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We describe an algorithm for explicitly listing the irreducible monomial subgroups of
GL(n,q), given a suitable list of finite irreducible monomial subgroups of GL(n,C),
where n is 4 or a prime, and ¢ is a prime power. Particular attention is paid to the
case n = 4, and the algorithm is illustrated for n = 4 and ¢ = 5. Certain primitive
permutation groups can be constructed from a list of irreducible monomial subgroups of
GL(n, q). The paper’s final section shows that the computation of automorphisms of such
permutation groups reduces mainly to computation of irreducible monomial subgroups
of GL(n,q), ¢ prime.
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1. Introduction

Let E be a field and n be an integer, n > 1. A list whose elements are subgroups of
GL(n,E), all with certain specified properties, is said to be complete if it contains
a GL(n,E)-conjugate of each subgroup with those properties. The list is irredun-
dant if distinct elements are not GL(n, E)-conjugate. Constructing a complete and
irredundant list of the finite irreducible monomial subgroups of GL(n,E) for n = 4
and E = C is the subject of [12]. In this paper we describe how to obtain a sim-
ilar list for finite E, and carry out the construction when |[E| = 5. This work was
initially prompted by remarks in [12, Sec. 1] about classifying irreducible soluble
linear groups over finite fields, after Short [25].

Throughout the paper, p is a prime and ¢ is a power of p. Also, M(n,E) will
denote the full group of monomial matrices in GL(n,E); this is the semidirect
product D(n, E) x S,,, where D(n, E) is the group of diagonal matrices in GL(n, E),
and Sy, is the group of n X n permutation matrices (identified with the symmetric
group of degree n). If E = GF(q) then “¢” replaces “E” in the notation above.
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For details of the long history of classifying finite linear groups, see [10, Sec. 8.5],
[20], [26], and [27]. The main problem considered in this paper has a different aspect
to classical problems in the area, which are concerned not with imprimitive linear
groups at all, but rather with primitive or quasiprimitive unimodular linear groups
of small degree over C. Lists of such groups are finite. Some authors only list groups
up to isomorphism of their collineation groups (central quotients), and then any
finite primitive linear group over C is an extension of its centre by a collineation
group in the relevant list. More recent classifications of finite linear groups employ
the classification of finite simple groups, and have been motivated by the question of
which nonabelian simple groups can occur as chief factors of absolutely irreducible
linear groups over finite fields; see [20,26]. Here again imprimitive linear groups
are not of much interest. For example, the collineation group of a finite irreducible
subgroup G of M(n,C) is almost simple only if the diagonal subgroup D(n,C) NG
of G is scalar. In prime degree n the nonabelian simple group involved therefore has
a transitive permutation representation of degree n and an irreducible projective
representation of degree n. This rarely happens; it is more likely that G has a
rich normal structure (several classes of finite soluble linear groups over C — such
as nilpotent groups — are monomial). Finding complete and irredundant lists of
imprimitive linear groups is a hard classification problem in the theory of finite
linear groups. These lists are possibly infinite, and moreover complicated in ways
connected to the structure of the groups themselves (see also [2,16]). Nor do we
expect that listing groups by isomorphism type would be any easier. For example,
finite irreducible linear n-groups of prime degree n over C are isomorphic if and
only if they are conjugate in GL(n,C).

Using a standard approach, the irreducible subgroups of M(n, ¢) may be listed
by computer if n and g are small enough. Critical parameters in this computation
are |GL(n, q)|, [IM(n,¢)| = nl(¢g—1)", and the degrees ¢" — 1 and n(g— 1) of natural
faithful permutation representations of GL(n,q) and M(n, q), respectively, which
are not unmanageably large at n = 4 and ¢ = 5. We recommend our more theoreti-
cal solution of the listing problem in M(4, 5) for two reasons. First, it illustrates an
algorithm for solving the general problem, which becomes the only feasible alterna-
tive as n and ¢ increase. Second, it provides a way to test correctness both of the
algorithm itself, and of the hugely complicated infinite list in [12], of linear groups
over C. What this means is comparing our classification of the irreducible subgroups
of M(4, 5), which builds on that list and which has been obtained by hand, against a
matching classification done by machine using standard computational techniques.

It is apt to record here that the lists in [11, 12] have errors of omission, rendering
them incomplete. Errata are stated in an appendix to this paper. A note justifying
the errata is available upon request from the author.

Henceforth IF,, stands for the algebraic closure of GF(p); we work with a concrete
version of F),, to be defined later. Let E be a subfield of F),. A list of the finite abso-
lutely irreducible p’-subgroups of M(n, E) may be compiled quite straightforwardly
from a list £, ¢ of the finite irreducible subgroups of M(n, C). The major tool is a
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particular faithful representation of M(n,F,) in M(n,C), used to “transfer” groups
between characteristics 0 and p. All of this is covered in Sec. 2 of the paper. We
point out that when E is finite, the transfer is done only on a finite sublist of £,, ¢,
and the effectiveness of the transfer between lists hinges upon several requirements
of £, c. One of these is the choice of GL(n, C)-conjugacy class representatives, inso-
far as representatives that are p’-groups should contain only matrices with nonzero
entries that are p’-roots of unity. Secondly, each listed group is to be given by a gen-
erating set whose diagonal elements generate the diagonal subgroup of the group.
Thirdly, for given N one can compute the finite sublist of £,, ¢ of groups of order N.
If p > 5 then the list in [12] satisfies the above requirements, which are by-products
of the construction process for that list.

Finite irreducible but not absolutely irreducible subgroups of M(n, E) arise in a
well-understood way from irreducible subgroups of GL(m,F,), m a proper divisor
of n, as explained in Sec. 3. Basically, a group of the former kind is a diagonal in the
direct product of n/m isomorphic groups of the latter kind. Of course, if n = 4 and
m > 1 then m is prime, and there is a wealth of information on classifying finite
linear groups of prime degree m. The finite primitive subgroups of GL(m,C) have
been described up to isomorphism of collineation group socle by Dixon and Zalesskii
[8]. Complete and irredundant lists of imprimitive (hence monomial) subgroups of
GL(m,C) appear in [2,5]. These may be transferred to lists over F,, in the manner
of Sec. 2.

We show how to list the finite absolutely irreducible subgroups of M(n,E) for
n = 4 and n = 2 in Secs. 4 and 5, respectively. Section 5 includes additional
information about primitive subgroups of GL(2,F,), required for manufacturing
the other finite irreducible subgroups of M(4,E) as per Sec. 3.

Section 6 concludes our solution of the main problem. A list of the irreducible
but not absolutely irreducible subgroups of M(4, ¢) is found by applying Secs. 3
and 5. The union of that list and a complementary one yielded by the methods of
Sec. 4 is a complete and irredundant list of the irreducible subgroups of M(4, ¢). In
Sec. 7 we verify the list for ¢ = 5 is correct, and summarize the listing algorithm
developed over the course of the paper.

Finally, Sec. 8 reviews material on automorphisms of primitive permutation
groups associated to linear groups. We show that, under mild restrictions, auto-
morphisms are formed in a natural way from normalizers of monomial groups in
the full general linear group over a prime field. Furthermore, those normalizers are
monomial.

Although we are mostly interested in monomial linear groups of degree 4, the
discussion is kept general where possible, with a view to listing irreducible monomial
linear groups of other degrees over finite fields.

Notation and terminology from [12] is re-used (7 is now projection from a mono-
mial linear group of arbitrary degree n into Sy,,). We write tr for the trace map on
square matrices.

Proofs meant to be routine are omitted and left as exercises for the reader.
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2. Finite Absolutely Irreducible Nonmodular Monomial Linear
Groups

Let G be a finite subgroup of M(n,F,). For convenience, we sometimes consider
that G is a p’-group. One way to arrange this is to take p greater than n, for then
p does not divide |G|, and hence does not divide |G| = |D(n,F,) NG| - |7G|.

It is easy to demonstrate a faithful representation of G in M(n,C): just lift
nonzero entries in each element of G to appropriate p’-roots of unity in C. Provided
G is a p'-group, it is almost as easy to prove that this representation is irreducible if
and only if G is irreducible. We perform these tasks in the first part of this section,
thereby getting an explicit special case of the following well-known result.

Theorem 2.1. A finite irreducible p’-subgroup of GL(n,F,) is isomorphic to an
irreducible subgroup of GL(n,C).

Proof. See e.g. [6, Corollary 3.8, p. 62]. O

We refer to the exposition of Brauer characters in Isaacs’ book [19, Chap. 15].
Zorn’s Lemma implies that the ring R of algebraic integers in C has a maximal
ideal I, containing p. Fix I and denote natural surjection R — R/I as . By [19,
(15.1), p. 263], R/I is the algebraic closure of 1)(Z) = GF(p), so we take F, to be
R/I. Also ¢ maps the largest p’-subgroup W of C* isomorphically onto F,. Denote
the inverse isomorphism 6. Put 6#(0) = 0, so that # is multiplicative on F,, ¥6 is
the identity on F,, and 6 is the identity on W° = W U {0}. If z is an R-matrix
then let U(z) be the F,-matrix of the same size with ¥(x); ; = ¥ (z; ;). Obviously
V¥ is an additive and multiplicative map on sets of R-matrices. If y is an F,-matrix
then let ©(y) be the W°-matrix defined by ©(y); ; = 0(y; ;). We have ¥O(y) = y,
and OV (z) = z for a W°-matrix z.

Lemma 2.2. Let z,y,z be Fp-matrices such that x is monomial and xy,zx are
defined. Then O(xy) = O(z)O(y) and O(zx) = O(2)O(x).

Corollary 2.3. © is a faithful representation of M(n,F,) in M(n,C), with
inverse W.

Remark 2.4. Corollary 2.3 implies that there is an isomorphic copy of M(n, ¢) in
GL(n,C) for any ¢q. However, if p > n and n > 2 then there is not an isomorphic
copy of GL(n, q) in GL(n, C). For suppose (by Proposition 2.14 below) that M(n, C)
has a subgroup P isomorphic to a p-subgroup of GL(n,q). Since p > n we have
mP = 1, so P is a group of diagonal matrices and is therefore abelian. On the
other hand, a Sylow p-subgroup of GL(n, q) is conjugate to the group of all upper
triangular unipotent matrices in GL(n, g), which is nonabelian if n > 2. A faithful
representation of GL(2,¢q) in GL(2,C) is irreducible. Assuming ¢ is odd, such a
representation can exist only when ¢ = 3, since the irreducible complex character
degrees of GL(2,q) are 1, ¢ — 1, q, and ¢ + 1; see e.g. [1, pp. 174-177]. Indeed,
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if S and U are the elements of SU(2) defined in [3, Sec. 57], then S and /—1U
generate a Schur cover of Sy in GL(2,C), isomorphic to GL(2,3). (The only other
Schur cover of Sy is the binary octahedral group, realized in GL(2,C) as (S, U).)
Summing up: when p > n, GL(n,C) has a subgroup isomorphic to GL(n, ¢) if and
only if n =2 and ¢ = 3.

Remark 2.5. Eventually we prove that the lifting © is an irreducible representa-
tion of each finite irreducible nonmodular subgroup of M(n,F,) in GL(n,C). Such
representations exist for p-soluble groups (and a monomial linear group of degree
at most 4 is certainly soluble). This extends Theorem 2.1 and is a consequence of
the Fong—Rukolaine-Swan Theorem [9, Theorem 72.1, p. 473], which tells us that
a Brauer character afforded by the identity automorphism of a finite irreducible
p-soluble subgroup G of GL(n,F,) lifts to a complex irreducible character of G.
That character must be faithful.

Lemma 2.6. O(GL(n,F,)) C GL(n,C).

Proof. Induction on n establishes that ¢(det z) = det ¥(z) for any = € Mat(n, R).
Thus, if g € GL(n,F,) then det ©(g) # 0. m|

So © is not generally a homomorphism, but at least it is a bijection from
GL(n,F,) onto a subset of GL(n, C).

Proposition 2.7. Let G and H be subgroups of M(n,F,). If G is GL(n,F,)-
conjugate to H then O(G) is GL(n, C)-conjugate to ©(H).

Proof. Suppose G* = H, x € GL(n,F,). By Lemma 2.2, O(G)y = y©O(H) where
y = O(x), and y is invertible by Lemma 2.6. O

Lemma 2.8. If g is a p'-element of M(n,F,) with eigenvalues e, . .., e, (counting
multiplicities), then the eigenvalues of O(g) are O(eq1),...,0(e,).

Proof. Since ¢ is conjugate to diag(es,...,e,), the result again follows from
Lemmas 2.2 and 2.6. O

The irreducible Brauer characters of a finite p’-group (with respect to the prime
p) are exactly the same as its irreducible complex characters ([19, (15.13), p. 268]).
This ensures that irreducibility of monomial p’-groups is preserved when transfer-
ring between characteristics.

Theorem 2.9. Let G be a finite irreducible p’-subgroup of ©(M(n,F,)). Then ¥
is a faithful irreducible representation of G in M(n,Fp,).

Proof. If ¢ € G has eigenvalues by,...,b, then, by Lemma 2.8, the eigenval-
ues of U(g) are ¥(b1),...,%¥(b,). The Brauer character afforded by ¥ has value
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>, 09(b;) on g, so is just tr on G. But tr is an irreducible Brauer character of G.
Hence ¥ is irreducible. O

Theorem 2.10. Let G be a finite irreducible p’-subgroup of M(n,F,). Then © is a
faithful irreducible representation of G in M(n,C).

Proof. Cf. the previous proof. The complex character of G afforded by © coin-
cides with the Brauer character afforded by the identity automorphism of G, so is
irreducible. O

Remark 2.11. It is not always necessary in Theorem 2.10 that G be a p’-group.
Let G = H wr T where H is a nontrivial finite subgroup of F,', and T" is a transitive
subgroup of S,,—this includes the possibility G = M(n, ¢). Then O(G) = 6(H) wr T
is irreducible, whether or not G is a p’-group. For a second example, let G be a
finite irreducible subgroup of M(4, F,,) whose diagonal subgroup is self-centralizing
in G. Although p may divide |G|, ©(QG) is irreducible by [12, Theorem 4.2]. Actually,
O(G) is always irreducible when 7G = A4. For if ©(G) were reducible then G would
have scalar diagonal subgroup by [12, Lemma 2.1]; but |G: Z(G)| > 16 (see e.g. [6,
the exercise on p. 36]).

If E is a subfield of F, then the absolutely irreducible subgroups of GL(n,E)
are those subgroups that are irreducible over ,,. We spend the rest of this section
discussing how to list the finite absolutely irreducible p’-subgroups of M(n,E).

Let £, c be a complete and irredundant list of the finite irreducible subgroups
of M(n, C). At the time of writing there have been attempts to construct L, ¢ only
for n = 4, or n a prime less than 31 (Bacskai in his Ph.D. thesis [2] accounts for
the prime degrees). Therefore, realistically the proviso p > n is not too severe: n is
small, so the number of exceptional p is small.

