A NOTE ON ELEMENT CENTRALIZERS IN FINITE COXETER
GROUPS.

MATJAZ KONVALINKA, GOTZ PFEIFFER, AND CLAAS ROVER

ABSTRACT. The normalizer Ny (W) of a standard parabolic subgroup W of
a finite Coxeter group W splits over the parabolic subgroup with complement
N consisting of certain minimal length coset representatives of W; in W. In
this note we show that (with the exception of a small number of cases arising
from a situation in Coxeter groups of type D,,) the centralizer Cy (w) of an
element w € W is in a similar way a semidirect product of the centralizer of w
in a suitable small parabolic subgroup W; with complement isomorphic to the
normalizer complement N ;.

1. INTRODUCTION

Let W be a finite Coxeter group, generated by a set of simple reflections S with
length function ¢: W — Ny. Each subset J C S generates a so-called standard
parabolic subgroup W; = (J) of W. Conjugates of standard parabolic subgroups
are called parabolic subgroups. These subgroups are themselves Coxeter groups
and therefore play an important role in the structure theory of finite Coxeter
groups. A well-known property of the cosets of a standard parabolic subgroup
W in W is that each coset contains a unique element of minimal length. The
subgroup W hence possesses a distinguished right transversal X;, consisting of
the minimal length coset representatives. Due to a theorem of Howlett [1] and later
work of Brink and Howlett [1], it is known that and how the normalizer Ny (W)
of the parabolic subgroup W is a semidirect product of W; and a subgroup N;
consisting of precisely those minimal length coset representatives x € X; which
leave J as subset of W invariant in the conjugation action of W on its subsets,
ie, Ny={x e X,:J"=J}

In this note we show that most centralizers of elements in W enjoy a similar
semidirect product decomposition. Pfeiffer and Rohrle [3] have shown, based on
Richardson’s [9] characterization of involutions as central longest elements of par-
abolic subgroups of W, that if w € W is an involution then its centralizer in W
coincides with the normalizer of a parabolic subgroup, and as such is a semidirect
product. This note can be regarded as a generalization of the result for involutions
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to all elements of W. Our results effectively reduce questions regarding the con-
jugacy classes of elements in a finite Coxeter group W to the cuspidal conjugacy
classes, that is those conjugacy classes which are disjoint from any proper para-
bolic subgroup of W. Cuspidal conjugacy classes of elements of W play a central
role in the algorithmic approach to the conjugacy classes of finite Coxeter groups
in Chapter 3 of the book by Geck and Pfeiffer [3]. We refer the reader to this book
as a general introduction to the theory of finite Coxeter groups.

We will call certain conjugacy classes of elements of a finite Coxeter group W
non-compliant; see Definition 4.6. Without exception, these are conjugacy classes
of W which nontrivially intersect a parabolic subgroup of type D. Hence, if W
has no parabolic subgroups of type D, part (ii) of the following theorem applies
without exception. We can now formulate our main theorem as follows.

Theorem 1.1. Let W be a finite Cozeter group and let w € W. Let V be the
smallest parabolic subgroup of W that contains w. Then the following hold.

(i) The centralizer Cy(w) = Cy (w)NV is a normal subgroup of the centralizer
Cw (w) with quotient Cy (w)/Cy (w) isomorphic to the normalizer quotient
Nw(V)/V.

(ii) The centralizer Cy (w) splits over Cy(w) with complement isomorphic to
Nw (V)/V wunless w lies in a non-compliant conjugacy class of elements

of W.

The parabolic subgroup V' in the theorem is well-defined as the intersection of
all parabolic subgroups of W that contain w, due to the fact that intersections
of parabolic subgroups are parabolic subgroups, see Theorem 2.3 below. For the
proof of the theorem, we will assume that w has minimal length in its conjugacy
class in W. Then V is the standard parabolic subgroup W; of W, where J =
J(w), the set of generators occurring in a reduced expression for w. The proof of
part (i) is carried out in Section 3. Part (ii) of the theorem is established case by
case in Section 4. The results for the exceptional types of Coxeter groups have
been obtained with the help of computer programs using the GAP [10] package
CHEVIE [2]. These programs are available through the second author’s ZigZag [7]
package. In Section 5, we use Theorem 1.1 to provide a new short proof of a
theorem of Solomon, and then discuss its relation to MacMahon master theorem.

2. PRELIMINARIES.

In this section we recall some results about distinguished coset representatives
and conjugacy classes in a finite Coxeter group W, generated by a set of simple
reflections S and with length function /.

For w € W, we set J(w) = {s1,...,5} C S, if w = s1...5 is a reduced
expression, i.e., if | = f(w). As a consequence of Matsumoto’s theorem, J(w) does
not depend on the choice of a reduced expression for w.
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For w € W, let
Dw)={seS:l(sw)<l(w)}
be its descent set, and let
A(w)={s € S : l(sw)>l(w)} =5\ D(w)
be its ascent set. The set
Xy={weW:JCA(w)}

is a right transversal for W; in W, consisting of the elements of minimal length
in each coset. For each element w € W there are unique elements u € W; and
x € X such that w = u-x. Here the explicit multiplication dot indicates that the
product ux is reduced, i.e., that {(uzx) = ¢(u) + ¢(x). An immediate consequence
is the following lemma.

