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Abstract

Using discrete Green’s functions techniques, we present a classification of fitted mesh
methods for time-dependent reaction diffusion problems, based on the analyses of Linf [4] for
the analogous steady-state problem and of Kopteva [3] of time-dependent convection-diffusion
problems.

As examples of how to apply the analysis, we derive error estimates for the fitted meshes
of Shishkin and Bakhvalov, and provide supporting numerical results.

1 Introduction

We consider the problem of computing a satisfactory numerical solution to a time dependent
singularly perturbed reaction-diffusion equation using a standard finite different method. The
problem is

ug + Leu = f in (0,1) x (0,7, (1a)
where L£.v := —&%v,, +7v, 7 : (0,1) — R, subject to boundary conditions
w(0,8) = 30(t), u(l,) =(t) i (0,7 (1b)
and initial condition
u(-,0)=u®  in (0,1). (1c)

Solutions to (1) typically exhibit layers: narrow regions in which derivatives of the solution are
large. More precisely, application of the technique from [6, § 3] gives the bounds

|8ﬁﬁfu(x7t)’ <C {5mi“{0’2_é} + e leen/e 4 s_ee_"(l_w)/s} for =0,...,4, k=0,1,2 (2)

if the data is sufficiently smooth which will be assumed throughout. A satisfactory numerical
scheme for problems of this type should resolve the boundary layers. To achieve this with a
mesh that is uniform in the spatial dimension, one must choose the number of mesh points to be
proportional to 1/e. That is not computationally feasible, so specially constructed nonuniform
meshes are necessary. These meshes should also yield methods that are parameter robust: the
error in the computed solution for a fix number of mesh points should be essentially independent
of €.
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The piecewise uniform “Shishkin” meshes [5, Chap. 6] and the graded meshes of Bakhvalov [2]
have been shown to lead to important examples of layer-resolving, parameter uniform fitted-mesh
methods for the the time-independent analog of (1). Furthermore, it has been shown [6] that
Shishkin meshes can be extended easily to yield parameter robust solutions to (1). Proving this
requires a special decomposition of the solution into purely layer and regular parts, and the use of
special barrier-function based techniques to prove the optimal order of convergence of the method.

In an alternative approach based discrete Green’s functions, Linf} [4] provides a general classifi-
cation of fitted meshes for the time-independent problem that avoid either solution decomposition
and the use of special barrier functions. The approach has the important property that Shishkin
and Bakhvalov meshes can be analysed in the same framework. In §3 we give a useful simplification
of the analysis of [4], and in §4 extend it to the time-dependent problem (1).

This allows us in §5.1 to deduce the main result of [6]. The analysis for Bakhvalov meshes is
presented in §5.2. Supporting numerical results are given in §6.

Notation. In space we denote an arbitrary mesh as w® : 0 =29 < 2; < --- < 2y = 1 and in
time wtK 0=tg<ti1 <---<tg=T. Let h; := x; — x;—1 be the mesh diameter in the spatial
dimension, and A; := (h; + hiy1) /2. Time step sizes are 7; :=t; —t;_1, with 7 := max;—; g 7;.

The approximation to (1) is computed on a mesh w™ ¥ that is the tensor product of the
one-dimensional meshes w and w¥.

In §3 we consider just a stationary problem, and so use g; to denote the value one-dimensional
mesh function at z;. For the two-dimensional time-dependent problem we let g/ denote the value
of mesh function g at the point (z;,¢;). In §4 we use g/ to denote one-dimensional mesh function
at time-step j.

We use C to denote a generic constant that is independent of ¢, N and K.

2 Discretization

We discretize (1) using central differences in space and backward differences in time:

Vi — Vi1 o Vg1 —

The operator L. is approximated by
[sth = —52%@;1' + riv;.
The numerical approximation U of (1) is the solution the linear different equation
U+ LUY = f] for i=1,....N—1, j=1,...,K, (3a)
with the boundary and initial conditions discretized by
Ug:’yé, U]{,:q/{ for 7=0,...,K, (3b)
and

0_ .0
U =u;

K2

for i=1,...,N—1. (3¢)

3 The stationary problem
Consider the difference scheme

[LEU]Z‘ = fl for izl,...,N—l, l]():’}/()7 UN:’yl (4)



as a discretization of the stationary reaction-diffusion problem
Lou=—c®u"+ru=f in(0,1), u(0) =", u(l) = (5)

with 7 > 0%, o > 0. This type of problem has been studied in the context of layer-adapted meshes
in a number of publications, e.g., [5, 1, 4]. Here we shall recall the stability results from [1] and
present a modification of the error analysis in [4]. Both are important ingredients needed to study
the time-dependent problem (1).

