K2Z, µz〉/Z ∼= S4 × C2. Now H has only two subgroups isomorphic to
S4, namely K2Z/Z and 〈s, µzu, z〉/Z. We can discard K2Z/Z as a possibility for
Gx/Z, so Gx must be 〈s, µzu, z〉.

It has been demonstrated that G is conjugate in GL(2, Fp) to G1 = 〈s, u, z〉
or G2 = 〈s, µzu, z〉, and G1 	∼= G2. Since G1X = G2X = K1X , where X denotes
the scalars of GL(2, Fp), it follows that G1 and G2 are Fp-primitive, and both have
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central quotient S4. Let H = 〈s, (ω,−ω), z〉. We have H ≤ G1∩G2 and |G1 : H | =
|G2 : H | = 2, and, as noted in the proof of Theorem 5.5, tr(H) ⊆ GF(q). If h ∈ H

then tr(uh) = α−1(tr(h) + tr((ω,−ω)h)) ∈ αGF(q). Thus tr(G1) ⊆ 〈α〉GF(q).
Similarly tr(G2) ⊆ 〈µzα〉GF(q). Since α = tr(u) ∈ tr(G1), G1 is conjugate to a
subgroup of GL(2, p) if and only if 2 is a quadratic residue mod p, that is, p ≡ ±1
mod 8. Alternatively, if logp q is even then α ∈ GF(p2) ⊆ GF(q). In either case G1

should be in our list, and G2 should be there too, as long as µz ∈ GF(q). However,
if logp q is odd and p ≡ ±3 mod 8 then α ∈ GF(p2) \GF(p), but GF(q)∩GF(p2) =
GF(p), so only G2 can have a conjugate in GL(2, q). The test for this is simply
whether or not tr(µzu) = µzα ∈ GF(q).

Remark 5.9. If q ≡ 3 mod 4, then no element of P2
2,q is in GL(2, q), but all groups

may be rewritten over GF(q) using the algorithm of [14].

Theorem 5.10. Suppose p ≥ 5. After all necessary rewriting, P◦
2,q = P1

2,q ∪ P2
2,q

is a list of the soluble Fp-primitive subgroups of GL(2, q).

5.6. The sublist P•
2,q

Theorem 5.11. Suppose p > 5. Let ω ∈ GF(p2) be a primitive fourth root of unity
and let β ∈ GF(p2) be a square root of 5. Define s as in Theorem 5.5, and

v =
1
2


 ω 1−β

2 − ω(1+β
2 )

−1+β
2 − ω(1+β

2 ) −ω


 .

(i) There is an Fp-primitive subgroup of GL(2, q) with central quotient A5 if and
only if q ≡ ±1 mod 5.

(ii) Suppose q ≡ ±1 mod 5. Let P3
2,q be the list of all groups

〈s, (ω,−ω), v, z〉

as z ranges over the even order scalars in GL(2, q). Every element of P3
2,q

is Fp-primitive and has central quotient A5. Conversely, such a subgroup of
GL(2, q) is conjugate to a single group in P3

2,q.

Proof. Let G be an Fp-primitive subgroup of GL(2, q) with center Z such that
G/Z ∼= A5. If |Z| is even then H2(G/Z, Z) ∼= C2, otherwise H2(G/Z, Z) = 1. From
the ordinary character table of A5 it can be seen that G does not split over Z.
Therefore |Z| is even and G contains the unique Schur cover of A5, namely SL(2, 5).
The two faithful irreducible degree 2 representations of SL(2, 5) in characteristic
p > 5 are related by the nontrivial outer automorphism of SL(2, 5), so there is a
single conjugacy class of irreducible subgroups of GL(2, Fp) isomorphic to SL(2, 5).

Let H = 〈s, (ω,−ω), v〉 and

K = 〈x1, x2, x3 | x3
1 = x2

2 = x2
3 = (x1x2)3 = (x2x3)3 = (x1x3)2 = 1〉.
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It is easy to deduce that K ∼= A5. Since s3 = 1, (ω,−ω)2 = v2 = (−1,−1),
(s(ω,−ω))3 = ((ω,−ω)v)3 = 1, and (sv)2 = (−1,−1), we see that H/〈(−1,−1)〉
is a homomorphic image of K, hence must be all of K. As H has an element of
order 4, unlike A5 × C2, H cannot split over its center. Therefore H ∼= SL(2, 5),
and G is conjugate to HZ. Clearly P3

2,q is irredundant (it contains a single group
of each order 60z).

A set of representatives for the conjugacy classes of K is {1, x1, x2, x1x2x3,

x3x2x1}. Using the epimorphism of H onto K defined by s �→ x1, (ω,−ω) �→ x2,
v �→ x3, we can then calculate that, up to multiplication by −1, the elements of H

have trace in { 0, 1, 2, (1 + β)/2, (1 − β)/2 }. Thus β ∈ GF(q), which is equivalent
to q ≡ ±1 mod 5, by quadratic reciprocity.

Theorem 5.12. Let p = 5. The list P4
2,q consisting of all groups 〈SL(2, 5), z〉,

z an even order scalar in GL(2, q), is a list of the Fp-primitive subgroups of GL(2, q)
with central quotient A5.

The next few results are needed to list the insoluble absolutely irreducible sub-
groups of GL(2, q) with central quotient other than A5.

Lemma 5.13. If p is odd then PSL(2, q) does not have a faithful representation of
degree 2 over GF(q).

Lemma 5.14. A5
∼= PSL(2, q) if and only if q = 5; A5

∼= PGL(2, q) if and only
if q = 4.

Lemma 5.15. Let K be an algebraically closed field and L a subfield of K. Sup-
pose G is a subgroup of GL(n, L) that is irreducible over K. Then, modulo scalars,
NGL(n,K)(G) ≤ GL(n, L).

Proof. If x ∈ NGL(n,K)(G) then xy ∈ CGL(n,K)(G) for some y ∈ GL(n, L), by
the Deuring–Noether Theorem. By the hypotheses about K and G, CGL(n,K)(G) is
scalar.

Theorem 5.16. Suppose n ≥ 3, or n = 2 and q > 3. Let E be any extension of
GF(q). If G is a subgroup of GL(n, E) isomorphic to SL(n, q) then G is irreducible
over E, and is conjugate to SL(n, q).

Proof. Some ideas in this proof were suggested to us by L. G. Kovács.
It is known that GF(q), hence E, is a splitting field for SL(n, q); see the main

theorem of [20]. Thus the image of any irreducible E-representation of SL(n, q) is
conjugate to a group over GF(q) (see, for example, [18, 9.8, p. 148]). The result will
follow once we show that G is irreducible, because SL(n, q) is the unique subgroup
of GL(n, q) isomorphic to SL(n, q).

Suppose the EG-module E
(n) has a composition series factor of dimension

m < n, so there is an irreducible representation G → GL(m, q). If m 	= 1 then this
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further implies that GL(m, q) has a subgroup with quotient PSL(n, q) (if m = 1
then the representation is trivial). But qn(n−1)/2 divides |PSL(n, q)|, whereas the
highest power of p dividing |GL(m, q)| is qm(m−1)/2. Therefore all EG-composition
factors of E(n) are 1-dimensional, and a conjugate of G is unitriangular. But then
G is a p-group.

Theorem 5.17. Suppose p is odd and q > 5. Let α be a generator of GF(q)×

and let q̄ be a power of p such that logp q̄ divides logp q and q̄ > 3 if p = 3. Set
r = (q−1)/(q̄−1). For each q̄ define a list Lq,q̄ of subgroups of GL(2, q) as follows:

〈(αs, αs), SL(2, q̄)〉 only if p 	= 5, or p = 5 and q̄ > 5

〈(αr/2, α−r/2), (αs, αs), SL(2, q̄)〉 r even

〈(α(s+r)/2, α(s−r)/2), (αs, αs), SL(2, q̄)〉 s, r both odd or both even,

where s ≥ 1 ranges over the divisors of q − 1 such that (q − 1)/s is even. Then
define

P5
2,q =

⋃
q̄

Lq,q̄ .

(i) Every group in P5
2,q is absolutely irreducible and has central quotient PSL(2, q̄)

or PGL(2, q̄) for some q̄, and no group has central quotient A5.
(ii) An absolutely irreducible insoluble subgroup G of GL(2, q) with central quotient

other than A5 is conjugate to a group in P5
2,q.

(iii) Distinct groups in P5
2,q are not conjugate.