Lemma 2.1 ([3, Lemma 2.1.14]). Let J C S. Then {(w®) > {(w) for all w € Wy,
x € XJ.

We denote the longest element of W by wy. For J C S, we denote by w; the
longest element of the parabolic subgroup W;.

Lemma 2.2. Let w € W and let J = D(w). Then w = wy - x for some x € X ;.
Proof. This follows from [3, Lemma 1.5.2] and [3, Proposition 2.1.1] O

For J, K C S define X ;5 = X; N X[_{l. Then X ;i is a set of minimal length
double coset representatives of W; and Wy in W.

Theorem 2.3 ([3, Theorem 2.1.12]). Let J, K C S and let x € Xyx. Then
WiNWg =Wy, where L =J" N K.

Theorem 2.4 ([3, Theorem 2.3.3]). Suppose J, K are conjugate subsets of S and
that x € X is such that J* = K. If s € D(x) then x = d -y, where d = wjwy, for
L=JU{s}, andy e Xy.

For the conjugacy classes of W, we are particularly interested in elements of
minimal length. These elements have useful properties, such as the following.

Proposition 2.5 ([3, Corollary 3.1.11]). Let C' be a conjugcay class of W and
let w,w" be elements of minimal length in C. Then J(w') = J(w)® for some

T € XJ(w)’J(w/).

A conjugacy class C of elements of W is called a cuspidal class if CNW; = @
for all proper subsets J of S. Cuspidal classes never fuse in the following sense.

Theorem 2.6 ([3, Theorem 3.2.11]). Let J C S and let w € W be such that the
conjugacy class C'y of w in Wy is cuspidal in W;. Then

Cy=C0nWy,

where C' is the conjugacy class of w in W.



4 MATJAZ KONVALINKA, GOTZ PFEIFFER, AND CLAAS ROVER

If w is of minimal length in its conjugacy class, then it is also of minimal length
in its conjugacy class in the Coxeter group W), which by [3, Proposition 3.2.12]
is a cuspidal class of Wy,

Below, we review some basic facts about Coxeter groups of classical type, that
is of type A, B or D. For a more detailed review of the combinatorics of the
conjugacy classes of finite Coxeter groups of classical type we refer the reader to

the description [6] of the implementation of the character tables of these groups
in GAP.

2.1. Type A. Suppose W is a Coxeter group of type A, 1. Then W is isomor-
phic to the symmetric group &,, on the n points [n] = {1,...,n}, with Coxeter
generators s; = (i,i+1),7=1,...,n—1. The cycle type of a permutation w € W
is the partition of n, which contains a part [ for each [-cycle of w, where fixed
points count as 1-cycles. Since any two elements of w are conjugate in W if and
only if they have the same cycle type, the conjugacy classes of elements of W are
naturally parametrized by the partitions of n.

Here, it will be convenient to write partitions as weakly increasing sequences.
Given a partition A\ = (Aq,..., ;) of n (that is a sequence of positive integers
A < oo < A\ with Aj + -+ X\ = n), there is a corresponding parabolic subgroup
W; = 6,, x --- x G,, containing an element w with cycle type A. A particular
element of minimal length in this conjugacy class is the product wy of ¢ disjoint
cycles consisting of \; successive points, for ¢ = 1,...,¢. For example, a minimal
length representative of the conjugacy class of elements with cycle structure 1124
in 68 is W1124 = (1)(2)(3, 4) (5, 6, 7, 8) = (3, 4)(5, 6, 7, 8)

Note that w) is a Coxeter element of W, the product

(2.1) wy = H S

si€J

(in decreasing order) of all s; € J. For example, J(wii24) = {83, S5, S¢, S7}, and
W1124 = S7565553.

2.2. Type B. Suppose W is a Coxeter group of type B,,. Then W is isomorphic to
the group of permutations on {—n,...,—1,0,1,...,n} satisfying w(—i) = —w(i).
Alternatively, we can represent this group as the group of signed permutations,
i.e. maps from [n]| to [n] U —[n]. Instead of (iy,i,...,0k)(—i1, —i2,...,—ix), We
write (i, 12, ...,4x) (positive cycles), and instead of (iyiy. .., i, —i1, —i2, ..., —ig),
we write (i1,42,...,1;)" (negative cycles). The Coxeter generators are t; = (1)~
and s; = (i,1+1),i=1,...,n—1. We also set t; = (i), for i > 1. The cycle type
of a permutation w € W is a double partition A = (A", A7) with |A\T| + |\7| = n,
so that A" contains a part [ for each positive [-cycle of w, and A\~ contains a part
[ for each negative [-cycle of w. Since any two elements of w are conjugate in W
if and only if they have the same cycle type, the conjugacy classes of elements
of W are naturally parametrized by the double partitions of n. Given a double
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partition (AT, A7) of n, AT = (A, ..., \), A~ = (\[,...,\;), the corresponding
parabolic subgroup W) is of the form W(Bjx-|) x &,+ x -+ x &,+. According
to the description [3, 3.4.2] of conjugacy classes of W, there is a minimal length
representative w, of the corresponding conjugacy class of the following form. The
negative cycles contain 1,...,|A7|, and the positive cycles contain [A\7|+1,...,n;
furthermore, each cycle contains only consecutive numbers in increasing order. For
example, a minimal length representative of the conjugacy class corresponding to