Properties of the exact solution. For the solution u of (5) we have the derivative bounds
’u(l)(x)‘ <C {smin{o’%e} +etemom/e 4 s*eefg(lfz)/e} for £ =0,...,4, (6)
see, [5, Lemma 6.1].

Discrete Green’s function. Let (53 denote the usual Kronecker delta: it is the mesh function
defined on w? such that for all 0 <i,j < N,

si=4 "7
0 i#J
Then the discrete Green’s function G* associated with L. and the mesh node z; is the solution to
[LEGi]j::hj—la;l for j=1,...,N—1, =Gy =0.

Any mesh function v = (v, ...,vn) with vg = vy = 0 can be represented as
N—1
v; = Z hGy, [Lev], fori=1,...,N —1.
k=1

Therefore the set { G} forms a useful basis for expressing solutions to (4), and important properties
of the discrete operator can derived by studying the associated Green’s functions.

Stability of L.. This representation requires G* to be defined at the mesh nodes only, however
it is convenient to interpret G as a piecewise linear function on the mesh w!¥. Then we have the
estimates [1, §2]

1 N-1 ) 1
/@@%zzm%sﬁ7 (7a)
0 1 0

and

de = 2Gi < 2 (7b)
€0

AWW@'

An immediate consequence of (7a) is the stability inequality

1
Iollag = g Jou] < 1 Levl (5)

B AR

which hold true for arbitrary mesh functions v with vg = vy = 0.



Interpolation. Let 1! denote the piecewise linear interpolant to 1 on the given mesh w’Y. The
interpolation error can be written as

(v — ") ( / / / ' (t)dtdéds, for x € [x;_1, 1] 9)

For triple integrals of this structure we have the two bounds

</ / (t)] dt de (10a)
/ / / £) dt de ds| < / / ()] dt ds. (10b)

These integrals can be further bounded using the following inequalities. Let x : [a,b] — R be any
function with x > 0 on (a,b). Then

t) dt d¢ ds

and

2
1 b
/ / t)dtdé < - { / x ()2 dt} if x is monotonically decreasing, (11a)

and

2
1 b
/ / t)dtds < = 5 {/ x ()2 dt} if x is monotonically increasing, (11b)

which can be verified by considering the left and right-hand sides as functions of the upper inte-
gration limit.

Error analysis. By means the Green’s functions as a basis, the error at the mesh node x; can
be written as

N-1 N-1
=Y WGl heG? [Lou — L],
k=1 k=1
P
2 Yk+1 — Yk 2 i
Z th 1 — G') +e Z Ik Gl
1 . N71 . .
= 52/ o/ (x)(GY) (x)dx + £ Z heG'uj, (because (G") is piecewise constant)
0 k=1
1 N-1 )
- —52/ u”(2)G(z)dw + 2 Z R G !
0 k=1

Thus, with ¢ := —&2u”,
1
- [ {60 - @' @)} a (12
Using (9), we have the representation

(G'9)@) ~ (G9! (x) = 265 / N / / 1) dt dé ds

Tk
-|-h7 / / (G'¢") (t)dtdEds  for x € [p_1, zk].
k

(13)



Next we like to apply (10) and (11) to the triple integrals on the right-hand side. Therefore
we split ¢ into two parts that can be bounded by monotone functions—one decreasing and the
other increasing. Set

o' (x) forxg%, 0 for x < %,
T) = and T) =
#p(@) {O foer% er(@) ¢'(z) for x> %

Clearly (6) with ¢ = 3 yields
e tep(x) <C {1 + S_Qe_gz/s} and e '|pr(x)| <C {1 + S_Qe_g(l_x)/e} .