In practice we will have an actual list £,, ¢ which we take to be the ideal list £, c.
Now there may be errors in ¢, ¢ as we have seen, and conceivably these may be
transmitted to a list of subgroups of M(n,F,) whose construction depends on £,, .
This point does not affect the validity of our methods; if an error can be detected
and corrected in £, ¢ then it can be detected and corrected in any dependent list of
monomial groups over IF,,. Nonetheless any statements about completeness of that
list must assume 4, ¢ is correct.

We envisage that £, ¢, like the lists of [2,5,11,12], has each element given by
a generating set of monomial matrices which can be written down explicitly from
an integer parameter string labeling the group. (These strings are arbitrarily long,
reflecting the fact that we can add arbitrarily many scalars to a group in £, ¢
without leaving £,, ¢. However, for the application to listing subgroups of M(n, ¢),
lengths of the relevant strings are related to the primes dividing n!(¢ — 1), and so
are bounded in terms of n, ¢.) Suppose that in the generating set of each G € £,, ¢
the diagonal matrices form a generating set for D(n,C) N G; then we have no
trouble calculating |G| from [D(n,C) NG|, as 7G is obvious from the non-diagonal
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generators of GG. Thus list groups should come with order functions, and the order
of a group is found by direct substitution of its defining integer parameters into its
order function (see [11, top paragraph of p. 28] for some diagonal subgroup order
functions). When p > n, the p’-groups in £,, ¢ can be picked out just by looking at
diagonal subgroup orders. Furthermore, if for each G all nonzero generator entries
are |G|th roots of unity then every p’-group in L, ¢ is in O(M(n,F,)). This latter
condition is a vital requirement of £, ¢ in the algorithm for constructing a list of
the finite irreducible p’-subgroups of M(n,F,), and is fulfilled by L4 ¢ as in [12] if
p > 3 (we postpone verification of this until Sec. 4; see the proof of Theorem 4.1).
While a given list may not fulfill the requirement — entries of generators may
even be torsion-free — it can always be enforced, by replacing list elements G with
conjugates as necessary. Replacement is possible because there is a basis of the
underlying vector space for GL(n, C) in the G-orbit of the vector e; = (1,0,...,0).
If x is the (monomial) change of basis matrix from any such basis to the standard
orthonormal one {e; |1 < i < n}, where ¢; has 1 in the ith position and 0 elsewhere,
then G® has the desired property.

Let L, wo be the sublist of £,, ¢ consisting of all elements that are p’-subgroups
of O(M(n,F,)). By the above, we may assume L, wo contains every p’-group in
Lnc. Set Lnr, = ¥(Ly,we). By Theorem 2.9, L, r, is a list of finite irreducible
p'-subgroups of M(n,F,). By Proposition 2.7, £, r, is irredundant. Deciding com-
pleteness of £, r, can be more difficult. We now set up some machinery to be used
in that endeavor.

Proposition 2.12. Let G be a group, and denote by K the set of equivalence classes
[E] of its faithful irreducible representations = of degree n over a fized field K.
Suppose K is nonempty.

(i) For each [Z] € K and o € Aut(G), define [Z]* to be [E*], where 2%(g) =
E(a(g)), g € G. This defines an action of Aut(G) on K (Inn(G) acts trivially).
(ii) There is a bijection between the set of Aut(G)-orbits in IC, and the set of conju-
gacy classes of irreducible subgroups of GL(n,K) isomorphic to G, which maps

the Aut(G)-orbit with representative [E] to the conjugacy class with represen-
tative Z(Q).

Theorem 2.13. Suppose G is a finite irreducible p’-subgroup of M(n,F,), such
that any irreducible subgroup of GL(n,C) isomorphic to G is conjugate to a group
in Lnwo. Then G is conjugate to a group in Ly, .

Proof. Say Aut(G) has m orbits in {{ € Irr(G) | € faithful, £(1) = n}, which is
nonempty by Theorem 2.10. By Proposition 2.12 and hypothesis, £, wo has m ele-
ments isomorphic to G. Consequently £, r, has m elements isomorphic to G. Since
Irr(G) = IBr(G), there are m orbits of Aut(G) in {£ € IBr(G) | £ faithful, (1) = n}.
This set is bijective with the set of equivalence classes of faithful irreducible
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representations of G in GL(n,F,), so there is a conjugate of G in L,r, by
Proposition 2.12 again. O

Theorem 2.13 motivates us to ask which finite irreducible subgroups of GL(n, C)
can be isomorphic to irreducible subgroups of M(n, C). Some qualified answers to
this question follow (the first merely states a well-known class of M-groups).

Proposition 2.14. Let G be a finite soluble subgroup of GL(n,C) with a normal
subgroup N such that all Sylow subgroups of N are abelian, and G/N is supersoluble.
Then G is conjugate to a subgroup of M(n,C).

Proof. See [19, (6.22), (6.23), p. 87]. O

Theorem 2.15. Let n be prime. If G is a finite irreducible subgroup of M(n,C)
then G is not isomorphic to a primitive subgroup of GL(n,C).

Proof. Denote the group of all scalars in GL(n,C) by Z. Suppose G is isomorphic
to a primitive subgroup H of GL(n,C). Then n > 5: otherwise we get the contra-
diction that H is abelian-by-supersoluble and conjugate to a subgroup of M(n, C)
by Proposition 2.14.

An abelian normal subgroup of a primitive linear group over an algebraically
closed field is scalar (this famous result usually attributed to Blichfeldt). Hence
Z(G) = G N Z is a maximal abelian normal subgroup of G. The diagonal subgroup
of G contains Z(G), so it is precisely Z(G), and G/Z(G) = nG.

There is an inclusion-preserving map from each finite subgroup K of GL(n,C)
to a finite subgroup K of SL(n, C), such that KZ = KZ and K/Z(K) = K/Z(K).
Clearly H is primitive, and H/Z(H) = nG. The finite primitive subgroups of
SL(n, C) are described in [8]. By [8, Lemma 1.1], S := soc(nG) is either elementary
abelian of order n?, or is a nonabelian simple group and has trivial centralizer in 7G
(that is, 7G is almost simple). As a transitive permutation group of prime degree,
G has a transitive normal simple subgroup N by [17, Satz 21.1(e), pp. 607-608], so
N < S.If N were abelian then G would have an abelian normal subgroup properly
containing Z(G), contradicting maximality of Z(G). Thus S = N is a nonabelian
simple group, and is listed in [8, Theorem 1.2].

Let L be a (normal) subgroup of H such that Z(H) < L and L/Z(H) = S. Since
L is nonabelian and we are in prime degree, L is irreducible by Clifford’s Theorem.
Thus Z(H) = Z(L), Z(H) = Z(L) and L/Z(H) = S. L splits over Z(H) (see [8,
remarks after Theorem 1.2]), and so there is a subgroup T of L such that T < H,
TNZ=1,and T = S. Since L < LZ we have L < T'Z. Denote the projection
of TZ onto T by p. Certainly o(L) < T, and L £ Z implies o(L) = T. Define a
homomorphism a: T'— Z/Z(L) by a(t) = 2Z(L), where tz € L, z € Z. Of course
kera =T,s0T < L. Moreover T'< H. Hence M(n, C) has an irreducible subgroup
isomorphic to S. As noted in [8, proof of Theorem 1.2], a faithful permutation
representation of S has degree greater than n, unless n = 11 and S = PSL(2,11).



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Irreducible Monomial Linear Groups of Degree Four Quer Finite Fields 261

But the single conjugacy class of irreducible subgroups of GL(11, C) isomorphic to
PSL(2,11) contains only primitive groups. This completes the proof. O

Remark 2.16. We commented in Sec. 1 on the rarity of nonabelian simple groups
S possessing a transitive permutation representation of the same prime degree as an
irreducible projective representation of S. If ¢ > 2, m >3 and d = (¢"™ —1)/(¢g—1)
is prime, then PSL(m, ¢) in degree d is such a group. Also, M(5, C) has a subgroup
S = As.

Theorem 2.17. Let G be a finite irreducible p’-subgroup of M(n,Fy), so O(G) is
conjugate to a group in L, c. Assuming every p'-group in L c is in Ly we, if any
of the following hold then G is conjugate to a group in L, F,.

(i) 7G is supersoluble.
(ii) n is prime.
(iii) |7G| = n.

Proof. All parts are instances of Theorem 2.13. By that result, (i) and (ii) follow
from Proposition 2.14 and Theorem 2.15. For (iii), let H be an irreducible subgroup
of GL(n,C) isomorphic to G and let x be an irreducible constituent of tr on H
restricted to an abelian normal subgroup of index n. The induced character Y has
degree n and hence x? = tr by Frobenius reciprocity. Since x is afforded by a
monomial representation, this proves (iii). (Cf. [11, Proposition 1.3.6].) m|

In degree 4, Theorem 2.17 is not enough to determine whether £,, r, is complete.
The next result provides extra assistance (and a partial converse of Proposition 2.7).

Proposition 2.18. Let G and H be subgroups of M(n,Fp), with nG transitive.
Then G is M(n,F,)-conjugate to H if and only if O(G) is M(n,C)-conjugate to
O(H).

Proof. (Cf. [11, Remark 1.3.8] and [12, Lemma 5.6].) Suppose ©(G)** =
O(H) for some z € D(n,C) and s € S,. That is, O(G*)* = O(H), so za~ ! €
©(D(n,Fp)) for all t € mG®. Since 7G? is transitive, z = O(y) for some y € D(n,F)),
modulo scalars. Thus G*Y = H. Corollary 2.3 takes care of the other implication.

Corollary 2.19. Let G be a finite irreducible p'-subgroup of M(n,F,). If ©(G) is
M(n, C)-conjugate to K € Ly wo then G is M(n,Fy)-conjugate to V(K) € Ly F,.

We say no more about how to prove that L, r, is complete, and suppose that
it is complete. The next step in listing absolutely irreducible subgroups of M(n, E)
for a subfield E of IF}, is to recognize the E-monomial elements of L, r,, which is to
say, the groups that are GL(n,F,)-conjugate to subgroups of M(n, E). By deleting
from L, r, the groups that are not E-monomial, and replacing each E-monomial
group with a conjugate in M(n,E), we obtain a list £, g. The Deuring-Noether



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

262 D. L. Flannery

Theorem [18, Theorem 1.22, p. 26] asserts that representations of a finite group over
a given field are equivalent if and only if they are equivalent over every extension of
the field. This theorem guarantees that £,, g is a complete list of the finite absolutely
irreducible p’-subgroups of M(n,E). We know already that £, g is irredundant, so
it is a list of the kind sought.

The subgroups of M(n,E) in £,, r, are readily apparent. To recognize the other
E-monomial groups in £, r,, we calculate traces.

Theorem 2.20. Let K be a subfield of F,, E C K. A finite irreducible subgroup G
of GL(n,K) is conjugate to a subgroup of GL(n,E) if and only if tr(G) C E.

Proof. See [19, (9.23), p. 155]. |

Corollary 2.21. Let K be a subfield of Fp,, E C K. Let G be a finite irreducible
r-subgroup of GL(n,K), where v # p is a prime. Suppose E has a primitive rth
root of unity if r > 2, and a primitive fourth root of unity if r = 2. Then G is
E-monomial if and only if tr(G) C E.

Proof. Note that if G is absolutely irreducible then n must be a power of r. By
[21, Theorems II.4 and IIL.4], there is a Sylow r-subgroup of GL(n,E) in M(n,E).
Then the result follows from Theorem 2.20. O

Now let E = GF(q), ¢ > 3. Suppose G € L, r, and tr(G) € GF(g). We seek
x € GL(n,Fp) such that G* < M(n, q). Clearly G < GL(n,¢™) for some m > 1;
GF(¢™) could be the subfield of F, generated by GF(g) and the entries of all
elements of G.

Suppose z is monomial. This can happen only if D(n,F,) N G < D(n,q). We
assume that x is diagonal, because y = x(mx)~! is diagonal and GY < M(n, q).
Then reasoning as in the proof of Proposition 2.18 shows that x acts as an element
of D(n,q™). The assumption that = is monomial therefore leads to a significant
reduction in size of a search space for z. However, if we know enough about the
mG-module structure of D(n,F,) then we do not need to search all of D(n,¢™),
since that knowledge would inform the (possibly heuristic) choice of . When n is
prime or n = 4, this last point is illustrated in the proofs of [5, Lemma 1.7], [11,
Theorem 3.2.9], [12, Theorem 7.2], and Theorem 4.5 below.

If x is not monomial then to rewrite G in M(n, ¢) one can turn to the computer.
We now give a procedure for rewriting G using MAGMA [4]. First, we find the
smallest subfield K of GF(¢™) such that GL(n,K) contains a GL(n, ¢"™)-conjugate
G* of G. This may be done with the MAGMA function IsOverSmallerField (based
on [14]). Then the function LineOrbits is used to compute all orbits of G* on one-
dimensional subspaces of the underlying space GF(q)"™). We should have that (i)
K C GF(g), and (ii) there is an orbit of G* consisting of n one-dimensional subspaces
(1;), whose sum is GF(q)™. (If (i) or (ii) is false then G is not GF(g)-monomial,
so we discard G' and move on to another group in £, r,.) The MAGMA convention



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Irreducible Monomial Linear Groups of Degree Four Over Finite Fields 263

is that elements of a matrix group act on the right of the underlying space, so that
mG*m~! < M(n,q) for the change of basis matrix m whose jth row is /;. Then
mG*m~! replaces G in L, k.

Sometimes the above procedure for computing G* in M(n, ¢) can be avoided
when n = 4. In the proof of Theorem 4.5 we utilize the following lemma to good
effect, in working out conjugacy between finite irreducible subgroups of M(4,F,)
by elements of GL(4,F,)\M(4,F,).

Lemma 2.22. Let G, H be subgroups of GL(n,C) consisting of R-matrices, and
suppose G* = H for some R-matric x € GL(n,C) such that i(detz) # 0 (for
example, det x is an integer not divisible by p). Then ¥(G) is GL(n,F,)-conjugate
to U(H).

3. Irreducible but not Absolutely Irreducible Linear Groups

The theory of irreducible representations of a finite group over extensions of the
ground field is treated in several texts, such as [6,18,19].

Theorem 3.1. Let E be a field of characteristic p.

(i) Let G be an irreducible but mot absolutely irreducible finite subgroup of
GL(n,E). Then there are
(a) an integer m > 1 dividing n,
(b) a Galois extension K of E of degree m with Galois group Gal(K/E) =
{oi|1 <i<m},
(¢c) an absolutely irreducible subgroup H of GL(n/m,K), where tr(H) € L for
any proper subfield L of K containing E,

such that G is GL(n,K)-conjugate to the group G of block diagonal matrices

hor 0 -+ 0
(Rt h2, .. ROm): = 0 hg ? . heH.
0 0 ... pe
Therefore,
(R, h72, ... h™) — K7 )

defines a faithful absolutely irreducible representation of G in GL(n/m,K) for
each i. In particular, G = H.