Proof. (i) SL(2, q̄) is an insoluble absolutely irreducible subgroup of GL(2, q), and
hence so too is every group in P5

2,q. By Lemma 5.14, and because (αr/2, α−r/2) ≡
(αr, 1) mod scalars and GL(2, q̄) = 〈(αr , 1), SL(2, q̄)〉, every group has central quo-
tient as described.

(ii) Denote the scalars of GL(2, q) by Z and set Z(G) = X = 〈(αs, αs)〉, where s

divides q − 1. By Theorem 5.4(i), G/X is isomorphic to PSL(2, q̄) or PGL(2, q̄) for
some q̄ such that logp q̄ divides logp q. Thus G has a subgroup H of index at most
2 with Z(H) = X and such that H/X ∼= PSL(2, q̄). By [19, Theorem 9.1, p. 189]
(which cites R. Steinberg), the multiplier of PSL(2, q̄) has order 2 unless q̄ = 9, in
which case the multiplier has order 6. Hence there are just two possible isomorphism
types for H . One of these, the direct product, is irrelevant by Lemma 5.13. Therefore
|X | = (q − 1)/s is even and there is a subgroup K of H isomorphic to the unique
Schur cover of PSL(2, q̄), viz. SL(2, q̄). The only normal subgroup of H = KX

isomorphic to K and containing the scalar of order 2 is K, so K is characteristic in
H and therefore normal in G.

By Theorem 5.16, K is absolutely irreducible and conjugate to SL(2, q̄).
We can therefore assume that SL(2, q̄) is a normal subgroup of G, and so
|G : SL(2, q̄)X | ≤ 2. If this index is 1 then the structure of G is transparent: G is
generated by SL(2, q̄) and (αs, αs). Consequently, from now on let the index be
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2, that is, G/X ∼= PGL(2, q̄). Lemma 5.15 tells us that G ≤ GL(2, q̄)Z, and so
GZ = GL(2, q̄)Z. Thus

GL(2, q̄)Z/SL(2, q̄)X = G/SL(2, q̄)X × SL(2, q̄)Z/SL(2, q̄)X ∼= C2 × Cs. (1)

If s is odd then there is a single possibility for G in GL(2, q̄)Z, and if s is even
then there are two possibilities (remember G 	≤ SL(2, q̄)Z). To obtain generators
for these, we seek an involution of GL(2, q̄)Z/SL(2, q̄)X not in SL(2, q̄)Z/SL(2, q̄)X .
A preimage g of this involution in GL(2, q̄)Z may be expressed as (αr, 1)z, some
z ∈ Z. For the square of (αr, 1)z to be in SL(2, q̄)X it is necessary that αrz2 ∈ X ;
in other words, there is some (δ, δ) ∈ X such that δ/αr has a square root in GF(q).
This occurs if and only if either GF(q̄)× ≤ (GF(q)×)2, or GF(q̄)× 	≤ (GF(q)×)2 and
X 	≤ (GF(q)×)2, which in turn is equivalent to r being even, or r and s both being
odd. If r is even then we take g = (αr/2, α−r/2), and G is generated by SL(2, q̄)X
and either g when s is odd, or g(αs/2, αs/2) when s is even. If r, s are odd then we
take g = (α(s+r)/2, α(s−r)/2). This now accounts for all groups in Lq,q̄.

(iii) Since the set {PSL(2, q̄), PSL(2, q̃), PGL(2, q̄), PGL(2, q̃)} for a power q̃

of p contains an isomorphic pair only if q̄ = q̃, there is no overlap between the
different Lq,q̄. For the same reason, a group of the type listed first in Lq,q̄, which
has central quotient PSL(2, q̄), is not conjugate to a group of the second or third
type. If groups of the second and third type were conjugate, by x ∈ GL(2, q) say,
then x ∈ GL(2, q̄)Z; but after passing to quotients in (1), x would have trivial
conjugation action.

Theorem 5.18. (i) After rewriting over GF(q), P3
2,q ∪ P5

2,q (p > 5) or P4
2,q ∪ P5

2,q

(q > p = 5) is a list P•
2,q of the insoluble Fp-primitive subgroups of GL(2, q).

(ii) If q = 5 then P•
2,5 = {SL(2, 5), 〈SL(2, 5), (4, 1)〉, GL(2, 5)} is a list of the insol-

uble irreducible subgroups of GL(2, 5).

This completes the listing of the irreducible subgroups of GL(2, q) for all p ≥ 5.

6. Degree 3

6.1. The sublist A3,q

Theorem 6.1. Let α be a generator of GF(q3)×, and define

b =


 0 1 0

0 0 1
α1 α2 α3




where α1 = αq2+q+1, α2 = −(αq+1 + αq+q2
+ αq2+1), and α3 = α + αq + αq2

.
Let r be a divisor of q3 − 1 but not q − 1 nor q2 − 1. Then A(r) = 〈b(q3−1)/r〉 is
an irreducible subgroup of GL(3, q) of order r. An irreducible abelian subgroup of
GL(3, q) is conjugate to A(r) for some r.

Proof. Cf. [22, Sec. 2.3].
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6.2. The sublist M3,q

Following earlier practice, we construct a list of the finite irreducible subgroups of
M(3, Fp) and then rewrite the relevant part of that list in GL(3, q).

Denote by c and d the 3×3 permutation matrices obtained from the identity by
permuting its columns as (123) and (12), respectively. The transitive subgroups of
S3 are S3 = 〈c, d〉 and C = 〈c〉. Observe that c acts by conjugation on a diagonal
matrix to cycle forward the main diagonal entries; d swaps the first two diagonal
entries.

Theorem 6.2. Let K be an algebraically closed field and G be a finite subgroup of
M(3, K). Set M = D(3, K) ∩ G.

(i) If πG = C then G is D(3, K)-conjugate to 〈cz, M3〉 � M3′ , where z is a scalar
of 3-power order such that z3 ∈ M3.

(ii) If πG = S3 then G is D(3, K)-conjugate to 〈c, dz, M2〉 � M2′ , where z is a
scalar of 2-power order such that z2 ∈ M2.

Proof. (i) is clear by Lemma 4.1 and the fact that H2(G/M3′ , M3′) = 1.
(ii) Certainly G splits over M{2,3}′ , and by (i), G is D(3, K)-conjugate to

HM{2,3}′ where H = 〈czc, dm, M2, M3〉, zc a scalar of 3-power order, z3
c ∈ M3,

and m ∈ D(3, K). We may write m as the product of a scalar zd and a diagonal
matrix (ω̃, ω̃−1ω, ω−1) in SL(3, Fp). The relations c−d = c and d2 = 1 in S3 imply
that (ω̃, ω̃−1, 1) ≡ z2

c (1, ω̃, ω̃−1)(ω, ω, ω−2)−1 and (ω, ω, ω−2) ≡ z−2
d mod M2M3,

from which we conclude that in H (and relabeling as necessary), m may be chosen
as zd(1, ω, ω−1). Then (ω−2, ω, ω) and (ω, ω−2, ω) are in the C-module M2M3, up
to multiplication by scalars. Therefore

H(1,ω,ω2) = 〈czc(ω−2, ω, ω), dzd(ω−1, ω2, ω−1), M2, M3〉
= 〈czc, dzd, M2, M3〉

after relabeling. Since z2
d ∈ M2M3, if we express zd as the product of its 2-part,

3-part, and {2, 3}′-part, then it is evident that zd is a 2-element, at least mod M2M3.
Similarly we can assume zc is a 3-element. But (czc)d ≡ (czc)−1 mod M2M3, which
implies z2

c ∈ M3 and hence zc ∈ M3.

Remark 6.3. For a generalization of the claim in Theorem 6.2(ii) that G has a
(monomial) conjugate containing πG up to scalars, see [2, Theorem 6.10].

Lemma 6.4. A group as in Theorem 6.2(i) is not isomorphic to a group as in
Theorem 6.2(ii).

Until further notice, in this subsection p ≥ 5.

Theorem 6.5 (cf. [2, Theorem 5.4]). Let G be a finite subgroup of M(3, Fp).
Then G is irreducible if and only if πG = C or S3 and M := D(3, Fp) ∩ G is
nonscalar.
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Proof. Suppose G is irreducible; then πG is transitive and hence is S3 or C. If M

is scalar then the 1-dimensional Fp-space spanned by the all 1s vector is invariant
under G, by Theorem 6.2; that is, G is reducible.

Suppose M is nonscalar and πG = C or S3, so that G has a nonabelian subgroup
H with πH = C and H ∩ D(3, Fp) = M . The p′-group H is isomorphic to a sub-
group of GL(3, C), and if the latter were reducible then all of its irreducible char-
acters would have degree 1, by Ito’s theorem [18, 6.15, p. 84]. But then H would
be abelian. Hence H and thus G is irreducible.