Hence, using (10) and (11), we obtain

T T s
/ / / ©'(t) dt dé ds
g1 Jrp_1 JE

<o (W)?, (14)

1
€hk
where

Tk

(1 + e temot/2e 4 5_1e_9(1_t)/25> dt. (15)

9 (chv) = k:Irll,?J.}-(,N~/x

The second integral in (13) is bounded in a similar manner. Set

~ ) e"(x) forx <
Pp(w) = {0 for x >

k—1

, B 0 for z < 1,
and  @r(x) = { > 7

N|— N[

Then (6) with £ = 4 gives, for = € [z_1, 1],
(G'op) ()] < C (Ghoy +G1) {1+ 672700/}
and
(G'31(0))] < C (Gloy + Gy {1+ 2727 e0m0/e Y,

since G* is piecewise linear and positive. Use (10) and (11) once again in order to get

/ / / G'" (t) dt d¢ ds
Tp—1 Jxp_1 JE

Applying (14) and (16) to (13), we obtain

hi <C(G,_,+Gi)vY (w;\l)Z for x € [xg—1,xk)- (16)
k

(GPp)(s) — (GTp) ()| < CF (W) (Gl y + Gy + G (17)

Finally, integrate over [0, 1]. We get

‘/01{(Gitp)(x)_(Giga)f(x)}dx < o9 (W)’ (5/(JlG;(x)dx+/01 Gi(x)dx)

Hence
lu—Ull, <09 (W)’

by (7) and (12). We have recovered [4, Theorem 2], however the representation seems to be more
direct and to the point.



4 The time-dependent problem

After having studied properties of the spatial discretization, we can now proceed with the analysis
of (3). Our analysis follows and modifies the technique in [3] for convection-diffusion problems.

Stability of the time discretization.
Lemma 1. Suppose y satisfies
i+ Lyl =g for i=1,....N—1, j=1,...,K,
yé:y‘;vzo fO’]” j:O7...7K.
Then

J
[l < 1190l + D79l Jor §=0,....K.
v=1

Proof. For v=1,..., K we have
s+ (L) y’ =y + g’

Application of (8) with ¢? replaced by 1 + 7,02 yields

1
el L e WS sl I P
v

The proposition of the lemma follows by induction for v =1,..., 5. O

An immediate consequence of Lemma 1 is the inequality

jmax [l < [lyll + T max [l (18)

Error analysis. Let n = u—U denote the error of the difference scheme (3). Then the truncation
error can be represented as

[0 + Len]] = ¥, + v3,
where

{;i = [Leu]g - (Eeu)g and %1 = U%Z - ugz

are the truncation errors for the space and time discretization, respectively.
With this splitting of the truncation error we can decompose the error n as n = w + v where
w and v solve
[Lew]] =4, i=1,...,N=1, wh=wy =0, j=0,...,K, (19a)

i
and

e+ Lol =¢d, —wl,, i=1,... . N-1, vj=vk=0, j=1,... K,

(19b)
i=0,...,N.

_ 0
= —w;,

vy
To bound w, note that (19a) is a sequence of stationary problems like those considered in

Section 3 and can be bounded using the technique from that section and (2) with ¢ = 3,4:

], < €9 ()", (20)

max
§=0,...,N



where ¥ (w)) is as defined in (15).
Apply (18) to (19b). We get

o [ < ol + 7 s (Jed — o+ [].)
OO’

<COWY) +CT+ T max [w]]
Jj=1,...,

by (20), a Taylor expansion and (2) for k =2, £ = 0.
Finally, note that w} solves

[Lewg] =47 .. i=1,....N—1, w)=wl =0, j=1,...,K.

1:t;3°

This is again a sequence of stationary problems to which the technique from Section 3 can be
applied. However, this time (2) with k¥ = 1 and ¢ = 3,4 has to be used. We get

 max HUJH SCﬂ(wév)Q—l-CT.
j=0,...,N 0

Recalling (20), we obtain our final convergence result.

Theorem 1. The maximum nodal error of the finite difference approximation (3) satisfies

o [ = 07 < 0 (96" 47)

=0 v

5 Layer-adapted meshes

We now employ the result of Theorem 1 to analyse the discretization (3) on two standard layer-
adapted meshes.