A= (112,23) is wy = (1,2)7(3,4,5)(6)(7)(8,9).

2.3. Type D. Suppose W is a Coxeter group of type D,,. Then W is isomorphic to
the group of permutations on {—n,...,—1,0,1,...,n} satisfying w(—i) = —w(7)
and with an even number of i > 0 satisfying w(i) < 0. Alternatively, we can
represent this group as the group of signed permutations with an even number of ¢
mapping to —[n]. These are precisely the signed permutations with an even number
of negative cycles. The Coxeter generators are u = (1,—2) and s; = (4,7 + 1),
1 =1,...,n— 1. The cycle type of a permutation w € W is a double partition
(AT, A7) with [AT|4+|A7| = n, so that AT contains a part [ for each positive I-cycle
of w, and A\~ contains a part [ for each negative [-cycle of w. If two elements of
W are conjugate, they have the same cycle type. If they have the same cycle type
(AT,A7) and |A7| > 0 or AT contains an odd part, they are conjugate. If they have
the same cycle type (AT, @), where AT contains only even parts, they are conjugate
if and only if the number of negative numbers in their cycle decomposition has the
same parity.

We call a partition even if it consists of even parts only. The conjugacy classes of
elements of W are naturally parametrized by double partitions of n, where A~ has
an even number of parts, with two classes when A~ = @ and A" is even. Given a
double partition (A*, A7) of n, AT = (A, ..., A7), A= = (A],...,)\;), s even, the
corresponding parabolic subgroup W is of the form W (Djy-|) x 6)\1+ X e X 6/\?.
Furthermore, there is a minimal length representative w, of the corresponding

conjugacy class of the following form. The negative cycles contain 1,...,|A"|, the
positive cycles contain [A7| + 1,...,n, and each cycle contains only consecutive
numbers in increasing order. If A= = & and AT has only even parts, then there is

an extra representative w) with the first positive cycle starting with —1 instead of
1. For example, for A = (112,23), we have wy = (1,2)7(3,4,5)7(6)(7)(8,9), and
for (224, @), we have wy = (1,2)(3,4)(5,6,7,8) and w) = (—1,2)(3,4)(5,6,7,8).

3. CENTRALIZERS.

In this section we prove a general theorem about the structure of element cen-
tralizers in finite Coxeter groups. It is shown to be a consequence of Theorem 2.6,
which in the book [3] has been established by a careful case-by-case analysis. With-
out loss of generality, we may assume that w € W is an element of minimal length
in its conjugacy class in W.
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Theorem 3.1. Suppose w € W has minimal length in its conjugacy class in W
and let J = J(w). Then Cw(w)W; = Ny (Wj).

Clearly, part (i) of Theorem 1.1 follows from this result.

Proof. Denote by C' the conjugacy class of w in W and by C) its conjugacy class
in W, which is cuspidal in W;. By Theorem 2.6, C'; = C' N W}, which implies
that for every x € Ny (W) there exists an element u € W; with w* = w". So
ru~t € Oy (w), i.e. © € Cy(w)Wy, and hence Ny (W) C Cy(w)Wy.

Now it only remains to show that Cy (w) C Ny (W;). Let y € Cy(w) and
write it as y = uav~! for u,v € W; and a double coset representative x € X .
From w € C; N CY it then follows that w* € C; N CY C W; N W7 = Wyn=, by
Theorem 2.3, and since C'; is a cuspidal class in W;, we must have J N J* = J,
whence x € Ny C Ny (Wy) and thus y = uzv=! € Ny (W;). O

The following additional results are of independent interest and will be used in
the proof of Theorem 5.1 below.

Proposition 3.2. Suppose w € W has minimal length in its conjugacy class in
W and let J = J(w). Then the following hold.

(i) The conjugacy class of w in W is a disjoint union of conjugates of the
conjugacy class of w in Wj.
(ii) If a € Cw(w) and x € X; are such that Cy,(w)a C Wz, then x € Ny.
(iii) If x € X, is such that ((w”) = l(w), then J(w*) = J.
(iv) If v € W is such that ((w") = l(w), then J(w®) = J*, where v = u - x
with uw € Wy and x € X .

Proof. (i) and (ii) follow from the proof of Theorem 3.1.