We now determine the finite C-submodules and S3-submodules of D(3, Fp).
Bácskai does this in [2, Chaps. 3 and 4]. Much of what we present for submodules
of 3-power order can be extracted from Conlon [5], although he does not always
give explicit matrix generators for groups.

Let Z be the scalars of GL(3, Fp), U be the subgroup of D(3, Fp) consisting of
all diagonal matrices (ω, ω−1, 1), and set W = U c. Neither U nor W is a C-module,
but U × W = D(3, Fp) ∩ SL(3, Fp) is. Also D(3, Fp) = ZUW , and |Z ∩ UW | = 3.

Let r 	= p be a prime, and for i ≥ 0 inductively select primitive rith roots of
unity ωi,r ∈ Fp such that ωr

i+1,r = ωi,r. Define

zi,r = (ωi,r, ωi,r, ωi,r), ui,r = (ωi,r, ω
−1
i,r , 1), wi,r = uc

i,r = (1, ωi,r, ω
−1
i,r ).

Note that wc
i,r = u−1

i,r w−1
i,r , ud

i,r = u−1
i,r , and wd

i,r = ui,rwi,r. A finite subgroup of
(UW )r = Ur × Wr

∼= Cr∞ × Cr∞ is one of

〈ui,r, wj,r〉 〈ul
i+k,rwj+k,r , ui,r, wj,r〉

for some i, j ≥ 0, k ≥ 1, and 1 ≤ l ≤ rk − 1 such that l is coprime to r: this may
be deduced from the Goursat–Remak Theorem (see [21, 1.6.1, p. 35]), which will
be used again later. For one of these subgroups to be a C-module, i must equal
j. Certainly 〈ui,r, wi,r〉 is a C-module. Suppose M = 〈ul

i+k,rwi+k,r , ui,r, wi,r〉 is a
C-module. Then

wl2−l+1
i+k,r = (ul2

i+k,rw
l
i+k,r)

cul
i+k,rwi+k,r ∈ M ∩ W = 〈wi,r〉

so that l2 − l + 1 ≡ 0 mod rk. Conversely, if l2 − l + 1 ≡ 0 mod rk then M is
a C-module; furthermore r is odd and (completing the square) −3 is a quadratic
residue mod r. If r 	= 3 then

(
r
3

)
= 1 by quadratic reciprocity. Hence r ≡ 1 mod 3.

Summing up: if r ≡ 2 mod 3 then the C-submodules of (UW )r are

〈ui,r, wi,r〉, i ≥ 0

and these are also precisely the S3-submodules of (UW )r. If r ≡ 1 mod 3 then there
are additionally the C-submodules

〈ul
i+k,rwi+k,r , ui,r, wi,r〉, i ≥ 0, k ≥ 1, l2 − l + 1 ≡ 0 mod rk,

which are not, however, S3-modules. The two distinct solutions of l2−l+1 ≡ 0 mod
rk may be found recursively in the manner explained before [10, Theorem 2.3.3].
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Now suppose r = 3. There is a solution of l2 − l + 1 ≡ 0 mod 3k only if k = 1.
The finite C-submodules of (UW )3 are then

〈ui,3, wi,3〉, 〈u2
i+1,3wi+1,3, ui,3, wi,3〉, i ≥ 0,

with order 32i in the first instance and 32i+1 in the second. All C-submodules of
(UW )3 are S3-modules too.

Theorem 6.6. Let r be a prime, r 	= p.

(i) A finite C-submodule of D(3, Fp) of r-power order is one of

〈zi,r, uj,r, wj,r〉
〈zi,r, ul

j+k,rwj+k,r , uj,r, wj,r〉 r ≡ 1 mod 3 only

if r 	= 3, where i, j ≥ 0, k ≥ 1, l2 − l + 1 ≡ 0 mod rk, or one of

〈zi,3, uj,3, wj,3〉 i, j ≥ 1 or i = j = 0

〈zi,3, u2
j+1,3wj+1,3, uj,3, wj,3〉 i ≥ 1, j ≥ 0

〈zi+1,3u
2
j+1,3wj+1,3, uj,3, wj,3〉

〈z2
i+1,3u

2
j+1,3wj+1,3, uj,3, wj,3〉

}
i, j ≥ 1

〈zi+1,3uj+1,3, u2
j+1,3wj+1,3, uj,3, wj,3〉

〈z2
i+1,3uj+1,3, u2

j+1,3wj+1,3, uj,3, wj,3〉

}
i ≥ 1, j ≥ 0

if r = 3.
(ii) A finite S3-submodule of D(3, Fp) of r-power order is one of

〈zi,r, uj,r, wj,r〉

i, j ≥ 0, if r 	= 3, or one of

〈zi,3, uj,3, wj,3〉 i, j ≥ 1 or i = j = 0

〈zi,3, u2
j+1,3wj+1,3, uj,3, wj,3〉 i ≥ 1, j ≥ 0

〈zi+1,3u
2
j+1,3wj+1,3, uj,3, wj,3〉

〈z2
i+1,3u

2
j+1,3wj+1,3, uj,3, wj,3〉

}
i, j ≥ 1

if r = 3.

Proof (cf. [9, Sec. 3.1] and [2, Chap. 3]). Since a section of (UW )r is anni-
hilated by 1 + c + c2, only sections of order 3 can be C-isomorphic to sections
of Z. Thus when r 	= 3 only “Cartesian” C-submodules arise in the direct prod-
uct Zr × (UW )r. On the other hand, the order 3 sections of (UW )3, a uniserial
C-module (see [5, Lemma 1.5] or [2, Lemma 3.8]), are

〈u2
j+1,3wj+1,3, uj,3, wj,3〉/〈uj,3, wj,3〉, 〈uj+1,3, wj+1,3〉/〈u2

j+1,3wj+1,3, uj,3, wj,3〉,

j ≥ 0, and the first but not the second of these is S3-trivial, whereas both are
C-trivial. Every nonidentity finite C-submodule of (ZUW )3 contains the scalar
z1,3, and once this is factored out (set j ≥ 1 for the first kind of order 3 section
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of (UW )3 stated above) we have a direct product on which the Goursat–Remak
Theorem may be brought to bear. Non-Cartesian C-modules are obtained for each
of the two C-isomorphisms from one length 3 section of Z3/〈z1,3〉 onto a length
3 section of (UW )3/〈z1,3〉. The S3-submodules of (ZUW )3 can be picked out
from the C-submodules, or by construction, as the S3-trivial sections of (UW )3
are known.

The next theorem resolves S3-conjugacy among C-submodules of D(3, q) of 3′-order.

Theorem 6.7. Let R be the set of all primes not equal to 3 dividing q − 1, with
R1 the subset of primes congruent to 1 mod 3. For each r ∈ R, denote by rer the
largest r-power dividing q − 1, and define

C1,r = {〈zi,r, uj,r, wj,r〉 | 0 ≤ i, j ≤ er}.

For each k ≥ 1 and r ∈ R1, choose a single solution lr,k of l2 − l + 1 ≡ 0 mod rk,

and define

C2,r = {〈zi,r, u
lr,k

j+k,rwj+k,r , uj,r, wj,r〉 | 0 ≤ i, j ≤ er, k ≤ er − j},

C3,r = {〈zi,r, u
lr,k

j+k,rwj+k,r , uj,r, wj,r〉,

〈zi,r, u
1−lr,k

j+k,r wj+k,r , uj,r, wj,r〉 | 0 ≤ i, j ≤ er, k ≤ er − j}.

Then let C be the list consisting of all M =
∏

r∈R Mr where either Mr ∈ C1,r for
all r, or for some r̄ ∈ R1, Mr̄ ∈ C2,r̄ and Mr ∈ C1,r if r < r̄, Mr ∈ C1,r ∪ C3,r if
r > r̄. A C-submodule of D(3, q) of 3′-order is S3-conjugate to an element of C,

and no two distinct elements of C are S3-conjugate.

Define

C(i, j, 1, ε) = 〈czε
i+1,3, zi,3, uj,3, wj,3〉, ε ∈ {0, 1}, i, j ≥ 1

C(i, j, 2, ε) = 〈czε
i+1,3, zi,3, u2

j+1,3wj+1,3, uj,3, wj,3〉, ε ∈ {0, 1}, i ≥ 1, j ≥ 0

C(i, j, 3) = 〈c, zi+1,3u
2
j+1,3wj+1,3, uj,3, wj,3〉, i, j ≥ 1

C(i, j, 4) = 〈c, z2
i+1,3u

2
j+1,3wj+1,3, uj,3, wj,3〉, i, j ≥ 1

C(i, j, 5) = 〈c, zi+1,3uj+1,3, u2
j+1,3wj+1,3, uj,3, wj,3〉, i ≥ 1, j ≥ 0.

