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ABSTRACT. In recent papers we have refined a conjecture of Lehrer and Solomon ex-
pressing the character of the representation of a finite Coxeter group W on the pth
graded piece of its Orlik-Solomon algebra as a sum of characters induced from linear
characters of centralizers of elements of W. Our refined conjecture relates the character
of W on the pth graded piece of its Orlik-Solomon algebra with the descent algebra
of W. A consequence of our conjecture is that both the regular character of W and the
character of W acting on its Orlik-Solomon algebra have parallel, graded decompositions
as sums of characters induced from linear characters of centralizers of elements of W,
one for each conjugacy class of elements of W.

The refined conjectures have been proved for symmetric and dihedral groups. In
this paper we develop algorithmic tools to prove the conjectures computationally for
a given W and we use these tools to verify the claim for all finite Coxeter groups of
rank three and four. The techniques developed and implemented in this paper provide
previously unknown decompositions of the regular characters and the Orlik-Solomon
characters of the Coxeter groups of types Bs, Hsz, B4, D4, F;, and H, as sums of
induced representations indexed by the set of conjugacy classes of W.

1. INTRODUCTION

Let W be a finite Coxeter group and let V' be a finite dimensional, complex vector space
affording a faithful representation of W such that each element in a Coxeter generating
set S of W acts on V as a reflection. Let M be the complement in V' of the union of
the fixed-point hyperplanes of the reflections in W. Then M is a W-stable, open subset
of V and the action of W on M determines a representation of W on HP(M), the p
singular cohomology group of M. Let w}, denote the character of the representation of
W on HP(M) and let wy = > - wy, denote the character of the representation of W
on the cohomology ring H*(M) = @D,>0 HP(M). The character wy has been computed
by Lehrer and others [2], [L1]. -

Lehrer and Solomon [10] conjectured that w}, is a sum of characters induced from linear
characters of centralizers of elements of . Conjecture 2.1 in [%] is a more precise version
of the Lehrer-Solomon conjecture that in addition to describing w}, as a sum of induced
characters, also relates the decomposition wy = szo wyy, to a decomposition of the reg-
ular character py of W arising from the complete set of primitive orthogonal idempotents
of the descent algebra of W found by Bergeron, Bergeron, Howlett, and Taylor in [1].
The main result in [3] is a proof of Conjecture 2.1 for symmetric groups.

In [10] an inductive approach that would lead to a proof of Conjecture 2.1 in [8] was

developed. The inductive approach parses Conjecture 2.1 into components known as
1
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Conjectures B and C, which we now describe. If n = |S|, then H"(M) is the highest
degree non-vanishing cohomology group. For a subset L of S we denote the parabolic
subgroup (L) of W by Wp. A conjugacy class C in W is said to be cuspidal it COW,, = ()
for every proper subset L of S. Conjecture B describes the character wij, of W as a
sum of characters induced from centralizers of cuspidal conjugacy classes. Furthermore,
Conjecture B also relates wyj, to an appropriate summand in the decomposition of the
regular character above, namely the character whose degree is the cardinality of the set
of cuspidal elements in W.

Conjecture C is a relative version of Conjecture B for the pair (W, W), where the para-
bolic subgroup W, is fixed and the overgroup W varies. It mirrors Conjecture B for the
group Wi, but in place of the character wyy, it has an extension of wy, to the normalizer
of W in W, and in place of the characters of centralizers of cuspidal elements in Wy,
are the centralizers of the same elements in W. It is shown in [10] that if the parabolic
subgroups W, satisfy Conjecture C for all L C S, then Conjecture 2.1 holds for W. Fi-
nally, as an application of the method, both conjectures were proved for dihedral groups
in [10].

In this paper, we develop algorithms to prove Conjecture B in [10] and consequently Con-
jecture 2.1 in [8] for a given finite Coxeter group. We have implemented these algorithms
using the GAP programming system [20] with the CHEVIE [12] and ZigZag [ 8] packages.
We present the results of our computations for W of type Bs, Hs, By, D4, Fy, and Hy,
thus verifying the conjectures for all irreducible Coxeter groups of rank three or four. As
a consequence of our computations, we can state Conjecture 2.1 of [3] for groups of rank
at most four as the following theorem.

Theorem 1.1. Suppose that W is a finite Coxeter group with rank at most four and that
R is a set of conjugacy class representatives of W. Then for each w € R there exists a
linear character ¢, of Cw(w) such that if pw is the reqular character of W, € is the sign
character of W, and o, is the composition of det with restriction to the 1-eigenspace of
w, then

pw = Z Indng(w) Y and wy =€ Z Indg/w(w) (wPw)-
weR wWER
Moreover, if Ry is the set of w in R such that the codimension in V' of the 1-eigenspace
of w is p, then
wh, =€ Z Indgy, () (Qwpw)-

wERyp

Our current methods are sufficient to treat somewhat larger groups, but are computation-
ally too expensive to be able to handle the largest exceptional Coxeter groups. In future
work we hope to develop additional computational techniques to be able to efficiently
verify the conjectures for groups with rank up to eight.