(iii) Let K = J(w®). By Proposition 2.5, there exists an element y € Xk,
such that K¥ = J. Hence w™ € W, and ¢(w™) = {(w”) = f(w) and (since
CNW;=Cy) w® = w" for some u € W;. Moreover, Xy = yX;. Hence vty
centralizes w", and if we write u™'zy = a - 2 for a € W; and z € X then, by (ii),
z € Nj. It follows that zy~! € Xk is the unique minimal length representative
of the coset Wz, hence x = zy~! and J* = J(w®).

(iv) We have w¥ = (w")”. Conjugation with = does not decrease the length
(Lemma 2.1), so f(w) = £(w") > {(w") and therefore {(w") = ¢(w). By (iii), with
w replaced by w", we have J(w") = J(w")*, and J(w") = J(w), which finishes the
proof. O

4. COMPLEMENTS.

In this section we prove part (ii) of Theorem 1.1 for each type of irreducible
finite Coxeter group, case by case. We start with the general observation that part
(ii) of the theorem is straightforward in the following situations.
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Lemma 4.1. Let w € W be an element of minimal length in its conjugacy class
in W, and let J = J(w). If w is cuspidal in W or if Cy,(w) = Wy then Ny is a
complement of Cy,(w) in Cy (w).

Proof. If w is cuspidal then W; = W and both quotients Ny (W,)/W, and
Cw(w)/Cw,(w) are trivial.
If Cw,(w) = Wy then w = w; and Cy (w) = Nw (W) [8, Proposition 2.2]. [

Our general strategy in search of a centralizer complement for w will be to
identify a complement M of W} in its normalizer that centralizes w. More precisely,
we have the following consequence of Theorem 3.1.

Proposition 4.2. Let w € W be of minimal length in its conjugacy class, let
J = J(w) and suppose that the normalizer complement N is generated by elements
X1, X, Let uy, ... u. € Wy be such that w;x; € Cy(w), i =1,...,r, and set
M = (wzy,...,u.z,.). Then M is a complement of Cy,(w) in Cw(w) provided

Proof. Clearly, W;M = W;N; = Ny (W;). From M NW; = 1 it then follows that
M is a complement of W in its normalizer. Moreover, M is a subgroup of Cy (w)
since each of its generators centralizes w. From Theorem 3.1 it then follows that
M is a complement of Cyy, (w) in Cy (w). O

4.1. Type A. Let A = (1%1,2%2 ... n%) be a partition of n, let wy be as in (2.1)
and let J = J(w,). Then W; is a direct product

W; =61 x632x - x G
of symmetric groups, and its normalizer

Nw(WJ):6126a1XGQZGQQX"'XGnZGan

is a direct product of wreath products of symmetric with symmetric groups. In a
similar way, the centralizer

C’W(w,\):C’126a1XCQZGGQX---XC'”ZG%

is a direct product of wreath products of cyclic with symmetric groups, and the
centralizer

CWJ(UJ,\) = Cfl X CSQ X -+ X CZ”.

is a direct product of cyclic groups. Clearly, the quotients Ny, (W;)/W, and
Cw (wy)/Cw, (wy) are both isomorphic to &,, X G,, X - -+ x &,, . In order to show
that the particular normalizer complement N is also a complement of Cyy,(w))
in Cy (wy), we introduce some notation. Let us define as

(4.1) s(0,m) = (Sor1S042** Sotom-1)" =(0+ 1,04+ 2,...,0+2m)"
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the permutation that swaps, after an offset o, two adjacent blocks of m points {o+
1,...,0+m}and {o+m+1,...,0+2m}. For example, s(2,3) = (s354555657)> =
(3,4,5,6,7,8)% = (3,6)(4,7)(5,8). And s; = s(i — 1,1). Then

Njy=G6, X G X -+ X G,

is a direct product of symmetric groups &,,,, with Coxeter generators s(o,,, m),
s(om+m,m), ..., s(om~+(a,—2)m,m), and offsets

(4.2) Om = a1+ 2a3+ -+ (m— 1)ay,_1,
for those m € {1,...,n} with a,, > 0.

Proposition 4.3. Let A be a partition of n, let wy be the permutation with cycle
structure A from (2.1) and let J = J(w),) be the corresponding subset of S. Then
Ny is a complement of Cy,(wy) in Cy (w)).

Proof. 1t suffices to consider the case A = (m?) since all of W, Ny (W), Cyw (w,),
Cw,(wy), and N, are subgroups of the direct product

61111 X 62(12 X X 6nan

inside G,, and one can argue componentwise.
If A\ = (m?), then N; is isomorphic to &,, with a — 1 Coxeter generators s(o, m),
s(m,m), ..., s((a—2)m,m), permuting the blocks of m points

{1,...,m}, {m+1,....2m}, ..., {(a—1)m~+1,... am}.
Clearly
wy=(1,...,m)(m+1,...,2m)--- ((a—1)m+1,... ,am)
is centralized by N;. The claim now follows from Theorem 3.1. OJ