5.1 Shishkin meshes

Shishkin meshes [5, 7] are frequently studied because of their simplicity—they are piecewise uni-
form and so very easy to implement. We describe a possible construction for problem (1). Let
q € (0,1/2) and o > 0 be mesh parameters. We set

A = min {q,oglnN} (21)
o

Assuming that ¢ is an integer, we construct w!¥ by uniformly dividing each of the intervals [0, \]
and [1 — A, 1] into ¢N subintervals, while [A, 1 — A] is divided into (1 — 2¢) N subintervals.
For the mesh constructed this way we have [4]

(@) <c{N"4 NN},
Therefore Theorem 1 yields the uniform error bound

max ||/ = UY|| SO(N721H2N+T) if o>2. (22)
j=0,....,K o

5.2 Bakhvalov meshes

The graded Bakhvalov meshes [2] are superior to Shishkin meshes in the sense that they yield
numerical solutions that contain smaller errors and have higher rates of convergence. However
they are less popular in the literature because more advanced techniques are required in their
analysis.



For problem (1) the Bakhvalov mesh may be regarded as generated by equidistributing the
function

Mpe(z) = max {1, ke lemon/E0 /{571679(1*"”)/50} ,

with positive constants x and o, i.e., the mesh points x; are chosen such that

/ Mpg(x)dx = —/ Mp,(x)de.
Ti;—1 N 0

The parameter xk determines the number of mesh points used to resolve the layers, while o deter-
mines the grading of the mesh inside them. Note also, that for ¢ <« 1, the mesh is graded in the
regions [0, A] and [1 — A, 1], and piecewise uniform in [A, 1 — A\] where A = o(¢/p) In(x/e). Compare
with (21) above.
Clearly we have
14 e temen/2 4 oleme(=2)/2e < OMp,(z) for o >2
and fol Mpq(x)dz < C. Thus ¥ (wl) < CN~'. Then using Theorem 1, we can conclude

jmax [lf — U7 < C(N247) if 022 (23)

6 Numerical results

We consider the following example of (1)

Uy — 2Ugy (2, 1) + Vo + Tu(z,t) =1 (0,1) x (0,1], (24a)
with
u(0,s) =u(l,s) =u(s,0) for0<s<1. (24b)

The exact solution to problem (24) is not available, so we estimate the accuracy of a numerical
solution by comparing it to the numerical solution computed on a much finer mesh.

As described in §2, the approximation is obtained on a mesh w™¥ that is the tensor product
of the one-dimensional meshes w® and wX. Therefore the mesh has N and K intervals on the z-
and t-axes respectively. For a given ¢, let UM be the approximate solution to (24) computed on
WK,

Then bisect twice each interval of w® and w/ and take their tensor product to obtain a mesh
G*NVAK that has 16 times as many subintervals as w™"¥ Let U2N4K denote the solution computed
on this mesh.

We then estimate the error for a given €, N and K as

N,K ._ ||77N,K _ f74N,4K
Ne E HUE - UE ||w1\7,K'

We also estimate the rates of convergence in the usual way:
K =logy (n™ /n?Y) .

6.1 A Shishkin mesh

We present the numerical results for Example (24) obtained on the Shishkin mesh. We take

q=1/4,0 =2 and ¢ =1 and construct w? as described in §5.1. The time mesh w/< is uniform.
First we verify that the error is essentially independent of . Table 1 contains the numerical

results for various values of ¢ and N = K. Alternate rows show the error for a given €, and the rate



g2 N=2'| N=2° | N=20 | N=2" | N=28 | N=2° | N=210
1 8.08¢-03 | 4.61e-03 | 2.51e-03 | 1.31e-03 | 6.69e-04 | 3.38¢-04 | 1.70e-04
rNK 0.81 0.88 0.94 0.97 0.98 0.99
1e-02 || 1.37e-02 | 5.73e-03 | 2.59e-03 | 1.23e-03 | 6.03e-04 | 2.98e-04 | 1.48e-04
rNK 1.25 1.15 1.07 1.03 1.02 1.01
le-04 || 2.97e-02 | 1.49¢-02 | 6.21e-03 | 2.51e-03 | 1.00e-03 | 4.16e-04 | 1.81e-04
rNKE 1.00 1.26 1.31 1.32 1.27 1.20
1e-06 | 2.98¢-02 | 1.49e-02 | 6.22¢-03 | 2.51e-03 | 1.00e-03 | 4.16e-04 | 1.81e-04
rNK 1.00 1.26 1.31 1.32 1.27 1.20
1e-08 || 2.98e-02 | 1.49e-02 | 6.22e-03 | 2.51e-03 | 1.00e-03 | 4.16e-04 | 1.81e-04
rNK 1.00 1.26 1.31 1.32 1.27 1.20
le-10 || 2.98¢-02 | 1.49e-02 | 6.22e-03 | 2.51e-03 | 1.00e-03 | 4.16e-04 | 1.81e-04
rNKE 1.00 1.26 1.31 1.32 1.27 1.20