The rest of this paper is organized as follows. In §2 we review the constructions from
[8] and [10] and show how our computations lead to a proof of Theorem 1.1. In §3 we
describe the algorithms we have used and their implementation in GAP. Finally, in §4
we present the results of our computations for rank three and four Coxeter groups. In
the appendix we give a table listing all so-called bulky parabolic subgroups of all finite
irreducible Coxeter groups.
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2. PRELIMINARIES

2.1. Coxeter Groups and the Orlik-Solomon Algebra. In this subsection we briefly
review the constructions in [3] and [10], state in Theorem 2.3 the main result verified by
our computations, and show how Theorem 2.3 leads to a proof of Theorem 1.1.

Recall that an element of W is called cuspidal if none of its conjugates lies in a proper
parabolic subgroup of W. A conjugacy class is called cuspidal if its elements are all
cuspidal. It follows from the fact that the proper parabolic subgroups of W arise as
pointwise stabilizers of proper subspaces of V' that an element is cuspidal if and only if
its 1-eigenspace has codimension |S| in V. It is shown in [I3] that up to the natural
action of W, the conjugacy classes in W are parameterized by pairs (W,C;), where W
is a parabolic subgroup of W and C; is a cuspidal conjugacy class in Wj.

Let T = {w™'sw | s € S, w € W} be the set of reflections in W. For ¢ in T let H,
be the hyperplane in V fixed by ¢. Let E be a C-vector space with basis {e; | t € T }.
The Orlik-Solomon algebra A(W) is the quotient of the exterior algebra of F by the ideal
generated by elements of the form
(2.1) D (—Dieyen, e er,

i=1
for every set { Hy,, Hy,, . .., Hy, } of linearly dependent hyperplanes. The group W acts on
the exterior algebra by se; = ey for s € S and t € T'. The ideal generated by elements of
the form (2.1) is homogeneous and W-stable, and so A(W) = €P,., AP(M) is a graded,
skew-commutative C-algebra on which W acts as algebra automorphisms. We denote the
image of the generator e; in A(W) by a.

It is known that A(TV) is isomorphic to the cohomology ring H*(M) as graded W-algebras
(see [17, Chapter 3]). It is clear from the definition of A(WW) that A™(W) is the highest
degree non-zero component. We refer to A"(W) as the top component of A(W). Then
the character of the top component is wi},. It is shown in [7] that the degree of wi}, is the
cardinality of the set of cuspidal elements in W.

For a subset J of S, let X; denote the set of minimal length right coset representatives
of Wyin W and set z; =} . x, w In the group algebra CIW. Solomon has shown that
the set {x; | J C S} is linearly independent and spans a subalgebra of CW called the
descent algebra of W (see [1]).

Bergeron, Bergeron, Howlett, and Taylor [I, §7] define a basis of the descent algebra
consisting of quasi-idempotents as follows. For subsets J and K of S define

mgy={ze€X; a7 Je CK}| if JCK and mg,;=0 if JZK.

Note that mgr > 0, since 1y € X for all K C S. Then the 2" x 2" matrix with
rows and columns indexed by the power set of S and with (K, J)-entry mg  is invertible.
Define nk; to be the (K, J)-entry of the inverse matrix and define ex = >, ngz;.
Then exex = Yxerx, where yx = [{L C S| Jw € W, w ' Lw = K }| and so each ef is
a quasi-idempotent in CW. In particular, eg = ) ;ngyz; is an idempotent. In analogy
with A"(W) we call CWeg the top component of CW and denote the character it affords
by p},. It is shown in [1] that the degree of p}i, is the cardinality of the set of cuspidal
elements in W.
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Remark 2.2. If W = W x Wj is reducible, then an element (wy,ws) in Wi x Wy is
cuspidal if and only if w; is cuspidal in W; and ws is cuspidal in Ws. 1t is straightforward
to show that the idempotent generating the top component of CW is the product of
the idempotents generating the top components of CWW; and CW,. Therefore, the top
component of CW is isomorphic to the tensor product of the top components of CW;
and CW,. Similarly, the top component of A(W) is isomorphic to the tensor product of
the top components of A(W;) and A(W3), by the Kiinneth theorem.

The content of the next theorem is Conjecture B from [10] for groups with rank at most
four.

Theorem 2.3. Suppose that W is a finite Coxeter group with rank n < 4 and that C is a
set of representatives of the cuspidal conjugacy classes of W. Then for each w € C there
exists a linear character o, of Cyw(w) such that

P = Z Indgfw(w) Py = €Wy
wel

This theorem has been proved with no restriction on the rank of W for symmetric groups
in [3] and dihedral groups in [10]. In this paper we prove the theorem for the remain-
ing finite Coxeter groups of rank three or four in §4 by explicitly computing the linear
characters ¢,,. A description of the GAP programs used in this calculation is given in §3.

Observe that if W = W; x W5 is reducible, then since induction commutes with tensor
products, Remark 2.2 implies that Theorem 2.3 holds for W if and only if it holds for
both Wy and W5 where the characters ¢, satisfying Theorem 2.3 for W are the tensor
products of those satisfying the theorem for W; and W;. Thus it suffices to consider the
case when W is irreducible.