4.2. Type B. Let A\ be a double partition of n with \™ = (191,292 ... n%) and
A" = (18,2% .. nb). let wy be as in Section 2.2, and let J = J(w,) be the
corresponding subset of S. Then W) is a direct product

Wy =W(Bj-|) x 61" x 65> x --- x &
and its normalizer
Nw (W) = W(BI/\*\) X G UIW(B,,) X Gt W(By,) X -+ X G, W (B,,)

is a direct product of W(B\-|) with wreath products of symmetric groups and
Coxeter groups of type B. In a similar way, the centralizer

Cw(w)\) = Ow(B|>\7‘)<w)\) X Cl l W(Bal) X 02 l W(BQQ) X e X Cn ! W(Ban)
is a direct product of Cyy( B|A_|)(wA) and wreath products, and the centralizer

CWJ(IU)\) = OW(B|/\7\)<w>\> X Ofl X C;Q X -0 X Og"
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is a direct product of CW(B|r|)(w>\) and cyclic groups. Clearly, the quotients
Ny (W;)/W; and Cw (wy)/Cw,(wy) are both isomorphic to W (B,,) x W(B,,) X
-+ X W(B,,). In order to show that a variant of the particular normalizer com-
plement N; is a complement of Cy,(wy) in Cw(wy), we introduce some more
notation.

Denote by r(o,m) the permutation defined by

( ) 20+m+1—z, ifo+l1<z<o+m,
x.r(o,m) = .
x, otherwise.

In this way, 7(o,m) = (0 + 1,0 + m)(0+2,0+m—1)--- reverses the range {o +

1,...,0+m} and thus is the longest element of the symmetric group Sioti,....oem}

with Coxeter generators Syi1, ..., Sorm_1. For example, r(2,5) = (3,7)(4,6).
Moreover, denote

t(o,m) = (o+1) (042)" -+~ (o+m)",

which acts as —1 on the points {041,042, ...,04+m} and as identity everywhere
else.

If AT = (m*) and A~ = &, then W, is a direct product of a copies of &,, and
Ny is isomorphic to W (B,), with Coxeter generators

r(0,m) t(0,m) and s(0,m), s(m,m), ..., s((a—2)m,m).
In general, if A* = (1,22, ... n%), then W} is a direct product of W (B,-|) and
direct products of isomorphic symmetric groups &,, and N is a direct product of
groups W (B,,,), with Coxeter generators
7(0m, M) t(0m, m) and s(0pm, m), s(0m +m,m), ..., s(0n + (am—2)m, m)

and offsets
(4.3) Om = |A7| + a1+ 2a2 + -+ + (M — 1)an_1,

for those m € {1,...,n} with a, > 0. Unfortunately, this group N, usually
does not centralize wy. However, if we define a group N, as the subgroup of W
generated by the same elements as N, with ¢(o0,,, m) in place of r(0,,, m) t(0,,, m),
then N, is a centralizing complement.

Proposition 4.4. Let \ be a double partition of n, let wy be as in Section 2.2,
and let J = J(w,) be the corresponding subset of S. Then

Ny = (t(om,m), s(om+km,m) | k=0,...;an—2, m=1,...,n, ap > 0)
is a complement of Cy,(wy) in Cy (wy).

Proof. Clearly, N, centralizes w) since its generators t(om,, m) and s(o,+km,m)
do. The statement now follows with Proposition 4.2 from the fact that N, is a
complement of W in its normalizer in W. ([l
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4.3. Type D. The case of Coxeter groups of type D,, is best dealt with by com-
paring it to the situation in type B,. Throughout this section, we assume n > 4,
denote by W the Coxeter group of type B,, and by W the Coxeter group of type
D,, consisting of the signed permutations with an even number of negative cycles,
as described in Section 2.3.

The following properties are easy to establish and we leave their proofs to the
reader.

Lemma 4.5. Let w € W be an element of cycle type X = (AT, \7) such that A\~
has an even number of parts and that w has minimal length in its conjugacy class
in W. Also let J = J(w). Then the following hold.

(1) w has minimal length in its class in WT.

(il) If \™ = @ and X\ is even then Cy+(w) = Cy (w), otherwise Cy+(w) has
indezx 2 in Cy(w).

(iii) If J* = ST N W, then W3, is the smallest parabolic subgroup of W
containing w.

(iv) If A\~ = & then J© = J, otherwise W}, = W;NW™ is a subgroup of index
2 1in WJ

(v) CW;r+ (w) = Cw,(w) N WT is a subgroup of index 2 in Cy,(w) unless
AT =0

(vi) If AT is not even and A\~ = & then Nj. = NyNW is a subgroup of index
2 in Ny, otherwise Ny = N7,.

The parabolic subgroup Wj; is of the form Djy-| x 6/\1’ NEREI 6/\?, where D,,
is the subgroup of W+ generated by {u, s1,...,8m_1}, form=2,... ,n.

Definition 4.6. We call a double partition A = (A, A7) a non-compliant double
partition if AT consists of a single odd part m and A\~ is a nonempty even partition
of even length.