(ii) Conversely, suppose m, K, and H satisfy (a), (b), and (c) in (i). Then G is
conjugate to an irreducible but not absolutely irreducible subgroup of GL(n,E).

Proof. Part (i) paraphrases [19, (9.21), p. 154] and its proof. Note that E and
tr(H) generate K.
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Conversely, let A be the representation (f) for ¢ = 1, assuming o is the identity
of Gal(K/E). (The elements of Gal(K/E) may be ordered any way we like: conju-
gation by a permutation matrix yields G as indicated with a chosen ordering.) By
[19, (9.5)(c), p. 147] and [19, (9.23), p. 155] there is a faithful irreducible represen-
tation ' of G in GL(n,E) such that A is an irreducible constituent of T viewed
as a K-representation. Certainly A% is an irreducible constituent of I' = I'? for
all i, 1 < i < m. These constituents are pairwise inequivalent. Otherwise, some
nonidentity element 7 of Gal(K/E) would fix the character afforded by A; but then
7 would fix tr(H) elementwise and so be the identity on K. Comparing degrees, we
then see that the K-irreducible constituents of I' are precisely the A%:. Since T is
completely reducible over any extension of [E, with irreducible constituents uniquely
determined up to equivalence, I'(G) is conjugate to G. O

The notation of Theorem 3.1 is used in the next two results.
Corollary 3.2. Ifn is prime then G is abelian.
Corollary 3.3. Let G be abelian.

(i) G is conjugate to a cyclic subgroup of D(n,K), every element of which has all
nonzero entries of the same order (thus |G| is not divisible by p).
(ii) By (i), G is isomorphic to a subgroup of K*. However, G is not isomorphic
to a subgroup of IL* for any proper subfield . of K containing E.
(iii) If H is an abelian irreducible subgroup of GL(n,E) of order |G| then H is
GL(n, E)-conjugate to G.

Proof. An absolutely irreducible abelian linear group has degree 1. Then
by Theorem 3.1, G is GL(n,K)-conjugate to the cyclic group generated by
(w7, w2, ... ,w), where w € K is a primitive |G|th root of unity not in any
proper subfield of K containing E, and o1, 09, ..., 0y, are the elements of Gal(K/E)
in some fixed order. This gives (i) and (ii); (iii) follows from the Deuring—Noether
Theorem. O

The following criterion for absolute irreducibility supplements Theorem 2.9.

Corollary 3.4. Let E be a subfield of Fy,. If G is a finite irreducible subgroup of
M(n,E) such that O(G) (in the notation of Sec. 2) is an irreducible subgroup of
M(n,C), then G is absolutely irreducible.

Proof. Of course, if G is a p’-group then by Theorem 2.9 there is nothing to do.
Only scalars in GL(n, C) centralize ©(G). However, if G is not absolutely irre-

ducible then CGL(nVFP)(G) has nonscalar elements by Theorem 3.1. This is a con-

tradiction, by the argument in the proof of Proposition 2.7. O

Next, we derive some more consequences of Theorem 3.1 in degrees relevant to
our main problem. Denote the gth-powering automorphism of F,, as o.
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Corollary 3.5. Suppose n = rs, r and s prime. Let G be an irreducible but not ab-
solutely irreducible nonabelian subgroup of GL(n,q). Then there is an absolutely
irreducible subgroup H of GL(n/m,q™), where tr(H) € GF(q) and m = r or
m = s, such that G is GL(n,q™)-conjugate to {(h, h",h"z, .. .,h"m*1) |h € H}.
Conversely, any such group of block diagonal matrices is conjugate to an irreducible
but not absolutely irreducible subgroup of GL(n,q).

Proof. The Galois group here is cyclic of order m, generated by o, so the first part
is clear. For the second, we need only observe that GF(¢™) is generated by GF(q)
and tr(H), because m is prime and tr(H) Z GF(q). m|

Proposition 3.6. Let G be an irreducible but not absolutely irreducible nonabelian
subgroup of M(4, q), with diagonal subgroup N. As in Corollary 3.5, let H be an
absolutely irreducible subgroup of GL(2,q¢?) isomorphic to G, such that tr(H) €
GF(q) and G is GL(4, ¢*)-conjugate to {(h,h?)|h € H}. Then, up to conjugacy,
one of the following occurs.

(i) 7G is Ay or Sy, Z(G) = N s scalar, and H is a primitive subgroup of GL(2, ¢?).
(ii) mG is a transitive 2-subgroup of Sy, and H < M(2, ¢?).

Moreover, a group as in (i) is not isomorphic to a group as in (ii).

Proof. Let A:G — H be an isomorphism. Suppose 7G is A4 or Sy. If H is im-
primitive then (as we are in prime degree) H < M(2, ¢?) up to conjugacy. But then
G has an abelian subgroup of index 2, which is clearly false. Thus H is primitive.
By Blichfeldt’s result (referenced in the proof of Theorem 2.15), A(N) < Z(H).
Since Z(A4) = Z(S4) = 1, it follows that A(N) = Z(H), and thus N = Z(G). The
conjugation action of G on the diagonal entries of an element of N is transitive, so
N must be scalar.

If 7G is not A4 nor Sy then it is a transitive 2-subgroup of Sy, so has order 4 or
is dihedral of order 8. Therefore H has a series A(N) = Hy < Hy < --- < H,=H
of normal subgroups, where k = 2 or 3 and |H;y; : H;| = 2. Then H cannot be
isomorphic to a primitive subgroup of GL(2, ¢?); otherwise, we discover by repeated
use of Blichfeldt’s result that H is abelian. This completes the proof. O

Remark 3.7. In Proposition 3.6(ii), G has an abelian subgroup A of index 2 such
that N < A. When 7G is dihedral of order 8, A can be the image of D(2,¢?) N
H under an isomorphism H — G. Suppose |7G| = 4; then N # Cg(N). For if
Ce(N) = N then O(G) is irreducible by [12, Theorem 4.2], but the degree of an
irreducible complex character of G is 1 or 2 by [19, (6.15), p. 84]. Thus C¢(N)/N
has a subgroup of order 2, and we may take A to be its inverse image in G.

Remark 3.8. More than the last claim in Proposition 3.6 is true, by [12,
Proposition 9.1]: if G, H are isomorphic finite subgroups of M(4,F,) then either
7G = wH is A4 or Sy, or 7G and wH are both 2-groups.
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By Proposition 3.6, to list the irreducible but not absolutely irreducible
nonabelian subgroups of M(4, q), we need information about absolutely irreducible
subgroups of GL(2, ¢?). This is supplied in Sec. 5.

If H is an absolutely irreducible subgroup of GL(2, ¢?) not conjugate to a sub-
group of GL(2, q) then we prove in Sec. 6 that G = {(h,h?)|h € H} is conjugate
to an irreducible subgroup of M(4,q) when ¢ = 1 mod 4 and H < M(2,4?). We
do the same for p > 5, ¢ = 2 mod 3, and H/Z(H) = A, (the second condition is
necessary, given the other two). If H/Z(H) = S4 then by the next proposition G
cannot be conjugate to a subgroup of M(4, q).

Proposition 3.9. Suppose p > 5, and let G be an irreducible subgroup of M(4, q)
such that 1G = S4. Then G is absolutely irreducible.

Proof. Suppose G is not absolutely irreducible. By Proposition 3.6, let H be an
absolutely irreducible primitive subgroup of GL(2,¢?) isomorphic to G such that
H/Z(H) =2 S,. Denote the centre of G by Z and the Hall 2’-subgroup of Z by Z.
As HY(Z/Z,Z) is trivial for all i > 1, we have H?(G/Z,Z) = H*(G/Z,Z), and
the latter cohomology group is Ext(C2, Z) x Hom(H3(S4), Z) = 1 by the Universal
Coefficient Theorem. That is, G splits over its subgroup of odd order scalars, and
we may assume Z is a 2-group.

The rest of the proof incorporates suggestions by L. G. Kovacs. Let K be a
subgroup of G such that 7K = S3. Choose g € K’ of order 3, so detg = 1. For
some s € G, (1g)™ = wg~ !, meaning ¢° = g~ ! modulo Z. Thus ¢° = g~ ! If g is
conjugate to (h,h?), h € H, then h is inverted by an inner automorphism of H,
and so tr(h) = tr(h~1). Hence h is conjugate to a diagonal matrix (o,a™!), a a
primitive cube root of unity. It follows that tr(h) = —1 and tr(g) = —2.

The permutation group wK is intransitive, with a single fixed point. Thus K
fixes a one-dimensional subspace of GF(q)®. In turn K fixes a nonzero vector, and
g has eigenvalue 1. The product of the other three eigenvalues of g (cube roots of
unity in F,,) is therefore 1, and their sum is —3. This is impossible in characteristic
greater than 3. O

Corollary 3.10. If p > 5, then an irreducible subgroup of M(4,q) isomorphic to
an absolutely irreducible subgroup of M(4,q) is absolutely irreducible.

Proof. Suppose G < M(4, q) is absolutely irreducible. If 7G = A4 then Z(G) #
D(4,¢9) N G, and if #G is a 2-group then G does not have an abelian subgroup
of index 2. The result follows from Proposition 3.6, Remark 3.8, and Proposi-
tion 3.9. 0O

Proposition 3.11. Let p be odd. If G is an irreducible nonabelian subgroup of
M(4, q) then |G| > 16.
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Proof. If G is absolutely irreducible then |G : Z(G)| > 16, so we assume G is not
absolutely irreducible. Thus G is isomorphic to an absolutely irreducible subgroup
H of GL(2, ¢?) such that tr(H) € GF(q). Denote the diagonal subgroup of H by M.

|G| is properly divisible by 4. Suppose |G| = 8. Then H is (conjugate to) a
subgroup of M(2, ¢?). On H\ M the trace map is zero. Let h € M. Either h € D(2, q)
or tr(h) = w+w™! = 0 for a primitive fourth root of unity w. Thus tr(H) C GF(q),
a contradiction.

Suppose |G| = 12. Since A4 has a noncentral abelian normal subgroup, H is
monomial by Proposition 3.6. In this case M is generated by a scalar involution
and a nonscalar element of order 3 in SL(2,¢?). We then calculate that tr(H) C
{0, 41, £2} C GF(q). O

The next result extends Proposition 3.11 to all irreducible G < M(4, q).

Proposition 3.12. (i) M(4, q) has irreducible abelian (i.e. cyclic) subgroups if and
only if ¢ =1 mod 4.

(ii) Suppose ¢ =1 mod 4. A cyclic subgroup of M(4,q) is irreducible if and only if
it is GL(4, q)-conjugate to (c¢(w,1,1,1)), where w € GF(q)* has order (¢q—1)/r
for some odd divisor r of ¢ — 1, and ¢ is a 4-cycle in Sy.

Proof. Let G be a cyclic irreducible subgroup of M(4, q). Since 7G is conjugate
to (¢}, |G| is divisible by 4 and G has scalar diagonal subgroup. Thus |G| = 4s
for some divisor s of ¢ — 1. By Corollary 3.3, |G| divides ¢* — 1 but not ¢® — 1.
Consequently ¢ is odd. Also ¢ = 1 mod 4, because otherwise g2 — 1 is divisible by
4(q — 1) and hence by |G|. Similarly, if (¢ — 1)/s were even then |G| would divide
@ —1=((g—1)/9)g+D)s.

Now suppose ¢ = 1 mod 4 and let G be a cyclic subgroup of M(4, q), |G| =
4(q — 1)/r, r odd (G = (c(w,1,1,1)) fits the bill). Note then that |G| divides
g¢* — 1 but not ¢? — 1, and that G is completely reducible by Maschke’s Theorem.
Suppose G is reducible. Then the irreducible components of G have orders dividing
q—1,¢%>—1,or ¢ — 1, and therefore dividing ¢ — 1, since ged(q* — 1,¢% — 1) =
q — 1. However, |G| is the least common multiple of these orders: contradiction. By
Corollary 3.3(iii), we are done. O

4. Finite Absolutely Irreducible Monomial Linear Groups of
Degree Four

Recall the notation of Sec. 2. In this section we let L4 ¢ be the list £4 ¢ of [12,
Theorem 9.2], amended as per the Appendix. Define L4 wo and L4, accordingly.
We first prove that L4, is a complete list of the finite irreducible subgroups of
M(4,F,) when p > 5, assuming correctness of ¢4 c. Then we go on to list the
absolutely irreducible subgroups of M(4,5).

From now on, the letters a, b, ¢, d, and e are reserved to denote the permuta-
tion matrices obtained from the 4 x 4 identity matrix by permuting its columns
as (12)(34), (13)(24), (1234), (123), and (12), respectively. Up to conjugacy, the
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transitive subgroups of Sy are V4 = (a, b), C = (¢), D =(a, c), Ay = (a, b, d),
and Sy = (a, d, e). For relations between generators of Sy, see [12, Sec. 1]. We
have D(4,C) = XYUV, where X is all scalars, Y is the subgroup of D(4, C) whose
elements are fixed by a and inverted by b, U = Y%¢, and V = Y. Note that YUV <
SL(4, C). The torsion subgroup of D(4,C) is denoted B. If M is a group of diagonal
matrices (over any field) and ¢ is a set of primes then M. := O, (M). Clearly B, is
the direct product HTG§ B,, and B, = X,.Y,.U,V,, a direct product only if 7 is odd.
Every group in L4 ¢ consists of R-matrices. Even more is true: by consulting L4 ¢
(and cf. [12, Theorem 3.11]), we see that

each H € L4 ¢ is the semidirect product of a diagonal matrix group (%)
with a subgroup of ByB3Sy, and H = (B2X3S,NH)(BNH).

Theorem 4.1. Let p > 5, and assume L4 is correct. Then a finite irreducible
subgroup G of M(4,F,) is conjugate to a group in Ly, .

Proof. By Theorem 2.10, [12, Theorem 9.2] (and assuming ¢4 ¢ is correct), ©(G)
is conjugate to a group H € L4 ¢. Since a finite p’-subgroup of D(n, C) is contained
in ©(D(n,F,)), every p’-group in L4 ¢ is a subgroup of O(M(n,F,)) by (*), so is
in L4 we. If TH < D then the theorem follows from Theorem 2.17(i). If 7H is Ay
or Sy then [12, Theorems 7.2, 8.1] show that ©(G) is M(4, C)-conjugate to H. This
completes the proof by Corollary 2.19. O

Now we focus on finite subfields of F,. By Proposition 3.6, the absolutely ir-
reducible subgroups of GL(4, ¢) are precisely the nonabelian subgroups that are
irreducible over GF(q?).

Lemma 4.2. Suppose w € F' has 2-power order and w + w~t e GF(q).

(i) If g=1 mod 4 then w € GF(q).
(ii) If ¢ = 3 mod 4 then w € GF(q?).