To prove Theorem 1.1 we require a linear character of the centralizer of a representative
of every conjugacy class of W. For cuspidal classes, we can use the characters satisfying
Theorem 2.3. For non-cuspidal conjugacy classes we use a relative version of Theorem 2.3
that takes into account the embedding of a parabolic subgroup of W in its normalizer in
W, as follows.

Let L be a subset of S of size r. Then W, acts on the top components of A(W,) and
CW}, and we denote the characters of W, afforded by these spaces by wj and p} rather
than by wyy, and pyy, to simplify notation. Suppose that Theorem 2.3 holds for W7,. This
means that for each w in a set Cj, of representatives of the cuspidal conjugacy classes of
W, we have a linear character ¢,, of Cy, (w) such that

r w r

weClCy,

where € is the sign character of W. Observe that if w is a cuspidal element in W, then
Cw (w) is contained in Ny, (Wp) and that the quotients Cy (w)/Cyw, (w) and Ny (Wy)/Wp,
are isomorphic, by the main result of [15]. Tt is shown in [8] that the characters p} and w)
of W, extend to characters ;2/ and (:u\é of Ny (Wp). Then Conjecture C of [10] asserts that
there is a corresponding extension of the characters ¢,,. We state this as the following
theorem, which proves Conjecture C for W of rank at most four.
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Theorem 2.4. Suppose that W is a finite Coxeter group of rank at most four, that L
1s a proper subset of S of size v, and that Cp, is a set of representatives of the cuspidal
conjugacy classes of Wr. Then for each w € Cy, the linear character ¢,, of Cy, (w) in
Theorem 2.3 extends to a linear character o, of Cyw(w) such that

pp=> Indgw(F G = eagwr,
weCy,

where oy, 1s the composition of det with restriction to the subspace of fixed points of Wy.

The characters and subgroups in the theorem are summarized in the following diagram.

) —~ Nw (Wr,)

Cw(w)

w

/ " \WL
\CW /

Proof. If W = W; x Wy is reducible, then, by Remark 2.2, the theorem holds for (W, W)
if and only if it holds for each of (Wi, Wy,) and (W5, Wi,), where Ly, Ly C S are such
that Wy = Wy, x Wp,. Thus, we may assume that W is irreducible.

Recall that Wy, is said to be bulky in W if it has a normal complement in Ny, (W) (see
[19]). Theorem 2.4 is proved for any W in [10] if |L| < 2 or if W}, is bulky. It follows
that the theorem holds if W has rank three, so we may assume that W has rank four
and that Wy is non-bulky of maximal rank. The bulky parabolic subgroups of all finite
irreducible Coxeter groups are listed in Appendix A. The eight pairs (W, W) where W
has rank four and W is non-bulky of maximal rank are listed in the following table.

W | Wy,
By | AjAy  As
D4 A3

F, | AjAy, A,A,
H4 Ag AlAQ IQ(5)A1

In this table 4; and A, denote subgroups of types A; and Ay generated by reflections
orthogonal to short roots.

With no restriction on the rank of W it is shown in [%, §7] that Theorem 2.4 holds in case
all factors of W, are of type A. This only leaves the pair (Hy, I5(5)A;) to be considered.
It is straightforward to verify that Theorem 2.4 holds in this case. O

It is shown in [10, Theorem 4.7] that the characters ¢, satisfying Theorem 1.1 can be
taken to be the union over L C S of the sets of characters ., satisfying Theorem 2.4 for
Wp. Therefore, Theorem 1.1 holds for W.
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3. IMPLEMENTATION

The proof of Theorem 2.3 consists of exhibiting the characters ¢,, satisfying the theorem
for each irreducible Coxeter group of rank three or four. These characters are presented in
§4. In this section we describe how the characters ¢,, and the top component characters
Py and wiy, were calculated.

The calculations were performed using the computer algebra system GAP [20]. As one
would expect in a computer algebra system, the user can introduce a specific group and
use the system’s built-in commands to calculate information about the group. In this
project, we are primarily concerned with conjugacy classes and their representatives,
centralizers and normalizers, character tables, linear algebra, and class function manip-
ulation, namely class function sums, the scalar product of class functions, and induced
class functions.

The CHEVIE package for GAP [12] provides additional functionality for manipulating a
finite Coxeter group W in ways specific to such groups. For example, the package provides
the length function for W and a mechanism for expressing elements of W as products
of Coxeter generators. It also provides the reflection representation of W through the
matrices giving the action of the Coxeter generators on a vector space.

The matrix representation is useful for identifying the cuspidal conjugacy classes of W.
Recall that an element w is cuspidal if none of its eigenvalues equals 1. Thus, to determine
whether w is cuspidal, we only need to inspect the eigenvalues of the matrix representing
w. The cuspidal classes can also be determined using the CuspidalClasses function
supplied by the ZigZag package [15].

3.1. The top component character of CW. Let C},Cs,...,C,, be the conjugacy
classes of W and let x; € C; for 1 <i < m. We denote the descent set {s € S| {(sw) <
l(w) } of we W by D(w). With this notation X; = {w e W | D(w) C S\ J }.