We call a conjugacy class C' of W a non-compliant class, if, for some odd n > 4,
there is a non-compliant double partition A of n and a parabolic subgroup W), of
W which has an irreducible component Wy of type D,,, such that C' contains an
element of W), whose projection on Wi has cycle type A.

For example, the elements of W = W (Ds) with cycle type (1,22) form a non-
compliant class. For another example, the elements of W = W (D7) of cycle type
(21,22) form a non-compliant class, as some of them lie in a parabolic subgroup
Wy of type D5 x Ap, with Ds-part of cycle type (1,22).

Lemma 4.7. An element w € W(D,,) of cycle type X = (A\*, A7) lies in a non-
compliant class if and only if \* is not even and N\~ is nonempty and even.

The next result shows that, in a Coxeter group W of type D, the centralizer
Cw+(w) splits over C’Wj(w), unless the class of w € W is non-compliant. Here,

we write JT(w) C ST for the set of generators occurring in a reduced expression
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of w when considered as an element of W™, in order to distinguish it from the set
J(w) C S of generators in a reduced expression of w € W.

Proposition 4.8. Let A = (AT, A7) be a double partition of n be such that ((A\™)
is even. Let wy and Ny be as in Proposition 4.4 and let J© = J"(w)) be the
corresponding subset of ST. Then the following hold.

(i) If \* is even then Ny is a complement of Cyy+, (wy) in Cy+(wy).
J

(i) If AT is not even and A\~ = @ then Ny N W is a subgroup of index 2 in
Ny and a complement of C’W++ (wy) in Cy+(wy).
J

(iti) If At = (1%,... ,n*) and A\~ = (A],...,\;) is not even then there is an

index j < s such that k = Ay + -+ + A is odd, and the subgroup
Ny = (t(0,k)" t(om,m), s(opm+im,m) | i=0,...,a4,—2, m=1,...,n, ay > 0)
is a complement of C’W; (wy) in Cy+(wy).
Note that ¢(0,k)™ = 1 if m is even and ¢(0, k)™ = ¢(0, k) if m is odd.

Proof. Let J = J(w,) be the subset of S corresponding to A. In all three cases
it suffices to find a complement N* of W in its normalizer in W that centralizes
wy such that [N*NW*| = |N7.|. For then N*NWj, = 1 and Ny+(W},) C
Nw(W,) = W;N* imply that N* N W is a complement of W}, in its normalizer
in W7 that centralizes wy, and the claim follows with Proposition 4.2.

(i) If At is even then N is contained in W' and N* = N, will do.

(ii) If A= = @ and A% is not even then J* = J but N+ is subgroup of index 2
in Ny and N* = Ny, N W™ will do.

(iii) If A~ is not even then Ny is a complement of W} in its normalizer in W
that is contained in W7 and centralizes wy, whence N* = N, will do. O

4.4. Type I. Suppose W is a Coxeter group of type Iz(m). Then W is the group
generated by generators s; and sy satisfying (s189)™ = (s281)™. Each element of
W is either cuspidal or an involution. Hence the theorem for this type follows from
Lemma 4.1.

4.5. Exceptional Types. Although in type A each conjugacy class contains an
element w such that the normalizer complement N; is also a centralizer com-
plement, this cannot be expected in general to be the case. However, from the
preceding examples one sees that it is frequently possible to construct from N;
an isomorphic copy Nj which is a centralizer complement. In each of the above
examples, N7 is obtained from N; by replacing generators z; of N; by products
wr,x; for suitable subsets L C J.

Based on this observation, we formulate an algorithm, which in practice always
finds a centralizer complement, except for elements of non-compliant classes.
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Algorithm CentralizerComplement.

Input: A finite Coxeter group W and an element w of minimal length in its
conjugacy class in W.

Output: a centralizer complement for w, or fail if none exists.

1. set J « J(w).
2. find involutions 1y, ..., z, generating the normalizer complement N.
3. for each element v of minimal length in the Wj;-conjugacy class of w do
the following:
e let u € W; be such that v" = w;
e foreachi:=1,...,r, set

}/i . {{371}, if v%i = v,

{wrx; : L C J, z}* = x;, vt = 0"}, otherwise.

e if there are elements y; € Y;, i =1,...,r, such that M = (y1,...,y,)
satisfies M N W; = 1 then return M*".
4. return fail (if we ever get here).

Note that, by Proposition 4.2, any group M found in this way is necessarily a
complement of the centralizer of w in W).

For W irreducible of exceptional type, the algorithm produces a centralizer
complement in all but seven cases. Each case corresponds to a non-compliant
class from the following table. In this table we list, for each non-compliant class
C of W, its position ¢ in CHEVIE’s list of conjugacy classes of W, its name, a
reduced expression for a representative w of minimal length, the set J(w), a set
M O J(w), the type of W), exhibiting a direct factor of type Dy;41, and the label
A of the conjugacy class of W (Dg 1) containing the projection of w.

