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In the previous talk, we discussed genus one and (briefly) two Zhu
n-point functions for VOAs. In this talk we will discuss the genus
two details in more depth, and examine a genus two Zhu recursion

formula due to Gilroy and Tuite.

We will begin with a brief recap of some relevant concepts.
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Vertex Operator Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
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Vertex Operator Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)|[[z,z71]]:

Y(u,z) = Z u(n)z "1

nez

forueV
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Vertex Operator Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)|[[z,z71]]:

Y(u,z) = Z u(n)z "1

nez

forueV

o A vacuum vector 1 €¢ V
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Vertex Operator Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)|[[z,z71]]:
Y(u,z) = Z u(n)z "1
nez

forueV
o A vacuum vector 1 €¢ V

@ A Virasoro vector w € V
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Vertex Operator Algebras

This data consists of the following axioms:

@ Forall u,v in V, we have:
(Z - W)N[Y(U,Z), Y(V7 W)] =0
where [,] is the commutator defined by:

[Y(u,2),Y(v,w)] = Y(u,2)Y(v,w) = Y(v,w)Y(u, z)
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Vertex Operator Algebras

This data consists of the following axioms:

@ Forall u,v in V, we have:
(z = w)N[Y(u,2), Y(v,w)] =0
where [,] is the commutator defined by:
[Y(u,2),Y(v,w)] = Y(u,2)Y(v,w) = Y(v,w)Y(u, z)
o Y(1,2) = ldy
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Vertex Operator Algebras

This data consists of the following axioms:

@ Forall u,v in V, we have:
(z = w)N[Y(u,2), Y(v,w)] =0
where [,] is the commutator defined by:
[Y(u,2),Y(v,w)] = Y(u,2)Y(v,w) = Y(v,w)Y(u, z)

o Y(1,z) =ldy
o Y(u,z)1=u+ 0O(z2)
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Vertex Operator Algebras

This data consists of the following axioms:

@ Forall u,v in V, we have:
(z = w)N[Y(u,2), Y(v,w)] =0
where [,] is the commutator defined by:
[Y(u,2),Y(v,w)] = Y(u,2)Y(v,w) = Y(v,w)Y(u, z)

o Y(1,z) =ldy
o Y(u,z)1=u+ 0O(z2)

o Y(w,z) =3, c; L(n)z7""2 where the L(n) operators satisfy
the Virasoro Lie algebra:
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Vertex Operator Algebras

This data consists of the following axioms:

@ Forall u,v in V, we have:
(z = w)N[Y(u,2), Y(v,w)] =0
where [,] is the commutator defined by:
[Y(u,2),Y(v,w)] = Y(u,2)Y(v,w) = Y(v,w)Y(u, z)

o Y(1,z) =ldy

o Y(u,z)1=u+ 0O(z2)

o Y(w,z) =3, c; L(n)z7""2 where the L(n) operators satisfy
the Virasoro Lie algebra:

m3

-m
g Om-nC
where ¢ is a constant known as the central charge.
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VOAs continued

@ The L(0) operator induces a grading on V/, i.e.

vz@vn

nez

where V,, is the eigenspace defined by
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VOAs continued

@ The L(0) operator induces a grading on V/, i.e.

vz@vn

nez

where V,, is the eigenspace defined by

{veV:LO)v=nv,neZ}

and dim(V,) < co. nis known as the (conformal) weight of
the vector, denoted by wt(v).
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VOAs continued

@ The L(0) operator induces a grading on V/, i.e.
V=PV,
nez

where V,, is the eigenspace defined by

{veV:LO)v=nv,neZ}

and dim(V,) < co. nis known as the (conformal) weight of
the vector, denoted by wt(v).

o Y(L(-1)v,z) = ZLY(v,2)
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Elliptic Weierstrass Functions

The classical elliptic Weierstrass functions are given by:

Pu(z,7) = in 4 (—1)" i <ﬁ - 1> Eu(r)

z 1
k=2
for z € C,7 € Hy, where

Ek(’f) = —% + (/(—21)| Zakfl(”)qn
’ " n=0

is the classical Eisenstein series (a modular form of weight k,
non-trivial for even k), where g = exp(27iT), By is a Bernoulli
number and oy_1(n) is the divisor function oy_1(n) = > 4, dk1,
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n-point Functions for VOAs

We now define a genus one n-point function for a VOA by:

Z\(/l)(vla Z1;+++3Vn,2Zpn,; ’T)
= Tr(Y(q{_(O)vl’ ql) . Y(qﬁ(o) Vi, qn)qL(O)—c/24)

zI . ..
where g; = exp(z;) = >_ 5 7 is a formal series in z;.
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Zhu developed a recursion formula relating genus one n-point
functions to (n — 1)-point functions:

Z\(/l)(v,z; VI, Z1; .3 Vny Zn; T)
= Try (0(V)Y(q1L(O) vi.q1) - Y(anOva, qn)qL(o)‘C/“)
+ Z Z P1+j(z — z, T)Z\(/l)(vl,zl; e vV, 2k oo Vg Zn T)
k=1 >0

where o(v) = v(wt(v) — 1) and v[j] is the coefficient of z/~1 in
Y([v,z] = Y(qu(O)v, gz — 1) with g, = exp(z). There exists an
analogue for a vertex operator super algebra (VOSA),
incorporating group elements and less strict gradings - next talk.
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Genus Two

The idea is to use a sewing scheme introduced by Yamada and
expanded on by Mason and Tuite to develop a genus two version
of the above. A genus two surface will be constructed from genus
one data.
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A Sewing Scheme - The e-formalism

More precisely, each torus S, = C/A, for a=1,2, has an
associated lattice A, = 27i(Z7, ® Z). These lattices have a
minimum distance D(A;), with 7, € Hj. For local coordinate
z5 € C/A,, we can construct a closed disc |z,| < ry which is
contained in S;, provided

1
ra < =D(A;)
2
We then introduce a complex “sewing parameter” €, with
1
| < 3D(A)D(A2)
From each surface S; we excise the disc:

{22, |2a| < |el/ra}

with the convention 1 =2, 2 = 1.
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The e-formalism

We then obtain two disjoint surfaces §1, §2, with 5’; defined by:
Sa = S:\{2a)|2a| < [€l/r3}
Define then, the annular region:
As = {za, el /15 < |zl < 12} C S,
Identify A;, A» using the sewing relation
7120 =€

Then the new genus two surface is parametrised by

1
DE — {(7‘1,7‘2,6) eH; xH; xC: || < 4D(/\1)D(A2)}
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The e-formalism

Pictorially, this looks like

21:0 22:0

<
S Qgﬂ, Q“,‘, S5
lel/r2 el /m

Fig. 1 Sewing Two Tori

We will refer to §1 and gg as the left and right torus respectively.
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Genus Two n-point Functions

The n-point function for a genus two VOA is then defined as

2
Z\(/)(V7X; ap, x1|be, yr, 1,72, €)

=" Z(Y v, XY [ap, xi]u, 72) Z0 (Y [br, w1, 72)

ueV

= Z Z Z Y[V x|Y [ay, x/]u, Tl)Z( )(Y[bra}’r]u 72)

n>0  ueV,

where a;, b, are vectors ay, x; := a1, x1;...;aL, X,

Y[a;, x;] = Y[a1,x1] - Y[ar, x(] etc., with the states a; inserted
on the left torus and b, on the right, and the sum is over a basis
{u} for V.
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Genus Two Zhu Recursion

A genus two Zhu recursion formula was recently introduced by
Gilroy and Tuite:

Z\(/2)(VaX;alaxl‘br’yr) = fl(x)ol(V;ahXI’br,yr)
+ Nf2(X)OQ(V; alaxl|br9.yr)
+ N]:H(X)XII_I(V;ahxﬂbrayr)