By Exercise 16 of [0, §9], we have
Pz ) = |Cw ()] Z Ay where es = Z Ay W.

wel; weWw

But since eg = g ngyxy, we have a,, = g ngy so that
JCS D(w)CS\J

piv(x;") = Cwl(x)| Y_nssl{z € G| D(x) C S\ J}.

This calculation shows that pfj, can be computed as a product of matrices. Namely, let

1 tJCK

I = (ijk), h TR =
(isxc), - where iy {O otherwise

and let
D = (dy;), whered;;=|{xeC;|D(x)=S\J}.
Then [ is the incidence matrix of the power set of S and D expresses the distribution

of the conjugacy classes into descent classes. Then the (J,7)-entry of ID is [{x € C; |
D(x) € S\ J}|. Thus multiplying I D on the left by row S of N and on the right by the
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diagonal matrix with entries |Cyy (z;)| results in 1 x m matrix whose entries are pf, (z; )
for 1 < ¢ < m. The ZigZag package provides an implementation of the above calculation
through the ECharacters function which returns the characters of CWey, for L C S as
a list. The last entry in this list is pjj.

3.2. Choosing linear characters of the centralizers. Let {w;,ws,...,w,} be alist of
representatives of the cuspidal classes of W. The selection of the characters ¢,,, satisfying
Theorem 2.3 can in principle be accomplished by testing whether pfj, = >0, !" for each
tuple (1,2, ..., @), where ¢; is a linear character of Cyy (w;) for all 1 < ¢ < r. While
easy to automate, this method is expensive because of the large number of tuples of linear
characters to be tested. Therefore, we have adopted a binary search algorithm that we
now describe.

Let x1, X2, ..., Xm be the irreducible characters of W. If x is any character of W, then
taking the scalar product of y with each of the characters x; we obtain an m-tuple of
non-negative integers. We call this tuple the constituency tuple of x. We endow that set
of constituency tuples with the product partial order, so (t1,t,. .., tn) < (u1,us, ..., Uy)
if and only if t; < wu; for all 1 <7 < m.

Considering constituency tuples rather than characters converts the problem of selecting
a linear character o; of each Cyy(w;) such that pjj, = >0 »!¥ to the problem of selecting
a tuple from each of r sets of tuples such that the sum of the selected tuples equals a
given tuple.

We select the tuples {t(i) |1<i< r} in r stages, where each ¢t is the constituency tuple
of a linear character of Cyy(w;). At stage i we attempt to select a tuple t® for Cyy(w;)
such that 23:1 tU) < the constituency tuple of p}i,. Having found such a tuple we proceed
to stage i + 1. On the other hand, if no tuple for Cy, (w;) satisfies this condition, then we
return to stage i — 1 and select a different tuple for Cyy (w;_1).

3.3. The top component character of A(WW). We calculate the character wf}, by
explicitly calculating the representation of W on the top component of A(W). This
calculation is straightforward once we have a basis of the top component and a method
for writing an arbitrary product a;, as, ---a;, in A(W) as a linear combinations of basis
elements. The solution to both problems is provided by the non-broken circuit basis that
we now briefly describe. See §3.1 of [17] for more information.

Let H be a sequence Hy,, Hy,, ..., H;, of hyperplanes in A. We call H a circuit if H is

dependent, but Hy,, ..., Hy,, ..., Hy, is independent for each 1 < j < p. Note that GAP
can easily test whether a tuple of vectors is linearly independent using linear algebra
functions such as Rank. Thus, once a set of linear functionals defining the hyperplanes
H, for t in T has been fixed, it is possible to test whether H is a circuit.

Now fix a total order on the set of reflections T and suppose that H is a sequence
Hy , Hy,,...,Hy, witht; <ty <---<t, Wecall Ha broken circuitif H; , Hy,, ..., H; , H,
is a circuit for some hyperplane H; with ¢ > t,, and we call H a non-broken circuit if no
subsequence of H is a broken circuit. Notice that the empty sequence is a non-broken
circuit. Then

(3.1) B = {atlatz o-ay, | Hy, Hy,, ..., Hy is a non-broken Circuit}
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is a basis of A(W) by Theorem 3.43 of [17]. Clearly, the broken circuits, and hence the
basis B, depend on the chosen total order on 7. By construction, BN A?(W) is a basis
of AP(W) for 1 < p <n and so BN A"(W) is a basis of the top component of A(WW).

Remark 3.2. If H is dependent, then any minimal dependent subsequence of H is a
circuit. Removing the last term of such a subsequence results in a broken circuit. This
also shows that a non-broken circuit is independent.

We calculate both the broken and the non-broken circuits recursively as follows. Through-
out the following procedure we maintain a list L of sequences which remain to be con-
sidered. Initially L contains only the empty sequence. Throughout, L has the following
properties as a consequence of the way sequences are added to L.

(1) BEach H = Hy,, Hy,,..., H;, € L satisfies t; <1y <--- < t,,.
(2) Each H € L is independent.
(3) For each p > 0 the sequences of length p occur in L before those of length p + 1.