W name weC J(w) M type A
E6 7 D4((Il) 342345 2345 12345 D5 (1, 22)
Er 9 Dula1)  amsies 2345 12345 D;  (1,22)
42 Dy(ar) + Ay aosaszr 23457 123457 D5 x A, (1,22)
Eg 16 4(@1) 242345 2345 12345 D5 (1, 22)
44 Dglay)  sumsaser 234567 2345678  D;  (1,42)
53 D4(CL1> + A2 34234578 234578 1234578 D5 X Ag (17 22)
73 D4(6L1) + Al 3542348 23458 123458 D5 X Al (1, 22)

In the next section we show that in all of these cases, and indeed whenever w
lies in a non-compliant class, no complement exists.

4.6. Non-compliance. The class of W(D;) with label A = (1,22) contains the
element

Wy = t518951t515283 = (ts1t)S2(ts11)S15983 = US2US1S2S3,
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which lies in the parabolic subgroup W of type D,. Its centralizer Cy,(w) in
W (D,) has order 16 and its centralizer Cy (w) in W(D;) has order 32. However,
Cw,(w) has no complement in Cy (w), since the coset Cy (w) \ Cw, (w) contains
no element of order 2 (as a straightforward computation in GAP will confirm).

The next result shows that this is indeed always the case, when the cycle type
of w € W(D,) is a non-compliant double partition of n.

Proposition 4.9. Suppose that W s of type D,, and let w € W be an element
of minimal length in its conjugacy class with J(w) = J. If the cycle type of
w € W is a non-compliant double partition of n then the centralizer Cy,(w) has
no complement in Cy (w).

Proof. Recall that elements of W (B,) can be represented as signed permutation
matrices, i.e., matrices with exactly one non-zero entry 1 or —1 in each row and
column. Such an element lies in W(D,,) if and only if its matrix has an even number
of entries —1, and it is an involution if and only if the matrix is symmetric.

Now suppose that n = m + k is odd and that w € W = W(D,,) is an element
of minimal length in a conjugacy class with cycle type A = (AT, A7) where the
partition A" consists of a single odd part m and A~ is a nontrivial partition of
an even number k, consisting of an even number of even parts. Then W for
J = J(w) has type Dy x A,,_1 and, by the description of N; in Section 4.2 and
Lemma 4.5(vi), its normalizer Ny (W) has a complement of order 2 (and of type
By), generated by the quotient w jwy.

We may assume that J = S\ {sgi1}, so that, as signed permutation on the
set {1,...,n}, the element w induces an even number of negative cycles on the
k points {1,...,k} and a positive m-cycle on the m points {k + 1,...,n}. The
centralizer Cy (w) cannot move points from outside the m-cycle into the m-cycle
and thus consists of block diagonal matrices

: A 0

diag(A, B) = [ 0 B } ,

of a k x k matrix A and an m X m-matrix B, which modulo 2 have the same

number of entries —1 since Cy (w) is a subgroup of W (D,,). Moreover, for each

element diag(A, B) in Cy (w) the number of entries —1 on the diagonal of A, is

even, since with every point in {1, ..., k} being mapped to its negative, the entire
cycle which contains it must be negated.

The centralizer of w in W) consists precisely of those elements diag(A, B) €
Cw (w) which have an even number of entries —1 in both A and B, since A is the
matrix of an element in W (Dy).

Let u be an involution in Cy (w). Then its matrix diag(A, B) is symmetric, and
an even number of entries —1 on the diagonal of A implies that both A and B
have an even number of entries —1 and thus u € Cy, (w).

It follows that Cyy,(w) has no complement in Cy (w). O
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More generally, if w lies in a non-compliant class of a finite Coxeter group W,
then its centralizer has no complement.

Theorem 4.10. Let W be a finite Coxeter group. Suppose w is an element of
minimal length in a non-compliant conjugacy class of W with J(w) = J. Then
the centralizer Cy,(w) has no complement in Cy (w).

Proof. Suppose first that W is a direct product W; x W5 of nontrivial standard
parabolic subgroups W7 and W5, that w = wyws with w; € Wi and we € W5, and
that w, lies in a non-compliant class of W;. Then W; = W, x W, for certain
subsets J; C WiNSand J, CW>NS. If Cw,, (wy) has no complement in Cyy, (w)
then Cy, (w) cannot have a complement in Cy (w) = Cw, (wy) x C(ws).

Next, suppose that w € Wy, for some L C S and that w lies in a non-compliant
class of Wy. Suppose N is a complement of Cy,(w) in Cy (w), that is Cy (w) =
Cw,(w) x N. Then the centralizer of w in W,

CWL(U}) = Cw(w) N WL = (C’WJ(w) X N) N WL = C’WJ(w) X (N N WL),

in contradiction to our assumption that w lies in a non-compliant class.
The theorem now follows from Definition 4.6 and Proposition 4.9. 0

5. APPLICATIONS.

In this section we first use Theorem 1.1 to prove a result about minimal length
representatives of conjugacy classes. Then we show how it implies the celebrated
Solomon’s character formula. Finally, we discuss the interpretation of Solomon’s
theorem as a Coxeter group analogue of MacMahon master theorem.