Table 1: Errors in the computed solution to (24) on a Shishkin mesh with N = K subintervals on each
axis

of convergence calculated as described above. We note that for small €, the error is independent
of this parameter.

However we also observe that the rates of convergence in Table 1 are not entirely in agreement
with the theory: this is because the rate of convergence in space is greater than that in time. So,
as N increases, the time error begins to dominate and the rate of convergence is reduced.

In order to verify that the observable the rate of convergence with respect to N is almost
second order, as proved in §5.1, we proceed as follows. For a given N we choose K sufficiently
large that the spatial error dominates. For example (24) this can be done by taking K to be four
times the smallest integer greater than (N/In N)2. One may observe that the method converges
at a rate that is indeed almost second-order in N. The results are shown in Table 2.

g2 N=2" | N=2° | N=20 | N=2" | N=28 | N=29 | N=210
1 1.36e-03 | 5.34e-04 | 1.92e-04 | 6.49¢-05 | 2.11e-05 | 6.64e-06 | 2.04e-06
rVKE 1.35 1.47 1.57 1.62 1.67 1.70
1e-02 || 7.13e-03 | 2.03e-03 | 5.54e-04 | 1.50e-04 | 4.09¢-05 | 1.12e-05 | 3.09e-06
rNKE 1.81 1.87 1.88 1.88 1.87 1.86
le-04 || 2.34e-02 | 1.17e-02 | 4.62e-03 | 1.65e-03 | 5.60e-04 | 1.80e-04 | 5.60e-05
rNK 1.01 1.34 1.48 1.56 1.64 1.68
1e-06 || 2.35e-02 | 1.17e-02 | 4.62e-03 | 1.65¢-03 | 5.60e-04 | 1.80e-04 | 5.60e-05
rNKE 1.01 1.34 1.48 1.56 1.64 1.68
1e-08 || 2.35e-02 | 1.17e-02 | 4.62e-03 | 1.65¢-03 | 5.60e-04 | 1.80e-04 | 5.60e-05
rNKE 1.01 1.34 1.48 1.56 1.64 1.68
le-10 || 2.35e-02 | 1.17e-02 | 4.62e-03 | 1.65e-03 | 5.60e-04 | 1.80e-04 | 5.60e-05
rNK 1.01 1.34 1.48 1.56 1.64 1.68

Table 2: Errors in the computed solution to (24) on a Shishkin mesh with K = 4[(N/In N)?] subintervals
on the t-axis

Finally we verify that there is 1st order convergence in time by fixing N = 16K so that so that
the temporal error dominates. The results are shown in Table 3 and again verify the theory (22).

6.2 A Bakhvalov mesh
N

In 4 we present the numerical results for Example (24) where w;' is a Bakhvalov mesh constructed
as described in described in §5.2. We take k = 1, 0 = 2.5 and ¢ = 1. As in the previous sections
we take K = N uniform time steps. As predicted in (23) the errors are independent of e. It is
also notable that, compared with Table 1, the Bakhvalov mesh produces a more accurate result.