All these groups bar the C(i, 0, 2, ε) are nonabelian. Aided by the order formulas
|C(i, j, 1, ε)| = 3i+2j , |C(i, j, 2, ε)| = |C(i, j, 3)| = |C(i, j, 4)| = 3i+2j+1, |C(i, j, 5)| =
3i+2j+2, it is easy to see that the C(i, j, k, ε) and C(i, j, k) are distinct for distinct
values of the parameters i, j, k, ε.

Theorem 6.8. Let G be a finite irreducible subgroup of M(3, Fp) with πG = C.
Then G is GL(3, Fp)-conjugate to G3 �G3′ where G3′ : = O3′(G) ≤ D(3, Fp), and if
G3′ is scalar then G3 is one of C(i, j, 1, ε), C(i, j, 2, ε), C(i, j, 3), C(i, j, 4), C(i, j, 5),
i, j ≥ 1 and ε ∈ {0, 1}, whereas if G3′ is nonscalar then G3 is C, one of the
aforementioned 3-groups, or some C(i, 0, 2, ε) or C(i, 0, 5).

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

05
.1

5:
46

7-
50

2.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

A
T

IO
N

A
L

 U
N

IV
E

R
SI

T
Y

 O
F 

IR
E

L
A

N
D

 o
n 

05
/1

7/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



June 28, 2005 8:50 WSPC/132-IJAC 00242

Linear Groups of Small Degree Over Finite Fields 489

Proof. Let M be the diagonal subgroup of G. By Theorem 6.2(i), G is D(3, Fp)-
conjugate to 〈cz, M3〉M3′ , where z ∈ Z3 and z3 ∈ M3. Referring to Theorem 6.6(i),
we discover that either z ∈ SL(3, Fp) mod M3 and then G is D(3, Fp)-conjugate
to 〈c, M3〉M3′ by Lemma 4.1, or M3 is an S3-module and z = zη

i+1,3 mod
M3, η ∈ {0, 1, 2}, where 3i is the order of the scalar subgroup of M3. Now
(〈cz2

i+1,3, M3〉M3′)d = 〈czi+1,3, Md
3 〉Md

3′ , so η can be restricted to {0, 1}. Similarly,
note that

〈c, z2
i+1,3uj+1,3, u2

j+1,3wj+1,3, uj,3, wj,3〉d = C(i, j, 5), i ≥ 1, j ≥ 0.

At this stage we can see that G is M(3, Fp)-conjugate to G3M3′ , where G3 is
one of the choices stated for nonscalar M3′ = G3′ (every nondiagonal subgroup of
M(3, Fp) of order 3 is conjugate to C). Further, if M3′ is indeed nonscalar then
G3M3′ is irreducible by Theorem 6.5.

Assume now that M3′ is scalar. Let

m =


1 1 1

1 ω1,3 ω2
1,3

1 ω2
1,3 ω1,3


 .

Then cm = w1,3, um
1,3 = c−1z1,3, and wm

1,3 = c−1, so C(i, 1, 1, 1)m = C(i, 0, 5).
Hence we include C(i, j, 5)M3′ only for j ≥ 1. By Theorem 6.5, G is irreducible
if and only if G3 is nonabelian. We ensure this by taking j greater than 0 when
G3 = C(i, j, 2, ε).

Lemma 6.9. Every group listed in Theorem 6.8, apart from the C(i, 1, 1, ε)G3′ with
G3′ scalar, has a unique abelian normal subgroup of index 3.

Proof. If G3G3′ has more than one abelian normal subgroup of index 3 then its
diagonal subgroup has scalar subgroup of index 3, containing G3′ . By Theorem 6.8
and the order formulas before the theorem, we see that this can happen only if
G3 = C(i, 1, 1, ε).

Lemma 6.10. Let G and H be isomorphic finite irreducible subgroups of M(3, Fp).

(i) πG = πH = C or πG = πH = S3.
(ii) If πG = S3 then O{2,3}′(G) = O{2,3}′(H).

Proof. (i) is just Theorem 6.5 and Lemma 6.4. For (ii) we use the fact that the
groups of diagonal matrices O{2,3}′(G) and O{2,3}′(H) have the same scalar sub-
group and order, and hence must be equal, since those two parameters completely
determine an S3-submodule of (ZUW )3′ ; see Theorem 6.6(ii).

Theorem 6.11. Let G, H be finite subgroups of M(3, Fp) such that πG = πH = C.
If Gm = H and Mm = N for some m ∈ GL(3, Fp) and nonscalar subgroups M of
D(3, Fp) ∩ G, N of D(3, Fp) ∩ H, then m ∈ M(3, Fp).
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Proof. Bácskai [2, (2.14)] proved a version of this result for subgroups of M(n, C),
n prime, and his proof is valid for groups over Fp.

Theorem 6.12. Let T be the list of all G3 appearing in the semidirect products
G3G3′ of Theorem 6.8, with G3′ nonscalar. Distinct groups in T are not isomorphic,
except that C(i, 1, 1, 1) ∼= C(i, 0, 5), i ≥ 1.

Proof. We reconcile our notation for 3-subgroups of M(3, Fp) with the notation
Pkl0, Pkl1, Pkl2, Pkl3 of [5, Sec. 2]. If k is even then Pkl0 = C(l, k

2 , 1, 0), Pkl3 =
C(l, k

2 , 1, 1), Pkl1 = C(l, k
2 − 1, 5), and Pkl2 = C(l, k

2 − 1, 5)d. If k is odd then Pkl0 =
C(l, k−1

2 , 2, 0), Pkl3 = C(l, k−1
2 , 2, 1), Pkl1 = C(l, k−1

2 , 3), and Pkl2 = C(l, k−1
2 , 4).

Therefore

{C(i, j, 1, ε), C(i, j, 2, ε), C(i, j, 3), C(i, j, 4), C(i, j, 5), C(i, 0, 5) | ε ∈ {0, 1}, i, j ≥ 1}

is a sublist of the list consisting of all Pkl0, Pkl3, Pkl1, Pkl2 for k ≥ 2, l ≥ 1. According
to [5, Proposition 3.3], the only isomorphism between two distinct groups in the
latter list is Pkl1

∼= Pkl2, k even, which translates to C(l, k
2 − 1, 5) ∼= C(l, k

2 − 1, 5)d.
However C(l, k

2 − 1, 5)d 	∈ T .
Suppose G, H ∈ T are isomorphic. There is a single element of T of order 3, so

by the preceding paragraph G or H is in {C(i, 0, 2, ε), C(i, 0, 5) | ε ∈ {0, 1}, i ≥ 1}.
The only abelian groups in T are the C(i, 0, 2, ε), and C(i, 0, 2, 0) 	∼= C(i, 0, 2, 1),
leaving us with the possibility that G, H ∈ {C(i, 0, 5), C(i, 1, 1, ε)}. We saw in
the proof of Theorem 6.8 that C(i, 0, 5) and C(i, 1, 1, 1) are conjugate. Since
C(i, 0, 5) but not C(i, 1, 1, 0) has a cyclic normal subgroup of index 3, the proof is
complete.

Define {2, 3}-subgroups S(i, j, k, l, m, η) of M(3, Fp), 1 ≤ m ≤ 4, as follows:

S(i, j, k, l, m, η) = 〈T (i, j, m), dzη
k+1,2, zk,2, ul,2, wl,2〉, k, l ≥ 0, η ∈ {0, 1},

where

T (i, j, 1) =
{

C(i, j, 1, 0) i, j ≥ 1
C i = j = 0

T (i, j, 2) = C(i, j, 2, 0) i ≥ 1, j ≥ 0
T (i, j, m) = C(i, j, m) 3 ≤ m ≤ 4, i, j ≥ 1.

The S(i, j, k, l, m, η) are distinct for distinct values of the parameters i, . . . , η.

Lemma 6.13. Let G be a finite subgroup of M(3, K), K any field, such that πG =
S3. Then G has a unique subgroup H of index 2 such that |H : A| = 3 for some
abelian normal subgroup A of H.

Proof. We claim that H is the subgroup of G containing A = D(3, K) ∩ G and
such that πH = C. Suppose K 	= H is another subgroup of the same kind, with
abelian normal subgroup B of index 3. Since πK � S3 and K is not diagonal
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nor does it contain a subgroup of diagonal matrices of index 3, it follows that
πK = S3. Denote A∩K by A∗. We cannot have A∗B = B because S3 has no normal
subgroup of index 3. Thus A∗B = K. But then S3 is isomorphic to the abelian group
B/(B ∩ A∗).