Proof. (i) Let j > 0 be the least integer such that w? € GF(q). Suppose j > 1.
By induction, w? —&—qf2j_1 € GF(q). fw? ' +w™? " =0 then w?  is a fourth
root of unity, hence w? e GF(q). But this contradicts minimality of j. Otherwise
w? = (¥ +1)(w? 4w ¥ ) € GF(g), the same contradiction. Thus j = 0.

(ii) This is immediate from (i). m|

Lemma 4.3. Suppose G < M(4,F)) is GF(q)-monomial, and set N = D(4,F,)NG.

(i) O2,3)/(G) = Ny2,3y < D(4,9).
(ii) N3 < D(4,¢%). Also, N3 < D(4,q?) if ¢ — 1 is not divisible by 3, and N3 <
D(4,q) if 7G < D.
(iii) No < D(4,q*). Also, N2 < D(4,¢%) if ¢ =3 mod 4. If g =1 mod 4, g € Ny,
and O(g) lies in one of Xo, Ya, Ua, or Va, then g € D(4,q).
(iv) Suppose p > 5 and q — 1 is a power of 2. If G € Ly, then O(G) < BaSy.
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Proof. We observe at the outset that an element of D(n,F,) that is GL(n,F,)-
conjugate to an element of D(n, ¢) must be in D(n, q).

(i) Let g € Og2,3y/(G). If m € GL(4,F,) and g™ € M(4, q) then 7g = 7(g™) = 1.
Hence g € N and g™ € D(4, q), implying g € D(4, q).

(ii) There is a Sylow 3-subgroup of M(4, ¢) with projection group (d), and expo-
nent thrice the exponent of the Sylow 3-subgroup of GF(¢)*. Thus, each diagonal
entry of g € N3 belongs to an extension of GF(g) that has an element whose cube
generates the Sylow 3-subgroup of GF(q)*. If the latter is trivial then 3 divides
g+ 1 and the extension is GF(q?); otherwise, it is GF(¢®). If #G < D then g and
any conjugate of ¢ is diagonal, so g € D(4, q).

(iii) We prove only the third assertion in (iii); the others are proved as in (ii).
If g is not scalar (that is, ©(g) € Xs2) then g is an Sy-conjugate of (w,w, w1, w™1)
for some 2-element w of F),. By Lemma 4.2, w € GF(q) as required.

(iv) Let g € G. According to (%), ©(g) = tzyuwv for some t € Sy and p’-elements
xz,y,u,v of XY, U,V respectively. Since 1(det(txyuv)) = detg € GF(q)* and
det(tyuv) = +£1, it follows that x € X5.

Let ¢t = 1. If |yuwv| is not divisible by 3 then it is a power of 2, because M(4, q)
is a {2, 3}-group and G is GF(g)-monomial. Say |yuv| = 2%, s0 y>* € YNUV < Y,
and thus y € Ys. Similarly u € Uy and v € V. If |yuwv| is divisible by 3 then there
exists a diagonal matrix w = (w1, w2, ws,ws) € G of order 3. Since (d) is a Sylow
3-subgroup of M(4, q), w is conjugate to d or d?. Therefore

WiWaWswWys = w1 + Wwe + w3 +wyg = 1. (1)

As the Sylow 3-subgroup of D(4,¢) N G, (w) is normalized by 7G, and hence
normalized by C' or V4. This means that an involution of Vj acts trivially on w.
Then (1) forces 2(wy +wy') = 1 or 2(w; —w; ') = 1, and consequently w; is a
primitive cube root of unity. But w; + wy 1 — _1, whereas the characteristic p is
greater than 3. If 2(wy — w; ') = 1 then w; € GF(q), which is likewise absurd.
Now let t # 1. By (*) and the previous paragraph, yuv € Bo X3 = X2 X3YoUsVs.
Since X NYUV < X,, we have ©(g) € B2S, as claimed. O

Lemma 4.3 only frames necessary conditions for a group in L4, to be GF(q)-
monomial (although in Lemma 4.3(iv), if ¢ = 1 mod 4, 7G < D, and tr(G) C GF(q),
then G is GF(g)-monomial by Corollary 2.21). Using this result we cut down the
infinite list L4, to finitely many potential candidates for a list £4 4 of the absolutely
irreducible subgroups of M(4, q).

We are now ready to assemble L4 4. For ¢ = p = 5, such a list is presented in
Theorem 4.5 below. (If ¢ — 1 is a power of 2 then the diagonal subgroup of G <
M(4, q) is a 2-group, and this greatly simplifies things when 7G = V. Also, only E.1
of the Appendix is relevant.) In the theorem, we write a diagonal matrix w as the
vector (1,1,1,1)w of its nonzero entries. Those entries are determined by setting
¥(y/—1) to be 2 = 1(2) € GF(5). Listed groups are given by generating sets, which
need not be minimal. The 2-elements z € X, yp € Y, ux € U, and v, € V (all
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denoted with a second subscript “2” in [12]) are as defined in [11, p. 23]:
op = (Wh Wk Wk Wh) s Uk = (Wh W W WD), u=YE, o =y

Lemma 4.4. Let F(i,j,k,1,0,¢, ), C(i,],k,0,&, @) be the V- and C-submodules
of By defined in [11, (3.2)-(3.8)] and [11, Theorem 4.4]. Let p = 5. If G € Lyy, is
GF (5)-monomial then either the diagonal subgroup D(4,F,) NG of G is scalar, or
its image under © is one of the following:

F(1,1,1,1,0,0) F(1,1,1,1,0,0,—1,—1)  F(1,1,1,1,0,1)
F(1,1,0,0,0,1,1) F(1,1,1,1,0,1,0) F(0,0,1,1,1,0)
F(1,1,1,1,1,0) F(1,1,1,1,1,0,1) F(0,0,1,1,1,0,—1)
F(0,0,1,1,1,1) F(1,1,1,1,1,1) F(1,1,0,0,1,1,1)
F(0,0,0,0,1,1,1) F(1,1,1,1,1,1,1) F(0,0,0,0,1,1,2,1)
F(0,0,0,0,1,1,2,—1)  F(1,1,0,0,1,1,2,—1) F(1,1,1,1,1,1,2,-1)
C(1,1,1,0,1) C(1,1,1,0,1,0) C(1,1,1,0,0,-1)
C(1,1,1,0,1,1) C(0,0,1,1,1) C(1,1,1,1,1)
C(0,0,1,1,0,1) C(1,1,1,1,1,1) C(0,0,0,1,1,2,1)
C(0,0,0,1,1,2, 1) C(1,1,0,1,1,2,-1) C(1,1,1,1,1,2,-1).

Proof. Set H = O(G). By Lemma 4.3(iv), H < B2S4. Suppose mH < D. Then H
is in the list of [11, Theorem 6.1.1], amended as per the errata E.1, so that M =
HnND4,C)is F(i,7,k,1,0,&, ) or C(i,7,k,0,&, ) for some values of parameters. If
M = F(i,j,k,1,6,& ) then M N Xy, MNYs, MNUs, and M NV; have orders 241,
2741 2k+1 "and 2+ respectively. If M = C(i, 5, k,d, &, &) then M N Xo, MNUs, and
M NYy, = M NV, have orders 2011, 271 and 28! respectively. Thus i, 5, k,1 < 1
by Lemma 4.3(iii). Since G is GF(5)-monomial, ¢ (tr(H)) C GF(5). The elements
TaU2V2, U2Y2V2, T2Y2V2, T2U2Y2, T1U2, T1Y2, $2U51y303, T3U3Y2V2, T3Y3U2V2, and
T3u3y3vs3Taus of By have traces in

w, 2lw+w?’), 24+w+w’, wt+w’;,
2. 2 3y 9 3 3

w a primitive eighth root of unity. Hence M cannot contain any of these elements,
because GF(5)* = (¢(w?)) but ¥(w) € GF(5) and ¢(w + w?) € GF(5). With
reference to [11, Theorem 6.1.1] and errata E.1, and heeding permissible parameter
ranges, we may then rule out as possible M all submodules of Bs except those stated
in this lemma. If TH = A4 or 7H = S4 then by the foregoing and [12, Theorems
7.2 and 8.1], either M is scalar or one of the F(i,j,k,[,d,&, &) not already ruled
out. |

Theorem 4.5. As u ranges over {0,1,2} and €,n range over {0,1}, the following
constitutes a list of 142 absolutely irreducible subgroups of M(4,5). An absolutely
irreducible subgroup of M(4,5) is GL(4, 5)-conjugate to one and only one group in
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this list. (The notation [o, z] beside each group gives the order o of the group and
the order z of its centre.)

© NS oE W=

10.
11.

(2,1,1,3)%, b(2,1,1,3)5(1,2,1,3)", (2,2,2,2), (2,2,3,3), (2,3,2,3))
(2,1,2,1), b(2,1,1,3)%, (2,2,2,2), (2,2,3,3), (2,3,2,3))
(2,2,1,1), b(2,1,1,3)5(1,2,1,3)", (2,2,2,2), (2,2,3,3), (2,3,2,3))
@J@Jfﬁ@@@ﬁwx22zmxzz&®47,,)Jzzza>
(2,1,1,3)%, b(2,2,1,1)7, (2,2,2,2), (2,3,2,3), (1,1,2,3))
(ZLZDQJJ&)bJZZ,)JZ&Z@(L,,@)
(2,1,1,1), (2,2,2,2), (2,2,3,3), (2,3,2,3))
(2,1,1,3), b, (2,2,2,2), (2,2,3,3), (4,1,2,3))

(1,1,2,1), (2,2,2,2), (2,3,2,3), (4,2,1,3))

(2,1,2,1)%, b, (2,2,2,2), (2,2,3,3), (1,1,2,3), (2,1,1,3))
(2,2,2,2)%, b(2,1,1,3)(1,2,1,3)", (2,3,2,3), (3,2,2,3))
(2,2,2,2)%, b, (2,3,2,3), (3,2,2,3))

(2,1,2,1)%, b(2,1,1,3)(1,2,1,3)", (2,2,1,1), (2,2,3,3), (2,3,2,3))
(2,1,2,1)%, b, (2,2,1,1), (2,2,3,3), (2,3,2,3))

(2,1,1,1)%, b(2,1,1,1)5(1,2,1,3)", (2,2,2,2), (2,2,1,1), (2,1,2,1))
,b(1,2,1,3)%, (2,3,2,3), (2,2,4,1))
(2,2,2,2)%, b, (2,3,2,3), (1,1,2,3))

(2,1,2,1)%, b, (2,2,3,3), (2,3,2,3), (2,2,1,1), (1,1,2,3))
(2,1,1,1), (2,1,2,1), (2,2,3,3), (2,3,2,3))

(1,2,2,1), ¢(3,2,2,4), (2,1,2,1), (2,3,2,3))

,5(2,2,2,3), (4,4,1,1), (1,1,4,4))

b(1,1,2,1)5, (2,2,3,3), (2,2,1,1), (1,1,2,3), (2,1,2,1))

. b, (4,4,1,1), (4,1,4,1), (2,2,2,3))

b, (4,1,1,1)) = Cy wr V4

@(HLD>D%MXW%QWMQ
2,2,2,2), (2,2,3,3), (1,2,1,3))
212%4121$JZLL$>
2,2,2,2), (2,3,2,3), (2,2,3,3), (2,2,2,3))
zzzm&121@4zan>
2,2,3,3), (1,2,1,3))
2,2,2,2), (2,2,3,3), (2,1,2,1), (1,2,1,3))

), ( )

( )

—~~

2,2,3,3), (2,4,2,1))
2,1,2,1), (2,3,2,3), (1,2,1,3), (2,2,1,1))

), (4,1,1,4), (2,2,2,3))

™
o~~~ —~ —

(1,1,2,1), (2,2,2,2), (2,1,2,1))
=D(4,5)xC 2 Cy wr C
%6 (2,2,2,2),(2,2,3,3),(2,3,2,3), (2,2,2,3))

2 1,1,2)17¢ ¢(2,1,1,1), (2,2,3,3), (2,3,2,3), (2,2,2,3))

) ) )

—~
~—_ —
™

—_—
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41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

ol.
52.
53.
54.

95.
56.
57.
o8.
99.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.

D. L. Flannery

2,1,2,1

9 )

2,2,1,1

9 ) 9

2,1,2,1

9 )

1,2,1,1

9 ) 9

2,1,2,1

9 )

( = e(2,1,2,1)172, (2,2,2,2), (2,2,3,3), (1,2,1,3))
(
(
(
(
(2,1,1,3
(
(
(
(1,

; , (2,2,
5(2,1,1,3)17%, ¢(2,1,2,1)", (2,2,2,2), (2,2,3,3), (1,2,1,3))
s ¢ (2,2,2,2), (1,2,1,3), (2,2,1,1))
5(1,1,1,3)7%, ¢(2,1,1,1), (1,2,1,3), (2,2,1,1))
€ ¢(2,1,2,1)7, (2, ,(1,2,1,3),(2,1,1,3)>
€ ¢(2,1,2,1)%", (2,2, 3),( ,2,1))
< (2,1, 2 7, (2,2, ,3)7(1 2 1,3)>
D7, (2,2,2,2), (2,2,3,3), (2,1,2,1), (1, 2,1 3))
£ (2,1,2,1), (2, 3 2, 3)7(1,2,1 3), (2,2,1,1))
) )87 (2717271) ( )’ (1727]' )7(7 ) 71)>
D(4,5) x D = C@WD
,3)°, d, (2,2,2,2), (2,2,3,3), (2,3,2,3))
13)°,d, (2,2,2,2), (2,2,3,3), (2,3,2,3), (2,2,2,3))
d, (2, ), (1,1,2,3), (2,1,1,3))
,(4 4,1,1), (1,1,4,4), (4,1,4,1))
,(2,2,1,1), (2,2,3,3), (1,1,2,3), (2,1,2,1))
( ) )
( )
(

2,2,2,2
2,2,1,1
1,2,1,1

€ c(2,1,1,1)"
L e(2,1,1,1)°,
1,1,2,3)%, ¢(1,2,1
s 7(2a17171)>
(2,1,1,3)%, b(1,
(1,2 2,1)%, b(1,

\_/\_/\/\/\_/\_/\_/\_/\_/\_/

1,2
1,2
2,2,2,2),

A~~~

4,4,1,1), (4,1,4,1), (2,2,2,3))

,7,4111>§02WIA4

, a, 21,1,1)>:D(4,5)>4A42C'4WIA4

12,2), b(2,3,2,3), d(2,3,1,1), €(2,2,2,2)5(4,1,2,3) )
b(2,3,2,3), d(2,3,1,1), e(4,1,2,3), (2,2,2,2))

b, d, e(2,2,2,3)%, (2,2,2,2), (2,2,3,3), (2,3,2,3))
b, d 2,2), (2,2,3,3), (2,3,2,3), (2,2,2,3))
2 .1,3), d(1,1,2,3), e(1,1,3,
(2,2,2,2), (1,1,2,3), (2,1,1,3))

2,2,2,2)", (4,4,1,1), (1,1,4,4), (4,1,4,1))

( 2,2,3,3), (1,1,2,3), (2,1,2,1))
4 ). (2,2,2,3))

), (2,2,2,3))

) 9 ) )

(
9 ) ) )E’ 474’ 171)7 (4)17471

2,1,1,1)>:M( 5) 2 Cy wr Sy.