The algorithm consists only of the following loop. While L is not empty we remove the
first element H = H, , H,,,..., H; from L. For each t > ¢, let H, H; be the sequence
obtained from H by appending H,;. The following possibilities arise.

(a) Suppose that one of the sequences H, H; is dependent. Then H, H; contains a
circuit, by Remark 3.2. Note that at this point all the broken circuits of length
less than p have been discovered by (3) and the following sentence. If none of the
broken circuits identified so far is a subsequence of H, then the entire sequence
H, H, is a circuit and H is a broken circuit.

(b) Suppose that H, H; is independent for all ¢ > ¢,. If H contained a broken circuit
H' as a subsequence, then H’ would contain H,,, since otherwise H would not
have been added to L. But then we would be in case (a) above, since H, H;
would be dependent, where H; is the hyperplane which completes H' to a circuit.
Therefore, H is a non-broken circuit. We add each of the new sequences H, H; to

L.
Note that if H = H; , Hy,,..., H;, is any non-broken circuit, then for all ¢ < p and all
t > t, the sequence Hy,,..., Hy , H; is independent, since otherwise H would contain a
broken circuit. Therefore, each of the subsequences H;,, ..., H;, with ¢ < p is added to

L in the procedure above, so the procedure eventually discovers that H is a non-broken
circuit.

For the purpose of expressing elements of A(WW) in terms of B, it suffices to identify only
the minimal broken circuits, and in fact, this is precisely what the procedure above does.
Then by the argument above for non-broken circuits, the procedure also discovers all the
minimal broken circuits.

To express an element a = ay, ay, - - - a¢, of A(W) in terms of B we proceed inductively. If
H = H,,...,H;, is a non-broken circuit, then a € B. Otherwise H has a subsequence
H = Hy ..., Htjq which is a broken circuit. This means that there is a hyperplane H,
with ¢ > t; for which H, H; is a circuit. Observe that it reduces computation to record
t in the procedure above when we originally discovered that H’ was a broken circuit, as
doing so obviates having to search for such a hyperplane at this point. If H; happens
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to be in H, then H is dependent so that a = 0. Otherwise we use (2.1) to express a
in terms of elements corresponding with sequences containing fewer broken circuits as
subsequences. Namely, we write

q

(—1)%ay, - ay, = Z(_l)katn Ty, ay
k=1

and multiply both sides by the remaining factors of a resulting in +a on the left side and
elements of A(W) on the right side which can be expressed in terms of B by induction.

4. PROOF OF THEOREM 2.3

In this section we present the results of our computations for the Coxeter groups of types
Bs, Hs, By, Dy, Fy, and Hy, thus verifying Theorem 2.3 for irreducible Coxeter groups
of rank three and four. For each group we give the following information.

(1) For w running through a set of representatives of the cuspidal conjugacy classes
of W, we derive a generating set for Cy (w) and describe the characters ¢, of
Cw(w) by giving its values on the generating set. Note that in every case wy is
central and that the character ¢, is always the sign character.

(2) We give a table containing the values of the characters py;, and wyj, as well as
Ind‘évw (w) Pw for each representative w. In all cases we see that

iy = Y, ) — ey
wER
as asserted in Theorem 2.3. In these tables, the rows are indexed by the characters
Indgfw(w) ¢y (denoted simply by ¢y,), pfy, and wi},, and the columns are indexed
by the conjugacy classes of W.

(3) For w in W and ¢ an eigenvalue of w on V', let E({) denote the (-eigenspace of
w. Then Cw(w) acts on E(¢) and y — det(y|p())P defines a linear character of
Cw (w) for each natural number p. Denote this character of Cy (w) by (det |g(c))P.
The characters ¢,, do not arise from this construction in general. However, if w
is a regular element in W and E(() is a regular eigenspace of w, that is, such
that E(¢) € H, for all ¢ in T, then with one exception, the character ¢, is equal
(det | g(¢))? for some p > 0. The exception is the class labeled by the partition 22
in type By (see §4.1.2). When w is regular we use Springer’s theory of regular
elements (see [21]) to identify the complex reflection group given by the action
of Cy(w) on a regular eigenspace E(() and we compare the character ¢,, with
det | p(¢y when possible.

A conjugacy class in W is called regular if it contains a regular element.

In all the groups we consider below, the longest element wy is central and the character
©u, 1s the sign character of W. Thus wy is regular, and ¢,,, = det |g1). The Coxeter
class is well-known to be a regular class. If w is a Coxeter element, then it acts on its
eigenspace F(() as a cyclic group of order |w|, where ( is a primitive |w|*™® root of unity.
It turns out to always be the case that ¢, = (det|g())?, but it can happen that p # 1.
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We use the following notation. The cyclic group of size n is denoted by Z, and the
symmetric group on n letters is denoted by S,. For n > 1 we denote the primitive
complex n'h root of unity e2™/™ by ¢,. As in the proof of Theorem 2.4, the labels A;
and A, denote subgroups of types A; and A, generated by reflections orthogonal to short
roots. The same convention applies to D, in W (F,). We denote partitions as strings of
numbers without commas written in non-decreasing order.