Theorem 6.14. A finite irreducible subgroup G of M(3, Fp) such that πG = S3

is GL(3, Fp)-conjugate to one and only one group S(i, j, k, l, m, η)M where M is a
finite S3-submodule of D(3, Fp) of {2, 3}′-order, and either M is nonscalar, or M

is scalar and l ≥ 1 or j ≥ 1.

Proof. By Theorem 6.2, G is D(3, Fp)-conjugate to 〈c, dz, N{2,3}〉N{2,3}′ where N

:= D(3, Fp) ∩ G and z ∈ Z2, z2 ∈ N2. The choices for N2 and N{2,3}′ are given
in Theorem 6.6(ii), and 〈c, N3〉 is one of the T (i, j, m) appearing in the definitions
of the S(i, j, k, l, m, η). We ensure N is nonscalar, as required by Theorem 6.5, by
stipulating that N2, N3, or M = N{2,3}′ is nonscalar.

Suppose (S(i, j, k, l, m, η)M)x = S(i′, j′, k′, l′, m′, η′)M ′ for some x ∈ GL(3, Fp).
Then M = M ′ by Lemma 6.10, and the equalities i = i′, j = j′, k = k′, l = l′, and
m = m′ follow from Lemma 6.13, Theorem 6.5, and Theorem 6.12. By [11, Theorem
8.10(i)], x is monomial — the sole situation in which conceivably x 	∈ M(3, Fp)
involves conjugacy between 〈C(i, 1, 1, 0), d, zk,2〉 and 〈C(i, 1, 1, 0), dzk+1,2〉, groups
which have more than one abelian normal subgroup with quotient S3 (here l = 0
and M is scalar). But a Sylow 2-subgroup of the second group is 〈dzk+1,2〉, whereas
a Sylow 2-subgroup of the first group is noncyclic. So we are left to consider η = 0
and η′ = 1, in which case

〈d, zk,2, ul,2, wl,2〉x = 〈dzk+1,2, ul,2, wl,2〉

for some x ∈ M(3, Fp). Therefore x1−d ≡ zk+1,2 mod 〈zk,2, ul,2, wl,2〉, further imply-
ing that 〈zk+1,2〉 ⊆ SL(3, Fp). This is absurd. Hence η = η′.

At last we can list the absolutely irreducible subgroups of M(3, q).

Theorem 6.15. Let G be an irreducible subgroup of M(3, Fp) conjugate to a
subgroup of M(3, q). Let α be a generator of O3(GF(q)×), |α| = 3t, and set
|O2(GF(q)×)| = 2s.

(i) Suppose πG = C. Let C be as in Theorem 6.7. Then G is conjugate to a group
in M′

3,q, defined for t ≥ 1 to be the list of all subgroups G3G3′ of M(3, q), G3′

a C-submodule of D(3, q) of order not divisible by 3, and G3 one of

C, G3′ nonscalar only
C(i, j, 1, 0) 1 ≤ i ≤ t

C(i, j, 1, 1) 1 ≤ i ≤ t − 1
〈c(α, 1, 1), uj,3, wj,3〉


 1 ≤ j ≤ t
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C(i, j, 2, 0) 1 ≤ i ≤ t

C(i, j, 2, 1) 1 ≤ i ≤ t − 1
〈c(α, 1, 1), u2

j+1,3wj+1,3, uj,3, wj,3〉




0 ≤ j ≤ t − 1,

but j ≥ 1 when
G3′ is scalar

C(i, j, 3) 1 ≤ i, j ≤ t − 1 or i = j = t

C(i, j, 4) 1 ≤ i, j ≤ t − 1
C(i, j, 5) 1 ≤ i ≤ t − 1, 0 ≤ j ≤ t − 1, but j ≥ 1 when G3′ is scalar,

where G3′ ∈ C when G3 is C, C(i, j, 1, 0), C(i, j, 2, 0), C(i, j, 3), or C(i, j, 4),
and G3′ is unrestricted otherwise. If t = 0 then M′

3,q consists of the CG3′

with G3′ ∈ C nonscalar.
(ii) Suppose πG = S3. Then G is conjugate to a group in M′′

3,q, defined to be the
list of all subgroups S(i, j, k, l, m, η)M of M(3, q), where M is an S3-submodule
of D(3, q) of {2, 3}′-order, and S(i, j, k, l, m, η) is as defined before Lemma 6.13,

with 0 ≤ k, l ≤ s, η ∈ {0, 1}, η = 0 if k = s, and the other parameters range as
follows:

m = 1, 1 ≤ i, j ≤ t

m = 1, i = j = 0, M nonscalar or l ≥ 1 only
m = 2, 1 ≤ i ≤ t, 0 ≤ j ≤ t − 1, but j ≥ 1 if M is scalar and l = 0
m = 3, 1 ≤ i, j ≤ t − 1 or i = j = t ≥ 1
m = 4, 1 ≤ i, j ≤ t − 1.

(iii) M3,q := M′
3,q ∪M′′

3,q consists of absolutely irreducible subgroups of M(3, q).
(iv) Distinct groups in M3,q are not conjugate.

Proof. (i) It suffices to assume G = G3G3′ is in the list of Theorem 6.8. Clearly
G3′ ≤ D(3, q), and if G3 is normalized by S3 then by Theorem 6.7 we may take
G3′ ∈ C. For some i, j ≥ 0, 〈zi,3, uj,3, wj,3〉 ≤ G, and i ≤ t. Since a conjugate
of G3 lies in a Sylow 3-subgroup of M(3, q), and the latter has exponent 3t+1, we
have |uj,3| ≤ 3t+1, so j ≤ t + 1. If j = t + 1 then uj,3 is conjugate to cm for some
m ∈ D(3, q). But tr(cm) = 0, and if ωj,3+ω−1

j,3 +1 = 0 then j = 1. Thus if t ≥ 1 then
j ≤ t. If GF(q)× has trivial Sylow 3-subgroup then G3 = C and G3′ is nonscalar.
From now on, t ≥ 1.

If G3 = C(i, j, 1, ε), 1 ≤ j ≤ t, and 1 ≤ i ≤ t or 1 ≤ i ≤ t − 1 according as
ε = 0 or ε = 1, respectively, then G ≤ M(3, q). However C(t, j, 1, 1) 	≤ M(3, q). By
Lemma 6.9, the diagonal subgroup of every other G is conjugate to a subgroup of
D(3, q), so must also be in D(3, q). Since C(i, t, 2, ε) has an element (ω2, ω−1, ω−1),
ω3 = α, not in D(3, q), we insist j < t if G3 = C(i, j, 2, ε). For the same reason,
if G3 is C(i, j, 3) or C(i, j, 4) and i ≤ t − 1, then j ≤ t − 1, although i = j = t

is allowed for G3 = C(i, j, 3). Suppose G3 = C(i, j, 5), so that G3 contains the
diagonal subgroup of C(i, j, 2, ε). Therefore j cannot be t, and i ≤ t − 1 too.

With parameter ranges as indicated, all groups are visibly in M(3, q) except
for the C(t, j, 1, 1)G3′ and C(t, j, 2, 1)G3′ . In each case here we conjugate by
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(1, ω−1, ω−2) to get a group in M(3, q), generated by the same diagonal subgroup
and c(α, 1, 1).

(ii) By Theorem 6.14, G is the product of some S(i, j, k, l, m, η) and an S3-
submodule of D(3, Fp) of {2, 3}′-order. It follows from Lemma 6.13 that the diagonal
subgroup of G is in D(3, q), and thus 0 ≤ k, l ≤ s. Now if k = s and η = 1 then
G contains the element dzs+1,2 which has trace outside GF(q), so we exclude that
pair of parameter values. The restrictions on i and j come from (i).

(iii) We reiterate that groups in M3,q are irreducible over Fp by Theorem 6.5.
(iv) We appeal to Lemma 6.4 and Theorem 6.14 to discount conjugacy between

different groups in M′′
3,q, or between a group in M′′

3,q and one in M′
3,q. Suppose

G, H ∈ M′
3,q are conjugate. By Theorem 6.12, either G3 = H3, or G3, H3 ∈

{C(i, 1, 1, 1), C(i, 0, 5)} and G3′ , H3′ are nonscalar. Since C(i, 1, 1, 1), C(i, 0, 5)
are certainly not M(3, Fp)-conjugate, by Lemma 6.9 and Theorem 6.11 we have
Gm̃

3 = H3 = G3 and Gm
3′ = H3′ for some m̃, m ∈ M(3, Fp), πm̃ = πm. If πm ∈ C

then G3′ = H3′ . If πm 	∈ C then Gd
3 is D(3, Fp)-conjugate to G3, and so the diag-

onal subgroup of G3 is an S3-module. From the definitions it may then be seen
that Gd

3 = G3. But in this case G3′ , H3′ ∈ C, and distinct elements of C are not
S3-conjugate.