Proof. Let L4, be defined for p = 5. As before, ¢(v/—1) = 2 € GF(5). This proof
makes heavy use of the Sy-conjugation action on YUV, exhibited in [12, preamble
of Sec. 2]. Suppose G € Ly, is GF(5)-monomial and set H = ©(G). Lemma 4.4
lists the diagonal subgroup M of H.

the groups

Let M = F(1,1,1,1,0,0). By [11, Theorem 6.1.1] and errata E.1, H is one of

(ays, bujvy, M), {axg, bus, M), (aways, busvy, M) .

‘We have

(ays, bugud, M) ~ o o (a(yaua)®, bluyn)* (2y0)", M)
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(azg, bus, M) ~ e (azauz, b(ugy2), M)
(awayz, buzvy, M) ~ oen (azays, b(ugy2)(vay2)", M),

where, for K, K < GL(4,F,) and m € GL(4,F,), K ~,, K signifies that K™ = K.
The images of usys, veys, T2y, Taus, 1, Y1, and u; under ¥ are, in the same order,
(2,1,1,3), (1,2,1,3), (2,2,1,1), (2,1,2,1), (2,2,2,2), (2,2,3,3), and (2,3,2,3). By
Corollary 2.19, G is therefore M(4, F,)-conjugate to a group at lines 1-3 in the list
L4.5 of this theorem. Group orders are calculated from the formula in [11, p. 28]. If
M = F(i,j,k,1,0,&,0) or M = C(i, j,k, 5,&, a) then |Z(G)| = 2¢+L.

The bulk of L4 5 is compiled as above. In particular this is true for the groups
at lines 4-6, which have diagonal subgroup ¥(M), M = F(1,1,1,1,0,0,—1,—1) or
M = F(1,1,1,1,0, 1).

If M =F(1,1,0,0,0,1,1) then G has diagonal subgroup

(M) = ((2,2,2,2),(2,2,3,3), (2w, 3w, 2w, 3w) )
where w € GF(25) is a square root of 2. Thus G is not M(4,F,)-conjugate to a
subgroup of M(4,5). However tr(g) = 0 for all g € G\((2,2,2,2), (2,2,3,3)), so
tr(G) € GF(5) and G is GF(5)-monomial by Corollary 2.21. We could adopt the
MAGMA procedure at the end of Sec. 2 to compute a conjugate of G in M(4,5).

Instead, as it is no extra effort, we do the rewriting by hand with the aid of
Lemma 2.22. Let f be the Kronecker product Is ® h = (h, h), where

()

The conjugation action of f on various monomial matrices is given by [11, (3.22)—
(3.24)]; note f acts trivially on elements of Y. Also (ugvs)f = aexy'ys and ef =
.’E2y2u2_1’l)2. Hence if H = (a, bxsusve, M ) then

H ~f <bex3y2, T, Y1, U’1>

~de <C£IJ3’LL2, T1, Y1, ’LL1>

~ys (cxaysvy tug, w1, Y1, )
Nuzl <Cl‘3y3U3U3_1, T, Y1, U1 > .
Now W(zsysuzvs') = (2,1,1,1) and det(fdeysu;') = —detf = 1, so by

Lemma 2.22, G is GL(4, F,)-conjugate to
U((cxsysusvy ', 1, y1, w1 ) = (¢(2,1,1,1), (2,2,2,2), (2,2,3,3), (2,3,2,3) ),
the group at line 7. Similarly, if H = (ays, b, M ) then
H ~fy, fus (ayaus, b, xaysui, 1, y1)
and it follows that G is conjugate to

(a(2,1,1,3), b, (2,2,2,2), (2,2,3,3), (4,1,2,3)),
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which is at line 8. For the third group H € L4 ¢ with M = F(1,1,0,0,0,1,1),

H = (ayz, braugvs, M> ~f (bexsya, x1, y1, Yaur )
v lugt (bexsysuava, T1, Y1, Y2u1 )
~f (ays, bexsys "ugvy ™, 21, y1 )
~ysus  (QYaus, bewsysuy vz, T1,Y1)
~de (byaua, cx3y; uzvs, T1, U1 )
= (exsy; 'usvs, 1, u1, T2U2Y1 ).

Therefore we list (¢(1,1,2,1), (2,2,2,2), (2,3,2,3), (4,2,1,3) ), at line 9.
Groups at lines 10-18 correspond to G with M one of
F(1,1,1,1,0,1,0), F(0,0,1,1,1,0), F(1,1,1,1,1,0), F(1,1,1,1,1,0,1),
F(O7O7 17 17 1) 07 _1)7 F(07 07 1’ 17 1’ 1)7 F(17 17 17 17 17 1)
For all such G, ¥(M) < D(4,5) and G is M(4,F,)-conjugate to a subgroup of
M(4,5).
At lines 19 and 20, M = F(1,1,0,0,1,1,1) = (z2y2, y1, T2uy ). Since
(a, brzusve, M) ~ fusyslde (cxgygu;w;l, Tola, U1, Y1 )
and
(am3ys, bvg, M) ~uqugus fos ( beas 'ysusvsvr, brove, Tay2, Y1)
~de (azqve, cxg1U3y3v3v1, ToUg, U1 ),
G is conjugate to
(e(2,1,1,1), (2,1,2,1), (2,2,3,3), (2,3,2,3))
in the first case and
(a(1,2,2,1), ¢(3,2,2,4), (2,1,2,1), (2,3,2,3))

in the second.

The groups at lines 21-24 and 26 are M(4,F,)-conjugate to elements of Ly, .
(At line 24, G = Cy wr Vj because H splits over M = F'(0,0,0,0,1,1,2,—1), and
(1,1,1,—1) = 25 'yousvy € M.) For line 25 we invoke errata E.1 and

<CL, bv F(17 170707 ]-7 ]-327 _]-) > ~ fusde <G,C$3y3u30517 T1, Y1, T2U2 > .

From line 27 to line 38, M is one of the C(i,j,k,6,&,a), 7G = C, and the
Appendix is irrelevant. It may be shown that G™ < M(4,5) for some power m of
U (uqys), except when M = C(1,1,0,1,1,2,—1): then H = (¢, M) and

-1 -1 —1,.-1
H ~p (azayy ugVa, Tausg, bug, Taug ac 'Ty ug)

—1
= (ayav2, CT3u3yy V2, ,ToUz, T1)

-1
~ys (ay2v2, Cx3Y3 U3V3, T2U2, x1)



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Irreducible Monomial Linear Groups of Degree Four Over Finite Fields 275

where f' = f9¢, using ol = axgyglugvg. Thus G is conjugate to
(a(1,2,1,3), ¢(1,1,2,1), (2,2,2,2), (2,1,2,1) ).

Fortunately ¥(M) < D(4, 5) for all remaining groups H. If w = (w1, we, w3, wy),
note that tr(acw) = wo+wy, tr(dw) = wy, tr(ew) = ws+wy, and tr(aew) = wy +ws.
The rest of £45 is then found in the familiar way, by taking M(4,F,)-conjugates
of groups in L4, not excluded by trace evaluations and Lemma 4.4. (Remember
H < B3S4. We include (azausg, ¢, C(1,1,1,0,1)), not in [11, Theorem 6.1.1], by
the Appendix. No other errata are relevant.) There is a single group in L4, that
is not GF(5)-monomial yet is conjugate to a subgroup of GL(4,5), namely

G = <a7 b(2)37 273)7 d(27 3’ 171)’ g>’

where ¢ = (2w, 3w,w,4w). For suppose G™ < M(4,5), m € GL(4,F,). Then
m(G™) = Sy by [12, Proposition 9.1] and Proposition 2.7. Since Vi = soc(Sy) is
characteristic in Sy and m induces an automorphism of Sy, m(¢™) = ¢ for some
involution ¢ € S;\Vy. But whereas g2 = (2,2, 2,2), there is no § € M(4, 5) such that
mg =t and g% = (2,2,2,2). O

Remark 4.6. If H = (a, ¢, C(0,0,1,1,1)) = (a, ¢, y1, y2v2 ) then
H ~pry, <a7 ¢, $2y51u202> =Cywr D
(

and U(H) = (a, ¢, (2,2,3,3), (1,2,1,3)) € L45 (line 47). This completes identi-
fication in L4 of all wreath products Cor wr T', 1 < r < 2, and T a transitive
subgroup of Sy.

Remark 4.7. M(n,E) is almost always a maximal subgroup of GL(n, E) for a field
(or even division ring) E; see [22, Theorem 1]. Thus GL(4,F,) = (f, M(4,F,)).
Since f? is monomial, it is not surprising that only f and monomial matrices can
be used to rewrite the GF(¢)-monomial elements of L4, in M(4, ).

We should be aware of an intrinsic ambiguity in the construction of £, ; from
Ly c. To get explicit matrix generators for groups in L4 5, one must decide the
value of ¥(y/—1) in GF(5). We fixed this as 2. But equally we could have fixed
1 (yv/—1) as 3, which amounts to replacing the original choice of maximal ideal of
R defining F,, by its complex conjugate. Although we do not pursue the matter
here, it is possible to show that this is an instance of a general phenomenon: if
t € Z has multiplicative order p — 1 mod p then there is a maximal ideal I of R
containing p such that w,_1—¢ € I, where w,_1 is the primitive (p — 1)th root of
unity exp(2my/—1/p — 1). Thus for our purposes v(w,_1) may be chosen as any
generator of GF(p)*. However, the conjugacy class represented by an element of
Ly, q may vary with 1.

To end the section we give a proof of Proposition 3.9 by looking up groups in
L4,c. Confirmation of known results in this fashion is welcome, as evidence that a
list is correct.
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Proposition 4.8. Let p be any odd prime. If G is an irreducible subgroup of M(4, q)
such that 1G = Sy, then G is absolutely irreducible.

Proof. Set H = ©(G) and suppose G is not absolutely irreducible. As in the proof
of Proposition 3.9, we assume the diagonal subgroup of G is a scalar 2-group. Let
M < B be a finite normal nonscalar {2, 3}'-subgroup of M(4,C). Then HM is an
irreducible subgroup of M(4, C) by [12, Theorem 4.2], and H™M is in the list S of
[12, Theorem 8.1] for some m € M(4,C). By Schur—Zassenhaus, the possible H™
are then immediately visible. Actually, those groups that are irreducible cannot be
conjugate to H, by Corollary 3.4. The other possibilities are S4N and (a,d,ex )N,
where N < X5 and o € Xo, N = (22?). If H were M(4, C)-conjugate to the first
group then by Proposition 2.18, G would be M(4,F,)-conjugate to a split extension
of Sy by scalars in M(4, q), and thus would be reducible over GF(gq). Suppose G is
M(4,F,)-conjugate to (a,d,et ), & = ¥(z). Since tr(ez) € GF(q), so & € D(4,q).
But then again G is reducible in M(4, q), as a subgroup of Sy( & ). O

5. Finite Absolutely Irreducible Linear Groups of Degree Two

In this section p is odd. An irreducible subgroup of GL(2,F),) is primitive or mono-
mial. We consider monomial groups first.

The finite nonabelian 2-subgroups of M(2,F,) are known by Conlon’s classifica-
tion in [5] of the finite irreducible 2-subgroups of GL(2, F,,). We need abelian groups
as well, and these are obtained by Conlon’s techniques. Then we proceed as in [12],
taking semidirect products with groups of odd order diagonal matrices.

Inductively select primitive 2°*'th roots of unity w; € F, such that w? ; = w,
i > 0. Define z;, w; € D(2,F,) by

zi = (Wi, wi) , wi = (wi,w; 1)
A Sylow 2-subgroup of M(2,F},), and of GL(2,F,), is

llrll <Zi> wj> X SQ = Cgoc wr SQ.

4,j>0
For integers 4, j > 0 and 1 < k < 3, define subgroups H (3, j, k) of M(2,F,) by

H(Zvjv]-) = <a17 Zi, wj>

H(®7]72) = <alzi+17 wj>

H(i,7,3) = (a1, zit1wjt1, wy)
where a; is the permutation matrix generating So. Note that H (i, j, k) is abelian
if and only if k =1 or 2 and j = 0. (Conlon labels only nonabelian groups. In his
notation, H(:—1,j—1,1)is Pj;0, H(i—1,j—1,2)is Pj;2, and H(i—1,j—2,3) is
Pji1,i>1,j>2.) Wehave |H(i,j,1)| = |[H(i, j,2)| = 2472, |H(i, j, 3)] = 2"H7+2,
and Z(H(i,7,k)) = (z;), of order 2i*1. Then H (i, j, k) = H(i’,j’, k') implies i = i/,
j=j4,and k =K.
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Theorem 5.1. A finite irreducible subgroup H of M(2,F,) is GL(2,F,)-conjugate
to Hyr X Hy, where Hyr := Oo (H) is a finite odd order ZSs-submodule of D(2,F,),
and

(i) if Hor is scalar then Hy is one of the H(i,j,k), i >0,j>1,1<k <3;
(ii) 4f Hor is nonscalar then Hy is (a1 ) or one of the H(i,5,k), 4,7 > 0,1 < k < 3.

Proof. Hy < D(2,F,), Hy» < M(2,F,), and H splits over Hy by a Sylow
2-subgroup Hy;. We assume Hy; < liin<zi, wj )Sa, replacing H by an M(2,F,)-
conjugate if necessary.

By [5, Proposition 1.8] or [11, pp. 9-10], if the diagonal subgroup N of Hs is
nontrivial then it is (z;, w; ) or (ziy1wjt1, wj), for some 4,5 > 0. An element of
H)\N has the form ajzw, where z is scalar and w € D(2,F,) N SL(2,F,). Choose
w € SL(2,F,) such that w? = w™!, and replace H, Hy by H”, HY respectively.
Then a1z € Hy and 22 € N. Hence z € (211 ). If Zit1wj+1 € N (maybe N =1, ¢
and j taking the exceptional value —1) then a; € Hy or a4 € H;U'“?. For the other
N,z € N or z € zi+1.N. We have proved that Hy is M(2,F,)-conjugate to (ai ) or
some H (i, 7, k).

If Hy is nonscalar then H is irreducible by Maschke’s Theorem. Let H =
H(i,j,k)Ho and suppose Ho is scalar. Then H(i,j, k) must be nonabelian, so
j>1ifk=1o0rk = 2. Let h be the 2 x 2 Hadamard matrix in the proof of
Theorem 4.5. Since a? = z;w; ! and wh = a12;", we get H(i,0,3)" = H(i,1,2)
for i > 1 and H(0,0,3)*2" = H(0,1,1). Thus j can also be restricted to j > 1 if
k=3. O

Remark 5.2. For each odd prime r # p and ¢ > —1, define the scalar z;, and
the diagonal matrix w; , € SL(2,F)) as z;, w; were defined for the prime 2, so that
|zir| = |wir| = r"T!. Then a finite ZSs-submodule of D(2,F,) of odd order is a
direct product [, 2, r, wj, »)-

The next result extends [5, Proposition 4.2] in degree 2.