Remark 4.1. Notice that when wy is central in W, multiplication by w, permutes the
conjugacy classes of W and Cy (wwy) = Cy (w) for all w € W.

4.1. W of type B. Suppose that V has basis {v1,...,v, }, where n > 2. We view
W = W(B,) as acting on V by signed permutations of {vy,vs,...,v,}. Namely, the
Coxeter generators sy, o, ..., s, are given by
Vi, k=1—1
—1, k =1 . .
s1(vg) = and  s;(vg) = v, k=1 for i > 1
Vg, k 7é 1 . .
Vg, k#£i—11

and the Dynkin diagram of W(B,) is e=<e—e—--- —e—e asin [] and in CHEVIE.
For 1 <i < j <n we define elements ¢; and s; ; by

—v;,, k=1 v k=i

ti(vg,) = { v L . and sii(v) =Qv, k=3
U, #1 -
vk, k#1i,].

It is well-known that the conjugacy classes in W (B,,) are indexed by double partitions zi.A
of n. Namely, if pp = puypg - - pg and X = Mg - -+ A, ave such that 377 i +>7"_ A\ =n,
then elements of the conjugacy class indexed by u.A have g “positive” cycles of lengths
Hi, -, g and p “negative” cycles of lengths Aq,..., A\;. If p or A is the empty partition,
then it is omitted from the notation. With this labeling, the cuspidal conjugacy classes
are indexed by the double partitions of the form .\ and hence by partitions of n. See [13,
§3.4] for more details.

Fix a partition A = \jAg--- A, of n. Set 74 = 0 and for ¢ > 1 define 7; = Ay +--- + \;i_1.
Then 7, + \; = 7,41 and 7,11 = n. For 1 <14 < p define
Ci = tTi+1STi+2STi+3 TSt

in W. Then ¢; has order 2)\; and acts on the set {v,,11,... ,vml} as a “negative \;-cycle.”
Define

Wy = C1Cg - - - Cp.
Then w, is a representative of the cuspidal conjugacy class labeled by A. For each 7 such
that \; = A1 define
Li = Sri+1,rip1+19m42,7142 * " Sriqr,miga-
It is straightforward to check that x; centralizes wy and that Cy (w,) is generated by
{a|1<i<ptu{a|1<i<p A=A}

If A has m; parts equal 4, then Cy (wy) =[] Z9i U Sm, -

m; >0
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The conjugacy class labeled by the partition with all parts equal 1 is central and contains
the longest element wy of W. It turns out that the character ¢, is always the sign
character. At the other extreme, the conjugacy class labeled by the partition with a
single part n is the Coxeter class. To simplify the notation, we denote the character ¢,,,
of Cy (wy) simply by @,.

4.1.1. W = W(Bj3). The cuspidal conjugacy classes are labeled by the partitions 111,
12, and 3. The classes 111 and 3 are regular. The characters p, satisfying p¥, =
> a3 Indgjvw(wk) ©x = ew}, are given in the following table. For each partition ), the
table lists the isomorphism type of Cy (w,) in the second row, the generators of Cyy (w))
using the notation from §4.1 in the third row, and directly below each generator, the value
of ¢, on that generator. However, when ¢, is the sign character, we omit its character
values.

A 111 12 3
Cw (wy) W Loy X Ly Z
Generators S 1 Co w3
25 € -1 -1 Co

We see that 3 = det | g(c)-

The values of the characters o} together with p3, and wj, are given in Table 1.

111, 111 1.1 111 120 1.2 21 .12 3. .3
e=¢m| 1 -1 1 -1 -1 1 1 -1 1 —1
o] 6 -2 2 —6 . —2 . 2
O3 8 . . —8 . . . -1 1
gl 15 =3 3 —15 -1 -1 1 1
Wi | 15 3 3 15 1 -1 1 -1

TABLE 1. The characters oV, p¥,, and wj, for W (B3)

4.1.2. W = W(By). The cuspidal conjugacy classes are labeled by the partitions 1111,
112, 22, 13, and 4. The regular classes are 1111, 22, and 4. The characters p, satisfying
Py = D s Indg/w(wk) ¢) = ewyy, are given in the following table. The conventions are
the same as for W (DBs).

A 1111 112 22 13 4

CW(U))\) w (ZQ l Sg) X Z4 Z4 ! SQ ZQ X Z6 Zg

Generators S cp T €3 |1 x| ¢ ¢ | wa

©a e |-1 =1 —-1|-1 —-1|-1 ¢ |—-1

In contrast with the Coxeter class in type Bs where 3 = det |g (), in this case we have
@1 = (det| )" Tt is easy to compute that if ¢ is any primitive fourth root of unity, then
Cw(ws2) acts on the two-dimensional, regular eigenspace E(() as the complex reflection
group G(4,1,2) = Z; 1 S;. The eigenvalues of ¢; and z; acting on E(() are {1,(} and
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{1, -1}, respectively. Thus det ¢1|p() = ¢ and det 21|g) = —1. It follows that ¢, is not
equal (det |g())? for any eigenvalue ¢ or any power p.

The values of the characters o} together with pfi, and wi}, are given in Table 2.