Theorem 5.1. Assume w has minimal length in its conjugacy class in W. Then
the following hold for any v € W:

(i) J(w¥) =D(v™!) <= v= W(w);

(ii) J(w') = A(v™!) <= v =w u)wo.

Proof. Let L = D(v™'). Then v™! = wy -z for some z € X, by Lemma 2.2.
Clearly ¢((w")"r) = ¢(w"), since J(w") = L. By Lemma 2.1, conjugation by the
coset representative x does not decrease the length, hence f(w") = £((w")"r) <
((w¥)"r*) = {(w) and it follows that w? has minimal length in its conjugacy
class as well. By Proposition 2.5, L = J(w") and J(w) are conjugate subsets
of S. Proposition 3.2 (iv) says more precisely that z is a conjugating element, i.e.,
L* = J(w).

Assume that ¢(x) > 0 and let s € D(z). Then s ¢ L, since z € Xp; denote
L U{s} by M. By Theorem 2.4, = is a reduced product x = d - y with y € Xy,
and d = wpwy,, the longest coset representative of Wy in W)y,. It follows that
v =wp -2 = wy -y, whence M C D(v™!) = L C M. The contradiction shows
that x = 1, and therefore v = wy, and L = J(w).
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(ii) Note that J(w") = J(w)*°, D(z*°) = D(x)"°, and A(z) = D(zwy) for all
x € W, whence D(z)"° = A(woz). Therefore, it follows from (i) that
J(w™) = J(w?)™ = D)™ = A((wwn) ™) < @ = wy,
as desired, for v = zwy. O

The following formula, first proved by Solomon [11] in 1966, is an easy conse-
quence of the previous result.

Theorem 5.2 (Solomon’s theorem). For J C S, let m; denote the permutation
character of the action of W on the cosets of Wy defined by m;(w) = ‘FiXW/WJ (w)],
and let € be the sign character of W, defined by e(w) = (—1)*™) forw € W. Then

Z<—1)|J‘7TJ =e.

JCS

Proof. The formula follows if we can show that ZJQS(—1)|J|7TJ<'IU) = ¢(w) for all
w € W. We have Wyzw = Wiz <~ zwz~! € Wy, so

S =Y Y =Y Y

JCS JCS z€X €W J(zwz—1)CJCA(z)
zwz~teW;

where we reversed the order of summation and used the facts that v € X; <=
J C A(z) and zwz™ € W; <= J(zwz~') C J. The Binomial Theorem implies
that

A : .
Z (—1)|J| — (_1)\A| Z (_1>|]‘ _ {(—1)| | A= Ba
ACIED ICB\A 0 otherwise.

But then

SVm@ = 3 (Al

JCS zeW
J(zwz~1)=A(x)

Since Y ;c(—1)lm; is a class function, it is enough to choose w with minimal
length in its conjugacy class. By Theorem 5.1(ii), this sum then consists only of
the one term for 7! = W y(w)Wo, and we have

> (D) (w) = (~py el

JCS
But [A(wowsw))| = |D(wsw)™| = |P(wsw))| = |J(w)| and then the claim
follows from the fact that (—1)/( = (=1)4®) [3, Exercise 3.17]. O

Finally, let us explain how to interpret Solomon’s theorem as a generalization
of a special case of the celebrated MacMahon master theorem.
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MacMahon’s master theorem states that for a matrix X = (x;;)nxn, the func-
tions

(51) :
' det(I — X)
and
Z Lyywy Logws *° * Logmwm s
where w runs over all words in {1,2,...,n} and v is the weakly increasing re-

arrangement of w, are equal. In particular, for any permutation w € S, the
coefficient of 14, ** + T, in (5.1) is equal to 1. We have

1 1 1
det(I = X) > ycp(=DMdet Xp 1 =37, (=Dt det X;

—Z< > =y 1detX1) =Y ) (=)t et X - det X,

k>0 @#IC[n] k>0

where the last sum runs over all k-tuples (I3, ..., Ix) of non-empty subsets of [n].
Since we are interested in the coefficient of 14, - -+ Ty, (in which all indices are
represented, and each index is represented only twice, once as a first index and
once as a second index), we can limit the sum to ordered set partitions (I1,. .., Ij)
of the set [n]. Note that we have (—1)l=t+lkl=1 — (_1)n=k

Choose a composition A - n. By Merris-Watkins formula [5] (and not hard to
prove independently), the coefficient of x1,, -+ Ty, in

> det X, -+ det Xy,

where the sum runs over all ordered set partitions (Iy,. .., I;) of [n] with |I;| = A,
for all j, is equal to (—1)“®)x;, where .J is the subset of S that corresponds to the
composition A. This means that

> (= I, =1,

where the sum runs over all subsets J of S. This is obviously equivalent to
Solomon’s theorem.
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