Theorem 5.3. Let H = HoHs and K = Ko Ko be finite irreducible subgroups
of M(2,F,) as in Theorem 5.1. If H = K then H = K (so two finite irreducible
subgroups of M(2,F,) are GL(2,F,)-conjugate if and only if they are isomorphic).

Proof. Suppose H(i,j,k) = H(i,j', k"). These groups have the same centre, mean-
ing i =14¢.1f j,j/ > 1 then j = j/ and k = kK’ by [5, Proposition 3.3]. If j = ' =0
then k = k' = 3 or k, k' € {1,2}, for the groups to have the same order; but
H(i,0,2) is cyclic whereas H(i,0,1) is not, so k = k. Let j =0, j/ > 1. By another
order comparison, k = 3, j/ =1, and k¥’ = 1 or 2. Indeed, H(i,0, 3) is isomorphic to
H(i,1,2) if ¢ > 1 and to H(4,1,1) if 4 = 0, as shown in the proof of Theorem 5.1.
We conclude that these are the only isomorphisms between the H (i, j, k).

Suppose H = K. Then Hs, K5 are isomorphic, as Sylow 2-subgroups of H, K.
For each odd prime r dividing |H|, O,(H) and O, (K) have the same order and the



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

278 D. L. Flannery

same scalar subgroup. Thus (see Remark 5.2), O,(H) = O,(K) and so Hy = K.
By the previous paragraph and Theorem 5.1, if Hy # K5 then H} is nonscalar and
either Ho, K5 € {H(0,0,3),H(0,1,1)} or Ho, Ky € {H(¢,0,3),H(i,1,2)}, i > 1.
Any abelian subgroup A of index 2 in H contains Hy/, and if Hy is nonscalar then
A =D(2,F,)NH. In that event an isomorphism H — K restricts to an isomorphism
D(2,F,)N Hy — D(2,F,) N K2. However, the diagonal subgroups of the nominated
H,, K5 have isomorphism types Cy X Ca, Cy, and Chi+z2, Cy X Cyi+1 for ¢ > 1. Hence
HQ = KQ. O

Theorems 5.1 and 5.3 together with Remark 5.2 give a complete and irredundant
list of the finite irreducible subgroups of M(2,F,). Section 2 is not needed because
[5] applies to monomial groups over any field, like F,,, that has elements of every
2-power order and whose characteristic is not 2.

Next, we list finite primitive subgroups of GL(2,F,) as required by
Proposition 3.6(i).

Theorem 5.4. Suppose p > 5. Let H be a finite primitive subgroup of GL(2,F,)
such that H/Z(H) = Ay. Write Z(H) = Z = (z). Let w € F,, be a primitive fourth

root of unity, and define
1 (w—l w—1 )
s== .
2\w+1 —(w+1)

Choose v € F\Z such that v® = z (denoting a scalar matriz by its nonzero entry).
Then |Z| is even,

((w,—w), s, z), ((w, —w), vs)

are distinct primitive subgroups of GL(2,F,) with centre (z) and central quotient
Ay, and H is conjugate to precisely one of them.

Proof. (Cf. [25, Sec. 5.3].) For each prime r dividing |Z|, denote the Sylow
r-subgroup of Z by Z,.. If Z; # 1 then by the Universal Coefficient Theorem,

CgXCQ 23751

H?*(A4, Z) = Ext(Ay/ A}, Z3) x Hom(Ha(Ay), Zo) = .
s Zs=1

The 2-cocycle classes in H2(Ay, Z) and presentations for corresponding extensions
of Z by A4 may be calculated by the algorithm in [13]. For example, if [¢] €
Ext(A4/Al, Z3) and E is a corresponding extension, then because £ is trivial on
Vy = A}, F has an abelian normal subgroup N containing Z such that N/Z = V.
Since an abelian normal subgroup of H is cyclic, H % FE. Thus the extension
equivalence class of H cannot be in Ext(A4/A)), Z3), so Zs cannot be trivial.

In the usual way Aut(A4) acts on H?(Ay4, Z), and 2-cocycle classes in the same
Aut(Ay)-orbit give rise to isomorphic extensions. The inner automorphism of Sy
that is conjugation by (12), restricted to Ay, inverts each element of H?(Ay4, Z)
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of order 3 (if any exist). Hence there are at most two possible isomorphism types
for H. The one corresponding to the nontrivial element of Hom(H2(Ay), Z2) has a
subgroup K isomorphic to SL(2,3) (the unique nonsplit extension of Cy by A4) such
that KNZ = ((—1,-1)), and thus H = K Z. The other type exists only if Z5 # 1.
It does not have a subgroup isomorphic to SL(2, 3), since its Sylow 3-subgroups are
cyclic of order 3|Z3], and so its elements of order 3 are central.

Since p does not divide |SL(2, 3)|, we see from its character table that SL(2, 3)
has exactly three inequivalent faithful irreducible representations in GL(2,F,). Two
of these are related by an outer automorphism of SL(2, 3), so there are at most two
non-conjugate irreducible subgroups of GL(2, F,,) isomorphic to SL(2, 3). Indeed, if
p € F,, is a primitive cube root of unity then

K1:<(w7_w)78>7 K2:<(w7_w)wus>

are both isomorphic to SL(2,3), and are therefore irreducible by Maschke’s Theo-
rem. Each K is primitive because it does not have an abelian subgroup of index 2.
K1 but not K is in SL(2,F,), so K; and K5 are not conjugate.

If H has a subgroup isomorphic to SL(2,3) then H is conjugate to K1Z or
K>Z. Now suppose H does not have a subgroup isomorphic to SL(2,3). Choose
h € H\Z and a scalar v not in Z such that h® = z and v® = 2z (as p > 3, such a v
surely exists). Then ( H, v) has a subgroup K = SL(2, 3), generated by v~'h and a
nonsplit extension of ((—1,—1)) by V4. For some z € GL(2,F,), we have K* = K
j=1lor 2 so H*/Z = A, is a subgroup of (K;Z, v)/Z = Ay x Cs. Here p1 € Z3,
so K1 Z = KyZ. There are three subgroups of ( K17, v) whose quotient modulo Z
is isomorphic to A4, namely

K\Z, ((w, —w), vs), ((w, —w), V%5, 2).

The second and third groups are conjugate by (a, a™!), where o € F,, is a square
root of w.
So far we have proved that H is conjugate to one of

((w,—w), s, z) ((w, —w), us, z) ((w,—w), vs).

As noted above, if Z3 # 1 then the first and second groups are equal. If Z3 =1
then we may choose v € uZ, and the second and third groups coincide. O

Remark 5.5. Let G < GL(n,F,) be primitive, p any prime. It seems to be rea-
sonably well-known that Fit(G)/Z(G) is a finite p’-group. Thus if G/Z(G) = A4 or
Sy then p # 2.

Remark 5.6. The generators for the primitive absolutely irreducible linear groups
in Theorem 5.4 were chosen with classical results of Klein and Jordan in mind ([3,
Chap. 3]). These results amount to a complete and irredundant list of the finite
subgroups of SL(2,C). A finite primitive p’-subgroup of GL(2,F,) has the same
collineation group as some primitive subgroup of SL(2, C).



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

280 D. L. Flannery

6. Solution of the Main Listing Problem
Again p is odd throughout. Recall the definitions of w;, 2, w;, w;, and H(i, j, k)

made in Sec. 5.

Proposition 6.1. Let G be an irreducible but not absolutely irreducible nonabelian
subgroup of M(4, q) with 7G a 2-group. Then G is conjugate to GoGor, where

G2 ={(h,h%)|h € Hy},  Go ={(h,h%)|h € Hy}

for some irreducible subgroup HoHor of M(2,TF,,) as stated in Theorem 5.1. Further-
more

(i) Hy <D(2,q) and Gor < D(4,q).
(i) If ¢ =1 mod 4 and the Sylow 2-subgroup of GF(q?)* has order 2'*! then Hy
= H(i,j, k), where 0 <i,j <t, j>1if Hy is scalar, and

i=torj=t, 1<k<2
i=j=t
i=t—1, j<t—23% k=3.
1 <t—2, j=t-1

(iii) If ¢ =3 mod 4 then Hj is one of

H(0,2,1), ¢=3mod 8 only
H(1,j,k), 0<j<1, 1<k<?2
HO,1,k), 1<k<?2
H(0,1,3), ¢=7 mod 8 only
H(1,1,3

)
where Hy # H(1,0,k), H(0,1,k) iof Ho is scalar, and Hy is scalar if Hy =
H(0,2,1) or H(0,1,3).
(iv) Conversely, if Ho < M(2,F,) is conjugate to H(i,j, k) for any i,j,k as stipu-
lated in (ii) or (iii) then G2Gar is conjugate to an irreducible but not absolutely
irreducible subgroup of GL(4,q).

Proof. By Proposition 3.6, G is conjugate to G = {(h,h%)|h € H}, where H
is an absolutely irreducible subgroup of M(2,¢?) such that tr(H) ¢ GF(q). By
Theorem 5.1, H® = HyHy for some € GL(2,F,) and HyH} as in the theorem.
Then é(z,z”) = G2G2/.

(i) Gor < D(4, q) by Lemma 4.3(i) and (ii), so clearly Hyr < D(2,q).

(ii) The Sylow 2-subgroup of GF(g)* has order 2¢. From (i), tr(Hz2) C GF(¢?)
vet tr(Hz) € GF(q). Thus Hy = H(i, j, k) for some 4,5 > 0. Evaluating tr(z;) and
tr(wj), we infer that ¢ < ¢, and j < ¢ by Lemma 4.2.
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Suppose k =1 or 2. If i and j are both less than ¢ then tr(Hs) C GF(¢). Hence
i =torj =t Nowsuppose k = 3.If i =t then j = ¢: otherwise, tr(z;1wjt1ws,r) €
GF(q?), r an odd prime dividing g—1, forces w11 € GF(¢?) (we only need to choose
wg,r # 1 when j = 0 and H} is nonscalar). If ¢ = ¢ — 1 then similarly j # ¢ by
Lemma 4.2; nor can we have j =¢ — 1, to ensure that Ho £ M(2, q). For the same
reason j > t—1if ¢ <t — 2, in which case j # ¢ by Lemma 4.2.

(iii) Here a Sylow 2-subgroup of M(4, q) has exponent 8, which is therefore an
upper bound on the exponent of Go. An element of M(4, ¢) of order 8 projects on
to a 4-cycle in Sy and thus has zero trace.

Since N := 03(D(4,q) N G) is elementary abelian, if [N| > 8 then G acts
faithfully on N and G is absolutely irreducible. Hence |N| < 4 and |Hs| = |G2| < 32.
Trace calculations show that |Hz| > 4.

Let Hy = H(i,j,k); then i < 2, because |Z(H (i, j,k))| = 2L, If i = 2 then G
has an element of order 8, conjugate to (w2, ws,wd, wd). However wo + wi # 0.

For k=1or2,1<i+j<3.Sincei <1, tr(H) < GF(q), and no element of
Hj can have order greater than 8, we see that (4, ) € {(0,2),(1,0), (1,1),(1,2)}, or
(i,7) = (0,1) and Hy is nonscalar. On the other hand (4, j) € {(0,1),(1,0),(1,1)}
if k=3.

We have w? = wyw{" /% and w3 = wow'"V/? If Hy = H(i,2,k) then the
element (wo, w2_1, wd,wy 1) of G2 has order 8, and for this matrix to have zero trace,
g = 3 mod 8. Similarly ¢ must be congruent to 7 mod 8 when Hy = H(0,1,3).

Suppose He = H(1,2,k), so that K := (21, wa ) < Ha. If {(h,h°) | h € K} were
conjugate to a subgroup of M(4, g) then that subgroup would have projection Cy
in Sy, and would therefore contain four different scalars. But a Sylow 2-subgroup
of M(4, q) has just two scalars. There is a unique involution in H(0,2,2) = Q1¢,
whereas a subgroup of M(4,q) conjugate to {(h,h?)|h € H(0,2,2)} could only
be an extension of ((—1,—1,—1,—-1)) by D, with nonscalar involutions. We have
proved that Hs is not H(1,2,1) nor H(1,2,2) nor H(0,2,2).

If Hs has a diagonal element of order 8 then there exists an abelian index 2
subgroup of G with projection Cy in Sy. As this subgroup contains Og (G), the latter
is central in G, so Hy is central in HyHyr. Hence Ho is scalar if Hy = H(0,2,1) or
H(0,1,3) (z0w; € H(1,0,3) and |zow1| = 8, but Hy # H(1,0,3) by Theorem 5.1(i)
if Hy is scalar).

(iv) This follows from Corollary 3.5, as tr(H) € GF(q) for the stipulated values
of i,5, k. O

Lemma 6.2. Define

Wy wie
m:( ! tl)@IQEGL(Zl,qz)

—1 Wt
where 2t is the order of the Sylow 2-subgroup of GF(q)*.

(i) If h € GL(2,q) then (h,ho)™ = (h, h).
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(ii)) If h is (wi, 1), (Liwe), 2z, or we then (h,h%)™ is ac(l,1,wi—1,1),
ac (1,1, 1, wi1), b(1,1,wp_1,w—1), or b(Lw;ll,wt,l,l), respectively.

Definition 6.3. For each odd prime r dividing g — 1, choose a generator «. of the
Sylow r-subgroup of GF(g)*. Define Gos to be the list of all direct products

Eky
H < (aTa Oér70(7~, Oé’r‘)r '

ren

) (O‘raarlvo‘raa_l) )

as A\ ranges over subsets of the set of odd prime divisors of ¢ — 1, and 0 < k,, [, <
log, |ar|. If Gar is a subgroup of D(4, ¢) arising from an odd order ZSs-submodule
Hy of D(2,q) as in Proposition 6.1, then Gor € Gor by Remark 5.2.