Remark 6.16. The list of S3-submodules of D(3, q) of {2, 3}′-order may be easily
written down from Theorem 6.7.

We leave as an exercise the formulation of an equivalent to Theorem 6.15 for
fields of characteristic 3, by employing Lemma 4.2 for projection C.

6.3. The sublist PM3,q

Theorem 6.17. Let G be an absolutely irreducible GF(q)-primitive Fp-monomial
subgroup of GL(3, q). Then G has an irreducible abelian normal subgroup.

Proof. We invoke Theorem 4.3 several times. Observe that G has an abelian nor-
mal subgroup A where G/A is isomorphic to C or S3. Suppose G/A ∼= C. If A is
scalar then G is abelian; but G is absolutely irreducible and so A is irreducible.
Suppose G/A ∼= S3. If A is reducible then G has an abelian subgroup of index 2
containing A, which is not scalar; so A must be irreducible.

Theorem 6.18. Let α be a generator of GF(q)×, and write q − 1 = 3tl, l coprime
to 3. Denote the scalars of GL(3, q) by Z. Let A be the Singer cycle generated
by b as in Theorem 6.1, and let a be the matrix whose ith row is the first row of
b(i−1)q, 1 ≤ i ≤ 3. Then it is valid to define PM3,q to be the list of all groups

〈a, Â〉, 〈ab3t−kl, Ã〉
where Â ranges over the subgroups of A of order not dividing 3(q−1), Ã ranges over
the subgroups of A such that O3(A) 	≤ Ã, |Ã| does not divide q − 1, O3(Ã ∩ Z) 	= 1,

and k is defined by O3(Ã ∩ Z) = 〈b(q3−1)/3k〉.
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Proof. Heeding Theorem 6.17, we follow Short’s prescription [22, Theorem 4.2.7]
as in Theorem 5.3.

6.4. The sublist P◦
3,q

By Theorem 4.8(ii), P◦
3,q is nonempty only if q ≡ 1 mod 3, implying p 	= 3 and if

p = 2 then log2 q is even. Henceforth p ≥ 5.
Corollary 4.9 tells us that a soluble primitive subgroup of GL(3, Fp) has central

quotient TL := (C3 × C3) � L where L is an irreducible subgroup of SL(2, 3), and
the conjugation action of L on C3 × C3 is the natural action of a subgroup of
SL(2, 3) on its underlying vector space. The possible isomorphism types for L are
C4, Q8, and SL(2, 3). Since, for each isomorphism type, there is a single conjugacy
class of subgroups of SL(2, 3) of that type, each choice of L determines a single
isomorphism type of TL. An easy exercise establishes that TSL(2,3) has the following
power-conjugate presentation:

〈x1, x2, x3, x4, x5, x6 | x3
1 = 1, x2

2 = x2
3 = x4, x2

4 = x3
5 = x3

6 = 1,

xx1
2 = x2x3x4, xx1

3 = x2, xx2
3 = x3x4,

xx1
5 = x5x

2
6, xx2

5 = x5x6, xx3
5 = x2

6, xx4
5 = x2

5,

xx2
6 = x5x

2
6, xx3

6 = x5, xx4
6 = x2

6〉

with the usual convention that trivial conjugate relations are omitted (for example,
xx1

6 = x6). We have 〈x2, x3〉 ∼= Q8, 〈x2, x3〉 � 〈x1〉 ∼= SL(2, 3), and 〈x5, x6〉 ∼=
C3 × C3 is the underlying GF(3)-space.

For each L, we determine first all isomorphism types of extensions of a scalar
group Z by TL; then, for each isomorphism type G (apart from those with a non-
cyclic abelian normal subgroup), from its character table and knowledge of its
automorphism group, we find the number of GL(3, Fp)-conjugacy classes of irre-
ducible primitive subgroups of GL(3, Fp) isomorphic to G. Finally we demonstrate
explicitly the required number of linear groups in each case. We can assume the
only primes dividing |Z| are 2 or 3.

Note that Aut(Z) × Aut(TL)-action accounts for all possible isomorphisms
between extensions of Z by TL, because such an extension has center precisely
Z (TL has trivial center).

In the sequel we use the results of routine computations in Magma: Holt’s algo-
rithm [15] to determine Schur multipliers of permutation groups and the authors’
package [12] to construct cocycles for central extensions of soluble groups.

First let L = 〈x2〉 ∼= C4. The derived subgroup of TC4 is C3 × C3 and its Schur
multiplier has order 3. Suppose Z is a (nontrivial) 3-group. An extension of Z

by TC4 contains the (unique) Schur cover S of TC4 : this can be seen in the usual
fashion. By the Universal Coefficient Theorem, H2(TC4 , Z) = Hom(H2(TC4), Z) =
Hom(C3, Z) ∼= C3. Denote the elements of Hom(H2(TC4), Z) as [χi], 1 ≤ i ≤ 3, [χ1]
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trivial. We may write χi as µiφ where φ is a 2-cocycle TC4×TC4 → H2(TC4) and µi ∈
Hom(H2(TC4), Z). Further, if θ is the inversion automorphism of Z then θµ2 = µ3,
so [χ2]θ = [χθ

2] = [θµ2φ] = [χ3]. Consequently [χ2], [χ3] give rise to isomorphic
extensions. The split extension of Z by TC4 is forbidden here (by primitivity), and
since χ2 maps into the minimal subgroup of Z, an extension arising from [χ2]
contains a subgroup isomorphic to S, as claimed. A power-conjugate presentation
for S is

〈y1, y2, y3, y4, y5 | y2
1 = y2, y2

2 = y3
3 = y3

4 = y3
5 = 1,

yy1
3 = y3y4, yy2

3 = y2
3 ,

yy1
4 = y3y

2
4y5, yy2

4 = y2
4y

2
5 , yy3

4 = y4y
2
5〉.

(2)

Lemma 6.19. The subgroups of GL(3, Fp) isomorphic to S fall into three conjugacy
classes.

Proof. The automorphism group of S has three orbits in the set of faithful irre-
ducible ordinary characters of S of degree 3.

Let ω ∈ Fp be a fixed primitive cube root of unity, and let c, z := z1,3 = (ω, ω, ω),
w := w1,3 = (1, ω, ω−1), u := u1,3 = (ω, ω−1, 1) be as in Sec. 6.2. Define

v =
1

ω − ω2


1 1 1

1 ω ω2

1 ω2 ω


 .

Observe that v ∈ SL(3, Fp) and |v| = 4. (In the proof of Theorem 6.8, (ω−ω2)v was
called m. The choice of v and other generators is suggested to us by [3, pp. 108–
109].) We have the following relations involving c, w, u, z, and v:

z = uw−1, uc = w, wc = u−1w−1, cv = w, uv = c−1z, wv = c−1.

Fix a square root ι ∈ Fp of −1. Consider the three subgroups

S1 = 〈v, c, z, u, w〉, S2 = 〈−v, c, z, u, w〉, S3 = 〈ιv, c, z, u, w〉

of GL(3, Fp). Each of these groups is a split extension of C(1, 1, 1, 0) = 〈c, z, u, w〉
(notation defined before Theorem 6.8) by a cycle of order 4. Thus |Si| = 108 for
all i.

Remark 6.20. If H is a soluble absolutely irreducible Fp-primitive subgroup of
GL(3, q) then by Theorem 4.8, Fit(H) is conjugate to a subgroup of M(3, Fp).
Indeed, if |Z(H)| = 3i then a Sylow 3-subgroup of Fit(H) is conjugate to C(i, 1, 1, 0).

Lemma 6.21. S1
∼= S2

∼= S3
∼= S.

Proof. Let y3 = w, y4 = c2u2, y5 = z, and y1 = v. It is readily checked
that all relations in the power-conjugate presentation (2) for S hold in S1. Since

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

05
.1

5:
46

7-
50

2.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

A
T

IO
N

A
L

 U
N

IV
E

R
SI

T
Y

 O
F 

IR
E

L
A

N
D

 o
n 

05
/1

7/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



June 28, 2005 8:50 WSPC/132-IJAC 00242

496 D. L. Flannery & E. A. O’Brien

S1 = 〈v, c2u2, z, w〉 and |S1| = 108 = |S|, we deduce that S1
∼= S. The other two

isomorphisms follow after replacing y1 = v by y1 = −v and y1 = ιv respectively.