L
+ 303 P x) 2P s vlilan X )

I=1 j>0
R 2

+ 3N Py ZOC s vlilan e )
r=1j>0
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Genus Two Zhu Recursion

where

Ol(V§ ar, Xl|br7 .Vr)

=3 Trv (o) Y (@n a1, ) Y (05, 60)g O/ ) ZP (¥ [br, yiJui )
ueV

OZ(V; ay, Xl|br7 yr)

= Z Z‘(/l)(Y[a,, x,]u; 7'1)TI’V <°(V)Y(q,',',(0)b,, qyr) Y(Qé(O)U, qo)qL(O)—c/24>
ueV

i.e. higher genus o(v) terms. Likewise the MP;; functions are the higher
genus analogues of the Py, ; from genus one Zhu recursion.
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Genus Two Objects

The NF,(x) terms are defined by

1 +61/2<NQ(X)K§ (1), forxeS,,

NE () —
Fa(x) (—1)N61/2<NQ(X) (1), forxe 35,

with wt[v] = N and MQ(x) is an infinite row vector defined by

NQ(x) = R(x)A (]1 - xgxa)*
with R(x) an infinite row vector with entries defined by:
R(x; m) = €2 Ppy1(x, 7a)
and A is an infinite matrix with entries given by
A(k, 1) = 0k,14on—2

where 0, p, is the Kronecker delta.
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Genus Two Objects contd.

~ ~ 1\ —1
The (]1 - /\a-/\a> matrix (where 1 is the infinite identity matrix)

is defined as 4
(11 — /\5/\3) =Y (AA)"
n>0

with A, an infinite matrix given by

As(m, n) = 2" (—1)"1 (

m+n—1
n > Em—l—n(Ta)

and Ka is given by AA.
The NFT(x) object is a vector given by
(R(x) + "Q(x) (Rsha +AaT) )
with infinite matrices I, 1 given by
F(k,1) = 6k —iron—2, M =T2

Mis a (2N — 3)-dimensional projection matrix,
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Genus Two Objects contd.

The X vectors are given by MX,, with the entries of X, given by

Xo(m) =% Y Z (Y [ag, xi]vim]u; 1) 20 (Y [br, yi]T: 72)
ueV

Xo(m) =% Y Z(Yap, xi]ui 1) Z3) (Y [br, yelv[m]T: )
ueV
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Genus Two Weierstrass Functions

Lastly, the higher genus Weierstrass functions are given by:
Define MPy(x,y) = MPi(x,y; 1,2, €) for N > 1 by

"P1(x,y) =Pi(x = y,7a) = Pi(x,72)
~ M)A P1(y) = 7 (MQ)As) (K),

for x,y € ga and

MPi(x,y) =(-D)N* [NQ(X)Pl(Y) + nek 2Py 1(x)

+ 7N (N@(X)Kél\a) (K)} ;

forxega, yegg, where my =1 —dp1 and K = 2N — 2.
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Genus Two Weierstrass Functions

with P14 ;(x) an infinite column vector given by

m+j—

P1yj(x;m) = €2 <
J

1> (Perj(XaTa) - 5jOEm(Ta))

Note P1,j(x) = 1)15]1?1( ). For j > 0 define

N7’1+j(X,)/)
1 .
:ﬁaf, (Npl(xv)/))

_ S Pui(x = i) + (1M MQ(x )As Prij(y), forxy €S,
(_1)N+1+j' NQ(X)Pl-i-j(y)a for x S Sav y € S
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These N771+J-(x,y) objects are genus two analogues of the classical
Weierstrass functions featured in the Zhu recursion formula for
genus one VOAs.

The objective of my project is to develop a Zhu recursion formula
for vertex operator super algebras (loosely speaking, VOAs with a
parity) and their modules, which incorporate the action of group
elements. This new formula involves “twisted” versions of the
NPy, i(x,y) functions. More on this in the next talk.
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