Theorem 6.4. Suppose ¢ = 1 mod 4 and let 2t be the order of the Sylow 2-subgroup
of GF(q)*. Define lists Go,1 and Ga o of 2-subgroups of M(4, q) as follows:

a, b(1,1, w1, wi—1), (we—1,Lwe—1,1))

C( wt 151)7 (wt—171awt—171)>

a, C( wt 151)7 (wt—lalth—171)>

a, b(1,w, 1,wt 1, 1), (Wi, wi,wi,wi))) 0<i<t-—1

+(
(
(
(

(a(wi 1,05, 1), b(1,w; Yy, w1, 1)) 0<i<t—1
<a7 (wz+lawz+1wt 11,CUZ+1CUt 1,(.Uz+1) (wt—law;—llawt—l7w;_11)> O S 1 S t— 2
a, wt—hwt—l Wi, W; —, Wy, W S0 —

(a, b(1, ) (wiywi ) 1<i<t—1
C s, We—1, Wws w , Wi, W StTsSU—
{e(1,1 D), i,w; s wi,wi ) 1<i<t-—1
<a7 b(werlv ij-17wi+lwtflvwi7_~_1wt71) (Wzaw ! , Wi, Wy 1) > 1< <t -2,

g2,2 : <Cl, b(la 17wt—17wt—1)>a
<c(171awt—171)>a
(a, b(wi, —w1, Wi 1W1, W 1W1) ) -

The list G consisting of all groups GoGar, Gor € Gor (see Definition 6.3), and Go €
Ga1 or Gy € Go1 U Ga o if Gor is scalar or nonscalar, respectively, is a complete and
irredundant list of the nonabelian irreducible but not absolutely irreducible subgroups
G of M(4, q) with 7G a 2-group.

Proof. A group in G has the form {(h,h?)|h € H}™ where m is the matrix of
Lemma 6.2 (which centralizes every element of Gor by Lemma 6.2(1)) and H is an
irreducible subgroup HyHg of M(2,F,) as specified in Proposition 6.1(ii), except
when Hy = H(t,5,2), 0 < j <t (then H = H(t,4,2)"*+>Hy), or when Hy =
H(i,t,2),0 <4 <t—1 (then H = H(i,t,2)"+2>Hy ). This claim summarizes the
routine compilation of G, details of which are omitted. Note that if Hos is nonscalar
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then G is nonscalar (and vice versa) and Hs could be H(¢,0,1), H(t,0,2), or
H(t —1,0,3); these give rise to the groups in Gs 5.

Every group in G is irreducible by Proposition 6.1(ii). Also by Proposition 6.1
and the Deuring-Noether Theorem, G is complete. Suppose G, G € G are isomorphic
and arise from (isomorphic) subgroups H, H of M(2,F,). If H, H are listed in
Theorem 5.1 then H = H by Theorem 5.3, and thus G = G. Otherwise H and H
both have Sylow 2-subgroup H (t,7,2)"*2 or H(i,t,2)"+2. Since H* and H" are
then listed in Theorem 5.1 for some w € D(2,F,), one more appeal to Theorem 5.3
finishes the proof that G is irredundant. O

Theorem 6.5. Suppose ¢ = 3 mod 4 and define lists Ga21, Go2, and Ga 3 of 2-
subgroups of M(4,q) as follows:
Go1 :(a(1,1,-1,-1),¢(1,1,-1,1)) ¢ =3 mod 8 only
a(l,-1,-1,1), ¢(1,1,-1,1)) g =7 mod 8 only.
)
)

c(l,l, 1), (1,-1,1,-1))
a, ¢(1,1,-1,1), (1,-1,1,-1)).

(
Gao :(a,b(1,1,-1,-1)

(a, b(1,-1,-1,1)

<C(1,1,—l 1))

(a(1,— —1), b(1,-1,-1,1)).
Ga3 : (a, b(1,1,-1,-1), (1,-1,1,-1))

(

(

The list consisting of all groups G2Gar, where Gor € Gor (see Definition 6.3), and
Ga € Ga1 U Gag or Gy € Gao U Goz if Gor is scalar or nonscalar, respectively,
18 a complete and irredundant list of the nonabelian irreducible but not absolutely
irreducible subgroups G of M(4, q) with 7G a 2-group.

Proof. Let HyHy be as in Proposition 6.1(iii). If Ha contains no diagonal element
of order 8 then we can get a conjugate of {(h,h?)|h € HoHy} in M(4,q) by
Lemma 6.2. That leaves us with the (more onerous) conjugacy problem for HaHo
where Hy = H(0,2,1) or Hy = H(0,1,3) and Hy is scalar. Let

—WoW1 1 —Wwo —Ww1
w2 1 wWaw1 w1
m =
—Ww 1 —WoW1 w1
WaWw1 1 w2 —Ww1

Row reduction shows that m € GL(4,F),). Also

(a(w2, —waw1, wowy, —w2))™ = a(1,1,-1,-1)
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and
(wa, —wowr, wawr, —w2)™ = ¢ (1, -1,1,1);

hence the group listed first in Go 1. The second group results from similar manipu-
lations. For all other statements, cf. the proof of Theorem 6.4. O

Proposition 6.6. Suppose p > 5. Then M(4,q) has an irreducible but not abso-
lutely irreducible subgroup G such that 1G = Ay if and only if ¢ — 1 is not divisible
by 3. If ¢ — 1 is not divisible by 3 then |Z(G)| is even and G is GL(4, q)-conjugate
to

(a(l,-1,-1,1),d, Z(G) ).

Proof. Suppose G exists. By Proposition 3.6 and Theorem 5.4, G is conjugate to
{(h,h?) | h € H}, where H is ( (w,—w), s, z) or { (w,—w), vs, z), Z(H) = (z), and
tr(H) C GF(¢?) yet tr(H) € GF(q). Additionally Z(G) = ((z,2°)) is scalar, so
that z € GF(q).

Since each element of ( (w, —w), s) = SL(2, 3) has trace in {0, +1, +2} C GF(g),
H cannot be ((w,—w), s, z). If 3 divides ¢ — 1 then GF(¢*)*, GF(¢q)* have the
same Sylow 3-subgroup, which contains some element of vZ(H), and we exhaust
all choices for H.

Henceforth in the proof, 3 does not divide ¢ — 1. There is an element of vZ(H)
with trivial cube, so we assume v3 = 1, and thus v € GF(¢?)\GF(q). Define m €

GL(4,F,) by
(ot i)
m= / / ’
mp My

( 1 vw-—-v) ) (1 V(ch—l))
mi = s ma =
—w —v(rw+1) —w —v(w+v)
and m;, = m;(—=1,1)ay, i =1, 2.
Let ¢ =1 mod 4. Then (h,h%) is (w, —w,w, —w) if h = (w, —w), and v(s,vs) if
h = vs. We check that
(W, —w,w, —w) = (a(l,-1,-1,1))™, v(s,vs) =d™.

Thus G is conjugate to the subgroup (a(1,—1,—1,1), d, Z(G)) of GL(4, q), which
is irreducible by Corollary 3.5. The proof in this case is then complete.

Suppose now that ¢ = 3 mod 4. Then (h, h7) is (w, —w, —w,w) if h = (v, —w),
and v(s,vs(1D0=D) if b = vs. Since

(w, —w, ~w,w) = (v, —w, w, —w)ae(l’l’l’*l) = (a(1,-1,-1, 1))"’“(1’1’1’*1)

where

and

l/(S, ys(12)(1,71)) — V(S, Vs)ae(l,l,l,fl) _ dmae(l,l,l,fl) ,

we are done. 0O
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Theorem 6.7. The following are irreducible but not absolutely irreducible sub-
groups of M(4,5):

(a, b(1,1,2,2), (2,1,2,1))
(c(1,1,2,1), (2,1,2,1))

(a, ¢(1,1,2,1), (2,1,2,1))
(a,b(1,3,2,1), (4,4,4,4))
(a,b(1,3,2,1), (2,2,2,2))
(a(4,1,4,1), b(1,3,2,1))
(a(2,1,2,1), b(1,3,2,1))
(a, b(2,1,4,2), (2,3,2,3))
(a,b(1,1,2,2), (2,3,2,3))
(c(1,1,2,1), (2,3,2,3))

(a(1,4,4,1), d, (4,4,4,4))
(a(1,4,4,1), d, (2,2,2,2))
(¢(2,1,1,1)).

The union of this list and the one in Theorem 4.5 is a complete and irredundant
list of the irreducible subgroups of M(4,5).

Proof. We combine Theorem 6.4 and Propositions 3.12 and 6.6, for ¢ = 5. The
union is complete and irredundant by these results, Propositions 3.6 and 3.9, and
Theorem 4.5. O

7. Computing Lists of Irreducible Monomial Linear Groups

Many of the basic computational problems for finite degree permutation groups
have been solved. This contrasts markedly with the current situation for linear
groups over finite fields. To list the irreducible subgroups of M(n,q) by computer
we therefore work in a permutation group setting. (Alternatively, if n < 4 then
M(n, q) is soluble and we may work with a polycyclic presentation of M(n,q).)
We begin by representing M(n, ¢) faithfully as a permutation group P(n,q) via its
action on the set

{(w™,0,...,0),(0,w,0,...,0),...,(0,...,0,w™) |0 < iy,ig,...,0n < q—2}

of ng—n vectors in GF(q)("™, where GF(¢)* = (w). Then we compute the subgroup
lattice of P(n, ¢), which is returned as a list S of subgroups of Sym(ng—n). With the
elements of S represented in M(n, g), the reducible ones are eliminated, producing a
list M. An irreducible subgroup of M(n, q) is M(n, g)-conjugate to a single element
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of M. We use the faithful permutation representation of GL(n, ¢) in Sym(¢"™) arising
from the natural action on GF(q)™ to refine M to a list whose elements are not
GL(n, q)-conjugate.

For n = 4 and ¢ = 5 we compute that M has 216 elements, and these fuse
into 155 GL(4, 5)-conjugacy classes — just as predicted by Theorems 4.5 and 6.7.
We may check by computer that the groups listed in Theorems 4.5 and 6.7 are all
irreducible, and that distinct groups are not GL(4, 5)-conjugate. Thus we verify our
list is correct. (Other tests are possible.)

The naive approach to computing irreducible subgroups of M(n,q), above, is
limited by the sorting of groups into GL(n, ¢)-conjugacy classes, since that employs
a permutation representation of degree ¢". To overcome the limitation, we propose
listing algorithms modeled on ideas in this paper. Combined output from these
algorithms is a complete and irredundant list of the irreducible monomial subgroups
of GL(n, q), where n < 31 is a prime or 4, and ¢ is a power of a prime p > n. Each
group is returned as a generating set of monomial matrices. We recap the principal
ideas below.

One algorithm deals with the non-absolutely irreducible groups. Its input is
just n and ¢, and it is wholly deterministic: if n = 4, the algorithm would be an
implementation of Proposition 3.12 and Sec. 6; if n is (any) prime then there are
only cyclic groups to worry about, and it is not difficult to formulate a thorough
description of those groups (cf. Proposition 3.12) for implementation.

As well as n, ¢, input to the algorithm for listing the absolutely irreducible
subgroups of M(n,q) is a finite sublist £ of a list £, ¢ of the finite irreducible
subgroups of M(n,C). Like all existing lists, £,, ¢ has a prescribed format, suited
to our objective. Groups are given by parametrized generating sets of monomial
matrices. Nonzero entries of generators for p’-groups are p’-roots of unity (see the
second last paragraph before Proposition 2.12 for an explanation of why matrix
entries can always be chosen this way). The diagonal matrices in each generating set
generate the diagonal subgroup of the group, and by this fact one gets a pre-defined
order function for each listed group (a function of integer parameters labeling the
group). Given N, we can then find the finitely many groups in £, ¢ of order N.
Hence we can find the finite sublist £ of £, ¢ whose elements have orders dividing
nl(qg — 1)™. Further cut downs of £ come from analyzing diagonal subgroups; for
n = 4, cf. Lemmas 4.3 and 4.4. We emphasize that all of these considerations are
purely theoretical ones, to be settled in advance. They are not part of the algorithm
proper.

Reduction mod p of the generating sets for the groups in £ produces a list U(L)
of finite irreducible p’-subgroups of M(n,F,) that is complete (by Theorems 2.17
and 4.1) and irredundant (by Proposition 2.7). Say all nonzero entries of generators
of groups in £ belong to (w) < C*, and let ¢ € F,, be a primitive |w|th root of
unity. Then the mod p reduction of £ is simply putting ¢ for w® everywhere in
generating sets of groups in L.
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The reduced list U(L) contains, up to conjugacy, a list of the absolutely irre-
ducible subgroups of M(n,q). Conjugacy classes of each group in V(L) are com-
puted, and a group is deleted from ¥ (L) if some conjugacy class representative fails
to have trace in GF(q).

The final stage is rewriting in M(n, ¢) the remaining groups G € ¥(L£) that are
GF(g)-monomial, a randomized process discussed after Corollary 2.21. A conjugate
G* of G in GL(n, q) is found by the algorithm of [14], and then the orbits of G* on
the lines of GF(q)("™ are computed. If there is not a length n orbit 0 whose elements
sum to GF(¢)™ then G is deleted. Otherwise, o is used to rewrite G* in M(n, q).

We remark that variations of the above algorithms may be viable for other
degrees n, provided one has the necessary lists of irreducible linear groups of degrees
dividing n, and also the necessary analogues of Theorems 2.17 and 4.1.

8. Isomorphism and Associated Primitive Permutation Groups

One may associate a primitive permutation group of finite degree to an irreducible
linear group over a finite field, and vice versa. This classical equivalence goes back
to Jordan and Galois, and is one of the original motivations for listing irreducible
linear groups, especially soluble ones, over finite fields; cf. [25, Theorem 2.1.6] and
[7, Sec. 4.7]. The topic of this section is isomorphism between linear groups and its
relation to isomorphism between associated permutation groups under the equiv-
alence. Our goal is to show how the automorphism groups of certain primitive
permutation groups with abelian socle can be constructed from irreducible mono-
mial linear groups. The determination of these automorphism groups is required in
the specific context of [25, Theorem 1.1.1], for example.

Theorem 8.1. Let G and H be groups acting on an additive abelian group V, and
write the semidirect products G x V, H x V with respect to these actions as GV,
HV. A map a: GV — HV is an isomorphism such that (V) =V if and only if
there exist

(i) an isomorphism 3:G — H,
(ii) a ZG-isomorphism v from V to Vi3, where Vg has the same elements as V' and
G acts by vg =vB(g),
(iii) a derivation §: G — Vg,

such that a(g,v) = (8(g9),7(v) +3(g)) for allge G, v e V.

Now we take V to be the n-dimensional vector space over some field E.

Corollary 8.2. Let G and H be irreducible subgroups of GL(n,E), acting naturally
onV.
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(i) If G and H are conjugate then GV = HV .
(ii) When E = GF(p), GV = HV if and only if G and H are conjugate.

Proof. (i) Suppose G* = H for some z € GL(n,E). Then in Theorem 8.1, set
0 = 0 and define 3,7 by 6(g) = ¢%, 7(v) = va.

(ii) We have soc(GV) = soc(HV) = V (by [18, Theorem 1.16(d), p. 18], this
much is true when E is any finite subfield of ). Therefore, if a: GV — HV is an
isomorphism then a(V) =V, so let 3, v be as in Theorem 8.1. Now + acts as some
x € GL(n,p), and thus 5(g) = g* because vy(vg) = v(v)5(g) for all v € V. m|

Let £ be a complete and irredundant list of the irreducible subgroups of
GL(n,p). It G € L then the image of GV under the faithful permutation repre-
sentation mapping (g,v) to the affine transformation of V' defined by u +— ug + v is
a primitive subgroup of Sym(V) = Sp». Thus we may obtain a list P of prim-
itive permutation groups of degree p™ with abelian socle directly from L. By
Corollary 8.2(ii), distinct elements of P are not isomorphic. In fact P is also com-
plete with respect to permutational isomorphism, which is the other half of the
equivalence mentioned at the beginning of this section. So Corollary 8.2(ii) says
that two primitive subgroups of S,» with abelian socle are isomorphic if and only
if they are conjugate in Spn.