Theorem 6.22. Let q ≡ 1 mod 3. Let L be the list consisting of all groups

〈S1, x〉, 〈S2, x〉,

and

〈S3, x〉 q ≡ 1 mod 4 only,

as 〈x〉 runs over the set of distinct odd order scalar subgroups of GL(3, q) such that
the 3-part of |x| is not 3. Every group in L is a soluble Fp-primitive subgroup of
GL(3, q), and distinct groups in L are not conjugate. An Fp-primitive subgroup of
GL(3, q) with central quotient TC4 and odd order center is conjugate to a group
in L.

Proof. Fit(Si) = C(1, 1, 1, 0) is absolutely irreducible, and each Si is Fp-primitive
because its central quotient does not have a normal subgroup of index 3 or 6. There-
fore each group in L is Fp-primitive. Suppose 〈Si, x〉 and 〈Sj , x′〉 are conjugate.
Both groups have the same center Z = 〈z, x〉 = 〈z, x′〉, and SiZ3 and SjZ3 are
conjugate. By Theorem 4.8(iii), if K, K̃ are complements of Fit(SiZ3) in SiZ3 of
order 4 then KZ3, K̃Z3 are conjugate; since v ∈ SL(3, Fp) and det(ιv) = −ι and
det(−v) = −1, it follows that i = j.

If the 3-part of |x| is 3 then 〈Si, x〉 = 〈Si, x′〉 ∈ L, where x′ is scalar of odd
order whose 3-part is not 3. The restrictions on |x| also mean that groups 〈Si, x〉
in L are distinct for different values of i, x.

A subgroup of GL(3, Fp) isomorphic to S1 is conjugate to one and only one of S1,
S2, or S3 by the preceding and Lemmas 6.19, 6.21. Thus if G ≤ GL(3, q) is primitive
over Fp, has center of odd order, and central quotient TC4, then a conjugate Ḡ of
G contains some Si. Let Z(Ḡ) = 〈x〉. Then 〈Si, x〉/〈x〉 ∼= TC4 implies Ḡ = 〈Si, x〉.
Since tr(ιv) = ι, necessarily q ≡ 1 mod 4 if i = 3.

Now suppose |Z| is even. We then have H2(TC4 , Z) = Ext(C4, Z2) ×
Hom(C3, Z3). Let [ψχ] be a 2-cocycle class in H2(TC4 , Z), where [ψ] ∈ Ext(C4, Z2)
and [χ] ∈ Hom(C3, Z3) ∼= C3. If [χ] = 0 then a corresponding extension of Z by TC4

has an abelian normal subgroup that is noncyclic (an extension of Z by C3 × C3),
so [χ] 	= 0, by primitivity. As already observed, the two nontrivial possibilities for
[χ] are related by the inversion automorphism of Z3. Likewise, if 4 divides |Z| then
the two elements of Ext(C4, Z2) of order 4 are related by an automorphism of Z2

(that fixes the cocycle class of order 2). We deduce that there are exactly two iso-
morphism types of extensions of Z by TC4 if |Z| ≡ 2 mod 4, and exactly three types
if 4 divides |Z|.

Let H ≤ GL(3, Fp) be a primitive extension of Z by TC4 . Suppose |Z| ≡ 2
mod 4. The two possible isomorphism types for H are distinguished by the fact
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that one has a subgroup isomorphic to the Schur cover S of TC4 , while the other
does not. In the first case H = S1Z = S2Z or H = S3Z, up to conjugacy, and in
the second case there exists h ∈ H of order 8. Let ν ∈ Fp be a primitive eighth root
of unity, so that 〈H, ν〉 has a subgroup isomorphic to S, and thus contains S1Z or
S3Z up to conjugacy. Then H/Z is a subgroup of 〈SiZ, ν〉/Z ∼= TC4 × C4, i = 1
or 3, and there are two subgroups of this direct product that could be H/Z, which
leads to the conclusion that H is conjugate to one of

〈νv, c, u, Z〉, 〈ν−1v, c, u, Z〉, 〈ινv, c, u, Z〉, 〈ιν−1v, c, u, Z〉.

The first and fourth of these groups coincide, as do the second and third. Define
v2 ∈ SL(3, Fp) by

v2 =
1

ω − ω2


 1 ω ω

ω2 ω ω2

ω2 ω2 ω


 .

Then vv2 = v−1, and v2 normalizes 〈c, u, Z〉. Hence the first and second groups
above are conjugate. Since tr(νv) = ν, either group is conjugate to a subgroup of
GL(3, q) only if q ≡ 1 mod 8, in which case the group is actually in GL(3, q).

Suppose 4 divides |Z|. One isomorphism type of H (the one with cocycle that
has a trivial Ext component) contains some Si up to conjugacy, and since here ι ∈ Z

there is a single GL(3, Fp)-conjugacy class of groups isomorphic to H , namely the
one with representative S1Z = S2Z = S3Z. For H of the other two isomorphism
types, we mimic previous arguments to find that H is conjugate to one of

〈λv, c, u, Z〉, 〈λ2v, c, u, Z〉

where λ is a scalar whose fourth power generates Z2. Also these two groups are
nonconjugate (because a Sylow 2-subgroup of one, 〈λv〉, is cyclic, but a Sylow 2-
subgroup of the other, 〈λ2v, Z2〉, is noncyclic).

The following theorem collects together the various results for L ∼= C4.

Theorem 6.23. Let q ≡ 1 mod 3, and fix a primitive eighth root of unity ν ∈ Fp.
Define P1

3,q to be the list of all groups

〈S1, x〉
〈S1, x′〉
〈S1, x′′〉
〈S2, x〉
〈S3, x〉
〈S3, x′〉

}
q ≡ 1 mod 4 only

〈νv, c, u, x′〉 q ≡ 1 mod 8 only

〈λx′′v, c, u, x′′〉
〈λ2

x′′v, c, u, x′′〉

}
q ≡ 1 mod 16 and λx′′ ∈ GF(q) only
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where 〈x〉, 〈x′〉, 〈x′′〉 run over the distinct scalar subgroups of GL(3, q) such that
|x| is odd, |x′| ≡ 2 mod 4, |x′′| ≡ 0 mod 4, λx′′ ∈ Fp is a fourth root of x′′, and for
groups 〈Si, x〉, 〈Si, x′〉, 〈Si, x′′〉, the 3-parts of |x|, |x′|, |x′′| are not 3.

(i) Every group in P1
3,q is a soluble Fp-primitive subgroup of GL(3, q).

(ii) Distinct groups in P1
3,q are not conjugate.

(iii) An Fp-primitive subgroup of GL(3, q) with central quotient (C3 × C3) � C4 is
conjugate to a group in P1

3,q.

The methods used above for L ∼= C4 may now be applied with equal effectiveness
for L ∼= Q8 and L ∼= SL(2, 3). We briefly discuss vital ingredients of the construction
in those cases and then present the resultant lists.

Let L ∼= Q8. As usual 3 divides |Z|. Observe that TQ8 has pc-presentation

〈x2, x3, x4, x5, x6 | x2
2 = x2

3 = x4, x2
4 = x3

5 = x3
6 = 1,

xx2
3 = x3x4, xx2

5 = x5x6, xx3
5 = x2

6, xx4
5 = x2

5,

xx2
6 = x5x

2
6, xx3

6 = x5, xx4
6 = x2

6〉

with 〈x2, x3〉 ∼= Q8. Relabel v as v1, and let v2 be as defined before Theorem 6.23.
The mapping x2 �→ v1, x3 �→ v2 defines an isomorphism 〈x2, x3〉 → 〈v1, v2〉. We
have TQ8/T ′

Q8
∼= C2 × C2 and H2(TQ8) ∼= C3, so H2(TQ8 , Z) ∼= C2 × C2 ×C3 if |Z|

is even, and H2(TQ8 , Z) ∼= C3 if |Z| is odd. Further, Aut(Z) × Aut(TQ8) action on
H2(TQ8 , Z) (discarding extensions with noncyclic abelian normal subgroups) yields
two orbits in the former case and one in the latter, so we have either one or two
possible isomorphism types of extensions of Z by TQ8 , depending on whether |Z|
is odd or even.

There are two distinct conjugacy classes of subgroups of GL(3, Fp) isomorphic
to the Schur cover S of TQ8 . (Cf. Lemma 6.17. Again the cover is unique, since
|TQ8/T ′

Q8
| and |H2(TQ8)| are coprime.) One of these is represented by the subgroup

S1 = 〈v1, v2, c, z, u, w〉

of SL(3, Fp). Note that vv3
1 = v2 where

v3 = (εω−1, ε, ε),

ε ∈ Fp a cube root of ω2. The other class is represented by

S2 = 〈v1, −v2, c, z, u, w〉.