g2 K=2'| K=2 | K=20 | K=2" | K=28 | N=2° | N=210
1 7.98¢-03 | 4.59¢-03 | 2.50e-03 | 1.31e-03 | 6.69e-04 | 3.38e-04 | 1.70e-04
rNK 0.80 0.88 0.93 0.97 0.98 0.99
1e-02 || 9.01e-03 | 4.61e-03 | 2.33e-03 | 1.17e-03 | 5.89e-04 | 2.95e-04 | 1.47e-04
rNK 0.97 0.98 0.99 1.00 1.00 1.00
le-04 || 9.23e-03 | 4.67e-03 | 2.34e-03 | 1.17e-03 | 5.87e-04 | 2.93e-04 | 1.47e-04
rN.E 0.98 0.99 1.00 1.00 1.00 1.00
1e-06 | 9.23e-03 | 4.66e-03 | 2.34e-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.47e-04
rNK 0.98 0.99 1.00 1.00 1.00 1.00
1e-08 || 9.22e-03 | 4.66e-03 | 2.34e-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.47e-04
rNK 0.98 0.99 1.00 1.00 1.00 1.00
le-10 || 9.22e-03 | 4.66e-03 | 2.34e-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.47e-04
rN.E 0.98 0.99 1.00 1.00 1.00 1.00

Table 3: Errors in the computed solution to (24) on a Shishkin mesh with N = 8K subintervals on the

T-axis
€2 N=2" | N=2° | N=20 | N=2" | N=28 | N=2 | N=210
16 32 64 128 256 512 1024

1 8.08¢-03 | 4.61e-03 | 2.51e-03 | 1.31e-03 | 6.69e-04 | 3.38e-04 | 1.70e-04
rNE 0.81 0.88 0.94 0.97 0.98 0.99
1e-02 || 9.21e-03 | 4.67e-03 | 2.35¢-03 | 1.18¢-03 | 5.90e-04 | 2.95e-04 | 1.48e-04
rNKE 0.98 0.99 1.00 1.00 1.00 1.00
le-04 || 9.37e-03 | 4.70e-03 | 2.35e-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.47e-04
rNK 1.00 1.00 1.00 1.00 1.00 1.00
1e-06 || 9.46e-03 | 4.71e-03 | 2.35¢-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.46e-04
rNKE 1.01 1.00 1.00 1.00 1.00 1.00
1e-08 || 9.47e-03 | 4.71e-03 | 2.35e¢-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.46e-04
rNK 1.01 1.00 1.00 1.00 1.00 1.00
le-10 || 9.47e-03 | 4.71e-03 | 2.35e-03 | 1.17e-03 | 5.86e-04 | 2.93e-04 | 1.46e-04
rNK 1.01 1.00 1.00 1.00 1.00 1.00

Table 4: Errors in the computed solution to (24) on a Bakhvalov mesh with N = K subintervals on each
axis

As with Table 1 the rates of convergence with respect to N are lower than predicted by the
theory. This is because we have set K = N, and since the method is only first-order in time, the
time error dominates. This is particularly obvious if the results are compared with Table 3.

To show that estimate (24) is sharp with respect to N, it is necessary to take K sufficiently
large that the spatial error dominates. Similar to Table 2, it suffices to set K = 4N?2. The results
are presented in Table 5 below, can confirm that the method is indeed second-order in V.

References

[1] V.B. Andreev. On the uniform convergence of a classical difference scheme on an irregular grid
for the one-dimensional singularly perturbed reaction-diffusion equation. Zh. Vychisl. Mat.
Mat. Fiz., 44(3):476-492, 2004.

[2] N. S. Bakhvalov. Towards optimization of methods for solving boundary value problems in the
presence of boundary layers. Zh. Vychisl. Mat. i Mat. Fiz., 9:841-859, 1969. In Russian.

[3] N. Kopteva. Uniform pointwise convergence of difference schemes for convection-diffusion
problems on layer-adapted meshes. Computing, 66(2):179-197, 2001.

10
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1e-08 || 2.09e-03 | 5.87e-04 | 1.56e-04 | 4.07e-05 | 1.04e-05 | 2.63e-06 | 6.62e-07
rNK 1.83 1.91 1.94 1.97 1.98 1.99
le-10 || 2.09¢-03 | 5.88e-04 | 1.56e-04 | 4.08e-05 | 1.04e-05 | 2.63e-06 | 6.63e-07
rNKE 1.83 1.91 1.94 1.97 1.98 1.99
le-12 || 2.09e-03 | 5.88e-04 | 1.56e-04 | 4.08e-05 | 1.04e-05 | 2.63e-06 | 6.63e-07
rNKE 1.83 1.91 1.94 1.97 1.98 1.99
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