Now we consider the problem of finding the automorphism group of each element
of P. Since V' is regular, if G € £ then Ng , (GV) is embedded in GL(n,p)V by
[7, Corollary 4.2B, p. 110]. Since G is irreducible, GV has trivial centralizer in
GL(n,p)V. Thus Ng_, (GV) = NgL(n,p)v (GV) is embedded in Aut(GV'). We next
give a criterion for these two groups to coincide. If this happens then Aut(GV)
splits over V', with a complement that is conjugate to an element of L.

Proposition 8.3. Let G be an irreducible subgroup of GL(n,p). Then Aut(GV) is
the group Nar(n,p)(G)V, acting by conjugation, if and only if HYG,V)=0.

Proof. Let o € Aut(GV), with § € Aut(G) induced from « as usual. Sup-
pose HY(G,V) = 0, so that H*(G,V3) = 0. By Theorem 8.1 and the proof of
Corollary 8.2, for all g € G and v € V we have a(g,v) = (g%, vz + d(g)) for some
2 € Ngr(n,p)(G) and inner derivation §:G — Vp; say 6(g) = u(l — g%), u € V.
Hence a(g,v) = (g,v)®™). The other direction is equally easy. O

Remark 8.4. Aut(GV) = Ngr,(n,)(G)V if and only if Out(GV') = Nar(n,p) (G)/G.
Thus Proposition 8.3 also follows from [24, (4.5)].

Corollary 8.5. Let G be an irreducible subgroup of GL(n,p). If Op (G) # 1 then
Aut(GV) = NGL(n’p)(G)V.

Proof. H'(G,V) =0 by [15, Theorem 1]. |
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The hypothesis O, (G) # 1 holds if G is soluble, and it obviously holds in
our favorite situation G < M(n,p), p > n. So in the sequel we concentrate on
normalizers of monomial linear groups.

Let us revert to general E. Denote the normalizer in GL(n, E) of a subgroup G
as N(G). When G is monomial, we show that in some circumstances N(G) is also
monomial, so that if E = GF(p) and G is irreducible, finding the automorphism
group of the associated primitive permutation group GV boils down to finding the
irreducible subgroup N(G) = Ny, ) (G) of M(n,p). If a list of such groups exists
then we might try to recognize N(G) in the list. However, we cannot as yet offer a
general recognition method. But when E is finite, knowing that N(G) is monomial
is at least helpful computationally. For then the computation of N(G) can take
place entirely in M(n,p), which has a smaller degree permutation representation
than GL(n,p) does; even better, M(n, p) has a polycyclic presentation if n < 4 (cf.
Sec. 7).

Below, G < M(n,E), D(n,E) NG := A, and «; is the linear E-representation of
A that maps an element to its ith diagonal entry.

Lemma 8.6. If the ;s are distinct on A then N(A) < M(n,E).
Proof. Cf. [11, proof of Proposition 1.3.7]. O

Proposition 8.7. Suppose Cq(A) = A and nG has an abelian transitive subgroup
T. Then N(A) < M(n,E).

Proof. Suppose at least two of the ;s are equal. Then T" acts imprimitively on the
set {aq,...,an}, where each block of imprimitivity consists of equal characters. Say
the number of blocks is m, so m < n, and a factor of T is isomorphic to a regular
subgroup of S,,. That factor is not T, because T is also regular in degree n. Hence
some nontrivial subgroup of T acts trivially on {a,...,a,}, which contradicts
Cg(A) = A. The result follows from Lemma 8.6. m|

Corollary 8.8. Let n be prime. If A is nonscalar and wG is transitive then N(A)
< M(n,E).

Proof. 7@ is a primitive permutation group. If Cg(A4) # A then 7Cg(A) is a
nontrivial normal subgroup of 7G, and as such is transitive. But then A is scalar.
Since 7 contains an n-cycle, we get the result by Proposition 8.7. O

Proposition 8.9. Suppose G is irreducible, Cq(A) = A, and n = qr, where ¢ and
r are primes. If

(i) r=q, or
(ii) r > q, and either r? divides |7G|, or ¢* divides |7G| and q > r/2,

then N(A) < M(n, E).



Int. J. Algebra Comput. 2004.14:253-294. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF IRELAND on 05/17/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

290 D. L. Flannery

Proof. Remember that 7G is transitive, so n divides |7G|.

(i) By Clifford’s Theorem, V4 has ¢ homogeneous components all of dimension
g, or ¢ components all of dimension 1. The permutation representation of 7G
arising from its action on the set of components has kernel that centralizes A, so is
trivial. Then since ¢? divides |G|, there must be g% components. The corresponding
[E-characters «; are pairwise distinct.

(ii) As in (i), it may be seen that V4 cannot have r homogeneous components
of dimension ¢, nor vice versa. O

Theorem 8.10. Let G be irreducible. In each of the following cases, N(G) is an
irreducible subgroup of M(n,E).

(i) n is prime, A is nonscalar (so Z(G) s scalar), and either |A : Z(G)| # n or
wG is insoluble.

(ii) n =4, Cq(A) = A, and A is characteristic in G.

(iii) n = 6, Cq(A) = A, A is characteristic in G, and either (a) 7G 2 Ss, or
(b) 7G = S3 and A is not centralized by any element of Cg,(wG) (which is
conjugate to Q).

(iv) G = H wr S, where H is any subgroup of E* if n > 2, and any subgroup of
E* that is not “special dihedral” if n =2 (for finite B, this means |E| > 4).

Proof. (i) Let z € N(G). Since mA” is a normal subgroup of 7G, it is transitive. If
mA® is nontrivial then it is regular, and is therefore the unique Sylow n-subgroup
of #G. An insoluble transitive permutation group of prime degree n has more than
one Sylow n-subgroup (see [7, Exercise 3.5.1, p. 91]). So if #G is insoluble then
mA* = 1; that is, # € N(A). This establishes part of the claim by Corollary 8.8.

If 7Z(G) were nontrivial then it would be transitive on A, so A would be scalar.
Thus Z(G) < A. If x € N(A) then AN A* < Z(G) and |A: AN A*| = n, since TA*
is regular. Therefore Z(G) = AN A®.

(ii) Here N(G) < N(A), and then Proposition 8.9(i) applies.

(iii) By [7, Table 2.1, p. 60], a transitive subgroup of Sg is cyclic, or has order
divisible by 4 or 9, or is isomorphic to S3 (there is an error in the “Generators” col-
umn at line T6.2 of the table, which can be rectified by replacing the second stated
generator with (153)(246)). Then (a) follows from Proposition 8.7 and Proposi-
tion 8.9(ii). Suppose 7G = Ss, and {aa,...,as} splits into three blocks of two
equal characters each; say s = (s152)(s354)(s556) € Se\7mG centralizes A. Since s*
centralizes A for all t € 7G, (s, st) is a transitive subgroup of Sg if s* # s for some
t. But then A is scalar. Thus s € Cg, (7G).

(iv) By [23, Theorem 9.12], the base group of G is a characteristic subgroup. Its
normalizer is monomial by Lemma 8.6. O

Remark 8.11. In Theorem 8.10(ii), let E = F,, and G be finite; then Cg(A4) = A
up to conjugacy except perhaps when #G = Sy and A is scalar. If G is a p’-group
then this is a consequence of [12, Theorem 4.2] and reasoning like that in the proof
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of Theorem 2.17(iii). Still with G a p’-group, we comment on the other requirement
in Theorem 8.10(ii), namely that A be a characteristic subgroup of G. This is a
stronger hypothesis than is necessary, but it has the benefit of allowing us again to
transfer from E = F, to E = C. If 7G > A4 and A is a characteristic subgroup of
the inverse image 71V, of V4 in G then A is characteristic in G, because 71V}
is characteristic in GG. Hence suppose first that 7G = V4. If A is not characteristic
in G then A contains a normal subgroup N of G such that Oo/(A) < N and either
[O2(A) : O2(A) N N| = |7Ca(N)| =2, or [O2(A) : O2(A) N N| =4 and N is scalar.
In both cases, if O3(A) is noncyclic then O5(A) has a nonscalar subgroup of index
2 centralized by an involution of V4. The possible O5(A) can then be identified (up
to conjugacy) from [11, Example 3.1.11]. Similar deliberations are possible when
mG = C or D; see the discussion after [11, Lemma 4.5] and [11, Proposition 5.11].

Remark 8.12. M(n,E) is not normalized by GL(n,E), so Theorem 8.10(iv) for
H = E* may also be deduced from the main theorem in [22].

Corollary 8.13. Ifp>n andn > 2, orp >5 and n = 2, then Aut(M(n,p)V) =
Inn(M(n,p)V) = M(n,p)V.

Remark 8.14. |Out(M(2,3)V)| = 2.

Let G be a nonabelian irreducible but not absolutely irreducible subgroup of
M(r2,q), r prime. If NGr(r2,q)(G) is not absolutely irreducible then it is determined
by Ngr(r,q) (H) for some absolutely irreducible subgroup H of GL(r,¢"). Suppose,
then, that n is prime, G is an absolutely irreducible subgroup of M(n,q), and E =
[Fp,. Of course Ngp,(n,q) (G) = N(G) N GL(n, q). Assume 7G is soluble, so that G has
a normal subgroup @ containing A such that |Q : A| = n. If |A : Z(G)| # n then
A and thus @ is characteristic in G; that is, N(G) < N(Q). Hence the problem of
finding N(G) for soluble G mostly reduces to the case |[7G| = n. In [5, Sec. 6], N(G)
is described for some n-groups G. We solve the easiest version of the more general
problem, taking G to be a finite irreducible subgroup of M(2,F,), p odd.

By Theorem 5.1, let G = HG2/, where H is H(i,j,k) or (a1 ) and Gor = O (G).
Either Gy is scalar, or N(Go/) and thus N(G) is monomial (apply Corollary 8.8 to
(a1, G2/ )). In the former case N(G) = N(H). In the latter, N(G) = M(H)Gz,
where M(H) := N(H) N M(2,E), by the Frattini argument. M(H) is stated in
Theorem 8.15 below. By Theorem 8.10(i) and Theorem 5.1, it remains to find
N(H) when H = H(i,j,k), 1 <k <2 and j = 1. We do so next.

Let © € N(H). If a¥ is diagonal then a? = z'w;, which implies z = hm for
some monomial matrix m and h the Hadamard matrix in the proof of Theorem 4.5.
Recall that af = zyw;! and wf = ay2;*. If af is not diagonal then a3® = a;
for some w € SL(2,F,) N D(2,F,). Therefore zw is symmetric and has constant
diagonal. Since w§¥ is monomial, (xw)11 = £(zw)12 w1 if zw is not monomial, and
then zw is a scalar multiple of

w1 1
7= ( 1 wl)
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or g~1. Note that w{ = ajzjw;. Thus z is one of m, hm, or gtlm, for some
m € M(2,F,).

Let H = H(i,1,1). We see that H" = H9 = H if i > 1. If i = 0 then H",
H9, and HY ' (yet definitely not H) are M(2,F,)-conjugate to H(0,0,3), whence
x must be monomial. We have proved that

o { M i=0 1
W=V im@) n gy iz )

Let H = H(i,1,2). If i = 0 then H" = H9 = H. If i > 1 then H", H9, H9 '
are M(2,Fp)-conjugate to H(i,0,3). Therefore

N(H) = (M(H), h,g)  i=0
| MH) i>1.

Theorem 8.15 (Cf. Theorem 8.10(i)).

(i) Suppose Gor is nonscalar. Then N(G) = M(H)Gq/, where M(H) = (a1, Z) if
H=(a1) and M(H) = (a1, wj1, Z) if H = H(i,j, k), i,j > 0, where Z is
the group of all scalars in GL(2,F,).

(i1) Suppose Gor is scalar. Then H = H(i
as in (i), unless 1 <k <2 and j = 1.
j=1,and by (I) if k =2, j = 1.

,7,k), 1> 0,5 >1, and N(G) = M(H)
N(G) = N(H) is given by (1) if k = 1,

Acknowledgments

I am very much indebted to Dr. B. Hofling, who carefully read drafts of this pa-
per and suggested many improvements, and who discussed some computational
issues with me. I am also grateful for the assistance of Professor E. A. O’Brien
(particularly with the computing) and Dr L. G. Kovécs.

This paper was written during a sabbatical year at the Centre for Mathematics
and its Applications, Australian National University. I thank the CMA staff for
their hospitality.

Appendix

The first set of errata, E.1, pertains to [11]. The construction in [12] relies on [11]
and so we have to make corrections there that follow from E.1; this is done in parts
(a) and (b) of the second set of errata, E.2. Part (c) of E.2 pertains solely to [12].
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E.1. Amend the list in [11, Theorem 6.1.1] by adding (axsus, ¢, C(1,1,1,0,1))
and the groups

<ayj+1’ buj+17 F(Zajz.]a.]7070)>
(a, b, F(i,4,0,0,1,1,2,1)) i,j =1 ()
<aa b7 F(Z,], 0707 17 17 27 _1)>
and (also noted in [12, Sec. 6.1]) deleting the reducible groups
(aaf 1yl befl F(i,4,0,0,0,1))  ij>1
(axf |, b, F(i,5,0,0,1,1)) 1,j>lori=5=0,

e, n, u ranging freely over {0,1}.

E.2. Amend the lists D and F of [12] as follows.
(a) To Dy and D as defined before [12, Theorem 6.3.3] add the groups
(azausg, ¢, C(1,1,1,0,1))N

(b) To F1, Fa, F3, and F4 as defined around [12, Remark 6.1.3], add all groups
GoN, where G is a group at (f).
(¢) Further add to F all groups Go N, where

for any finite nonscalar Vj-submodule N of X5 Us:/, G5 is one of
(az5yy 0y) 400 0200057, F(3,5,0,0,0,1))  dj>1
(axf 4, b, F(i,5,0,0,1,1)) i=j=0o0rij>1
(azs oy 1 s bx1(2 ) M(-1,i,-1,-1))  i>2
(azg 9y2.2, bxl 2 =) , M(—1,1,—-1,-1))
(a, bxy2, M(-1,1,—1,-1))
(axgq, b, M(1,i+1,-1,-1)) i>1,
and for any finite nonscalar Vy-submodule N of X5/ Vo, G is one of
(azis12y) 10 b, F(,5,0,0,0,1))  i,5>1
(ax12y 1 9, b, M(=1,i,—1,-1)) i>1,

e, n, i ranging freely over {0,1}.
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