A Sylow 2-subgroup of S1, but not of S2, lies in SL(3, Fp), so S1 and S2 are certainly
nonconjugate.

Let H be a primitive extension of Z in GL(3, Fp) such that H/Z ∼= TQ8 . If |Z|
is odd then H contains a conjugate of S1 or S2, so that H is conjugate to S1Z or
S2Z. Suppose |Z| is even. Here H splits over its Hall 2′-subgroup, with complement
H2 that is an extension of Z2 by Q8. One isomorphism type of H contains S1 or S2,
and so contains both; hence H = S1Z. Suppose H has one of the other isomorphism
types; then H does not have a subgroup conjugate to S1 or S2, meaning that H2
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does not split over Z2. We can discover the structure of H by considering cocycle
classes in Ext(Q8/Q′

8, Z2). Let τ be a scalar whose square generates Z2, so that
〈H, τ〉 contains S1. Looking at 〈H, τ〉/Z ∼= TQ8 × C2, we recognize

〈v1τ, v2, c, u, Z〉, 〈v1, v2τ, c, u, Z〉, 〈v1τ, v2τ, c, u, Z〉

as candidates for H . Using vv3
1 = v2 and vv3

2 = v1v
−1
2 , we see that all three groups

are conjugate.

Theorem 6.24. Let q ≡ 1 mod 3. Define P2
3,q to be the list of all groups

〈S1, x〉
〈S2, x〉
〈S1, x′〉
〈τx′v1, v2, c, u, x′〉 q ≡ 1 mod 4 and τx′ ∈ GF(q) only

where 〈x〉, 〈x′〉 run over the distinct odd order and even order scalar subgroups of
GL(3, q), respectively, τx′ ∈ Fp is a square root of x′, and for groups 〈Si, x〉, 〈Si, x′〉,
the 3-parts of |x|, |x′| are not 3.

(i) Every group in P2
3,q is a soluble Fp-primitive subgroup of GL(3, q).

(ii) Distinct groups in P2
3,q are not conjugate.

(iii) An Fp-primitive subgroup of GL(3, q) with central quotient (C3 × C3) � Q8 is
conjugate to a group in P2

3,q.

Finally, let L ∼= SL(2, 3). Since TSL(2,3)/T ′
SL(2,3)

∼= H2(TSL(2,3)) ∼= C3, we can
assume for the moment that Z is a 3-group, so H2(TSL(2,3), Z) ∼= C3 × C3. There
are three distinct isomorphism types for a primitive extension H of Z in GL(3, Fp)
such that H/Z ∼= TSL(2,3). In particular we have the following three pairwise non-
isomorphic Schur covers of TSL(2,3) in GL(3, Fp):

S1 = 〈v1, v2, v3, c, z, u, w〉, S2 = 〈v1, v2, νv3, c, z, u, w〉,
S3 = 〈v1, v2, ν2v3, c, z, u, w〉

where ν ∈ Fp is a cube root of z. Any Schur cover of TSL(2,3) in GL(3, Fp) is
conjugate to some Si. Suppose |Z| = 3i, i ≥ 1, and let x be a generator of Z. Let
νi be a scalar of 3-power order such that ν3

i = x1−2.3i−1
(thus νi 	∈ Z), and define

G(i, 1) = 〈v1, v2, v3, c, x, u, w〉, G(i, 2) = 〈v1, v2, νiv3, c, x, u, w〉,
G(i, 3) = 〈v1, v2, ν2

i v3, c, x, u, w〉.

Note that G(1, j) = Sj .

Theorem 6.25. Let q ≡ 1 mod 3. A primitive absolutely irreducible subgroup G

of GL(3, q) with center Z = 〈x〉 of 3-power order and central quotient TSL(2,3) is
GL(3, Fp)-conjugate to G(i, j) for a unique pair of values (i, j).

Proof. We have already dealt with the case i = 1, so let i ≥ 2. From our coho-
mological deliberations we know that either (a conjugate of) G contains some Si,
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or G has an element cubing to x or x2, modulo Z3. In the first case G = G(i, 1);
note that G(i, 1) for i ≥ 2 contains all the Sjs. Otherwise, G/Z is a subgroup of
〈SjZ, νi〉/Z ∼= SL(2, 3) × C3 for some j. We can take j = 1. Since SL(2, 3) has a
unique subgroup of index 3, there are two choices for G, and these are precisely
G(i, 2), G(i, 3).

Corollary 6.26. Let q ≡ 1 mod 3, and let 3t be the largest power of 3 dividing
q − 1. Define P3

3,q to be the list of all groups

〈G(i, 1), x〉 q ≡ 1 mod 9 only
〈G(i, 2), x〉 ενi ∈ GF(q) only
〈G(i, 3), x〉 εν2

i ∈ GF(q) only

where 1 ≤ i ≤ t, and 〈x〉 ranges over the scalar subgroups of GL(3, q) of 3′-order.

(i) Every group in P3
3,q is a soluble Fp-primitive subgroup of GL(3, q).

(ii) Distinct groups in P3
3,q are not conjugate.

(iii) An Fp-primitive subgroup of GL(3, q) with central quotient (C3×C3)�SL(2, 3)
is conjugate to a group in P3

3,q.

Remark 6.27. Groups in P3
3,q are pairwise nonisomorphic.

Theorem 6.28. If q ≡ 1 mod 3 then P1
3,q ∪ P2

3,q ∪ P3
3,q is a list P◦

3,q of the soluble
absolutely irreducible Fp-primitive subgroups of GL(3, q); if q 	≡ 1 mod 3 then no
such groups exist.

This completes our listing of the soluble irreducible subgroups of GL(3, q) for
all odd q.

7. Concluding Remarks

Lists of generating sets for our groups are publicly available as Magma procedures.
These procedures, which encode the generating sets and constructions presented
here, take as input the degree and field size and return the relevant list of groups.

The conjugating element constructed by the rewriting algorithm of Glasby and
Howlett [14] depends on various random selections; hence the rewritten group
returned may vary up to conjugacy. In all other respects the outcome of our
procedures — including the ordering of the groups in the list — is completely
determined.

In Table 1 we report the time t in CPU seconds to construct all k conjugacy
classes of soluble irreducible subgroups of GL(3, q) using Magma V2.10 on an
800 MHz processor.

We have taken steps to ensure that our lists are accurate. For sufficiently “small”
finite fields E, we can compute directly with Magma all irreducible subgroups of
GL(n, E) for n = 2, 3, and determine whether two given subgroups are conjugate.
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Table 1. Number of soluble irre-
ducible subgroups of GL(3, q).

q k t

5 22 0.01
54 2274 6
55 520 0.1
510 29416 27
515 62528 95
175 362 1
975 61032 105

For all prime powers up to 100, we established a complete correspondence between
our lists and the results of these direct computations. We also obtained (numerical)
agreement between our results and those of [7] and its extension.

Further, we have compared our lists with Suprunenko’s classification [24, The-
orem 6, p. 167] of the maximal irreducible soluble subgroups of GL(n, q), n ≤ 3.

• Up to conjugacy, GL(n, q) has a single imprimitive maximal irreducible soluble
subgroup, namely M(n, q). Suprunenko’s G2,1 is conjugate to H(t−1, t−1, 3)G2′

or 〈a, (1,−1)〉G2′ as defined in Theorem 5.2, whereas G3,1 is conjugate to a group
defined in Theorem 6.15: either S(t, t, s, s, 1, 0)M if t = 0, or S(t, t, s, s, 3, 0)M if
t ≥ 1; both G2′ and M have maximal order. The isomorphism type is C

(n)
q−1 �Sn.

• There are two kinds of primitive maximal irreducible soluble subgroups of
GL(n, q). One of these is the normalizer of a Singer cycle: Suprunenko’s G2,2

and G3,2 are the maximal order groups in PMn,q defined in Theorems 5.3 and
6.18. The isomorphism type is Cqn−1 � Cn.

• The second kind of primitive maximal irreducible soluble subgroup of GL(n, q) is
absolutely irreducible. Suprunenko’s G2,3 and G3,3 are the maximal order groups
in P2

2,q and P3
3,q defined in Theorem 5.8 and Corollary 6.26 respectively. The

isomorphism types are stated there.

Our extensive cross-referencing to Short [22] facilitates a similar comparison
with his (corrected) lists. Once again these coincide with ours.
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