1111. 111.1 11.11 1.111 .1111 1120 11.2 121 1.12 2.11
€ = P1111 1 —1 1 -1 1 -1 1 1 -1 -1
P112 12 —6 4 —6 12 -2 . . 2 =2
P22 12 . 4 . 12 - —4
P13 32 -8 . -8 32
o 48 ) ) ) 48 )
p%[, 1056 —15 9 —-15 106 -3 -3 1 1 -3
wﬁ/ 105 15 9 15 105 3 -3 1 -1 3

112 22, 22 .22 13. 1.3 31 .13 4. 4
1 1 -1 1 1 -1 =1 1 -1 1|gun=c¢
2 _4 . . . . . | o112
—4 —4 . . . . . . . 2 | @90
-1 1 1 -1 - |
8 —4 | ¢4
3 -3 1 5 -1 —1|pjy
-3 -3 -1 5 1 -1 | wpy

TABLE 2. The characters ¢V pfi., and wyy, for W (By)

4.2. W of type D. Suppose V has basis { vy, ..., v, } where n > 4. We consider elements
of W = W(D,) as acting as signed permutations of the basis of V' having an even
number of sign changes. Then W (D,) is a normal subgroup of W(B,,) of index 2. The

Coxeter generators of W(D,,) are s/, so, ..., s, where s, ..., s, are the last n — 1 Coxeter
generators of W(B,,) defined in §4.1 and s is given by
—7V2, k=1
sitop) =< —v; k=2
Vg, k 7é 1, 2

so that s] = s18281, where s; is the first Coxeter generator of W(B,). The Dynkin

diagram of W = W (D,,) is
1’}‘*
3 4 n—1 n
2

Because W(D,,) is a normal subgroup of W(B,), it is a union of conjugacy classes of
W(B,). The conjugacy class of W(B,,) labeled by the double partition p.A of n lies in
W (D,,) if and only if A has an even number of parts. If the conjugacy class of W (B,)

as in [4] and in CHEVIE.
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labeled by the double partition p.\ lies in W(D,,), then it is a single W (D,,)-conjugacy
class except in the case when A is the empty partition and all parts of 1 are even. In
that case, the W(B,)-conjugacy class splits into two classes in W(D,,) labeled by u.+
and p.—.

An element in W (D,) is cuspidal if and only if it is cuspidal in W (B,,), so the cuspidal
conjugacy classes of W(D,,) are labeled by partitions of n with an even number of parts.
For such a partition A we take w) to be the representative of the conjugacy class of W(B,,)
chosen in §4.1. Then the centralizer in W(D,,) of w, is the intersection of W (D,,) and
the centralizer of wy in W(B,). See [13, §3.4] for more details.

4.2.1. W = W(Dy). The cuspidal conjugacy classes are labeled by the partitions 1111, 22,
and 13. All three classes are regular. Each of these conjugacy classes is also a conjugacy
class in the larger group W (B,), and as remarked above, Cy (wy) = W N Cyp,)(wy).
One might conjecture that the character of gpf“ of Cw (p,)(wy) is the restriction of the

character of ¢}* of Cyy (g, (wy). This turns out to be the case for the class of wy labeled
by 1111 and for the Coxeter class labeled by 13, but not for the class labeled by 22.

Let wge = s)s35]s28354. Using the notation introduced in §4.1 we have wyy = cico.
The centralizer of wyy in W(D,) contains the generator z; of the centralizer of wyy in
W (By), but not the generator ¢;. Rather, Cy(p,)(ws2) is generated by was, 1, and the
involution sjss. The character s maps each of these generators to —1. Notice that

Py (w22) = (03 (w22))2'

The characters ¢, satisfying Theorem 2.3 are summarized in the following table, where
the conventions are the same as for W (Bs).

A 1111 22 13
CW(U],\) W (Z4 X ZQ) X SQ Zﬁ
Generators S Woo S)S2 T w13
) e | -1 -1 -1 | G

For the Coxeter class 13 we have 13 = det |g(). Let ¢ be a primitive fourth root of
unity. Using [21, Theorem 4.2] it is easy to compute that if  is any primitive fourth
root of unity, then Cy (wa2) acts on the two-dimensional, regular eigenspace E(() as the
complex reflection group G(4,2,2) = (Z4 X Z3) x Sy. The eigenvalues of was, § 2, and
ry acting on E(() are {(,(}, {1, —1} and {1, —1}, respectively. Thus @9 = det |g().

The values of characters ¢} together with pj;, and wi}, are shown in Table 3.

4.3. W = W (Fy). The Dynkin diagram of Wis 3~ 3 % . We label the conjugacy
classes of W using Carter’s labeling [5]. This is also the labeling used by the CHEVIE
package. There are nine cuspidal conjugacy classes. Their Carter labels are

4A17 D47 D4(a1)7 C3A17 AQAV27 F4(a1)7 F47 A32{17 and B4'

The regular classes are 44y, Dy(ay), C3A1, Fy(ay), Fy, and By. For each label d above
we denote the representative of the class labeled d by wy and the character of Cy(wy)
satisfying Theorem 2.3 by ¢4. The classes labeled by 4A;, Fy, and By are self-centralizing
and we consider them first.
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1111, 11.11 1111 211, 1.21 2.11 224 22.— .22 31. .31 4.+ 4.—
€ = Y1111 1 1 1 -1 -1 -1 1 1 1 1 1 -1 -1
0| 12 —4 12 . : =4 -4 4
13| 32 .32 . . . : R |
Pl 4 -3 45 -1 -1 -1 -3 -3 5 - - -1 -1
wil 4 -3 45 1 1 1 -3 -3 5 - - 1 1

(4.2)

TABLE 3. The characters ¢y, pjy,, and wyy, for W(Dy)

4A;: The class labeled by 4A4; is {wg}. We take py4, = €.

Fy: This is the Coxeter class. Coxeter elements have order 12. We take wg, to be any
Coxeter element and define g, by ¢p, (wg,) = (5. Clearly, or, = (det|p,))*"

By4: This class contains the Coxeter elements in the maximal rank subgroups of W
of type B, and is regular. Then Cyw(wp,) = Cws,)(wp,) is cyclic of order 8,
where wg, denotes the element w, from §4.1.2. Define g, by ¢g,(wps,) = (4. We

see from §4.1.2 that ¢p! = (gag‘i)Q. In addition, ¢p, = (det|g ).

Dj: This class contains the Coxeter elements in the maximal rank subgroups of W of
type Dy and BsA; (see []). It also contains the class labeled by the partition 13 in
the maximal rank subgroups of W of types By and Dy. In W(D,) the centralizer
of wy3 is isomorphic to Zg while in W (BsA,) and W (B,) the centralizer of w3 is
isomorphic to Zg X Zs.

Recall that multiplication by wy permutes the conjugacy classes of W, by Re-
mark 4.1. In this case multiplication by wg sends the class labeled D, to the class
labeled by A containing syss. Thus we can take wp, = sysswp. Extending the
Dynkin diagram of W as in the Borel-De Siebenthal algorithm [3] by adjoining
the reflection s9; corresponding to the highest short root results in the diagram

*——0 —0—0
1 2 3 4 21 -
The subgroup generated by {sy, s21} is a parabolic subgroup of type A, and
CW<wD4) = <847$21> X <'I.UD4> = 53 X Zﬁ.

We define ¢p, by ¢p,|s;, = €s, and ¢p,(wp,) = (3. Notice that using §4.1.2 and
§4.2.1 we have

(s = p(wp,) = =P (wp,) = (1), (wp,))*.

Dy(ay): This class contains the conjugacy classes labeled by the partition 22 in the
maximal rank subgroups of W of types B, and D, and is regular. It also contains
the Coxeter elements in the maximal rank subgroup of W of type ByBs. To find
a representative of this class and compute its centralizer we extend the Dynkin
diagram of W by adjoining the reflection so4 corresponding to the highest long
root. The resulting diagram is
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and we consider the maximal rank subgroup W (By) generated by {sa4, s1, S2, S3}-
Recall from §4.1.2 that the centralizer of wqy = in W(By) is generated by ¢; and
x1. Translating from the B, labeling to our current labeling, we set

Wag = 53525152535251524, €1 = S352, and T = 51525245].

Then wys lies in the conjugacy class we are considering and Cyy (wq2) = (c1, 71).
Although wss would be a natural representative of Dy(a;), it is more convenient to
define wp,(q,) to be the conjugate s15251was15251 of way because then wp, 4,y will
commute with the representative w oAy chosen below. Define ¢] = s15951¢1515251
and 77 = $1825171815251. Then Cy (wp,(ay)) is generated by {c},z}, w3 4 }-

Define ©Dy(ar) DY

@i (1) = =1, ¢¥p,a)(@)) =1, and  @p,a)(wg,,,) = 1.
Notice that using §4.1.2 and §4.2.1 we have

(pgt(al)<wD4(al)> = i3 (wa2) = (3 (w2))*.

Using [21, Theorem 4.2] it is easy to see that Cy (wp,(4,)) acts on its (4-eigenspace
as the complex reflection group Gg. This group may be described by the diagram

3
@ @d where ¢ = ¢} and d = s3535453. Then ¢p,(4,)(¢) = pya)(d) = —1

and ¢p, ) = (det [pey))?.

C3A;: This class contains the Coxeter elements of the maximal rank subgroups of
W of types C5A; and Dy (see [9]). In particular, this class is the image under the
graph automorphism of W of the class labeled by D, so that the centralizers of
elements of both classes are isomorphic to Zg x S3. We put we,a, = s3sqwp and
compute its centralizer using the same technique used for the class labeled by Djy.
We define pc,a, by ¢oqa, (wC3A1) = (3 and ¢03A1|S3 =€

AQZQ: This class contains the Coxeter elements of the reflection subgroups of W of
type As Ay and is regular. We take w, 3 = s18254521 (see (4.2)). We noted above
that wp,(a,) was chosen so that w,, ; and wp,(,) commute. Obviously s;s; and
S4891 centralize w Ay Ay and generate an elementary abelian subgroup of Cy, (w Ay gQ)
gf order 9. Then Cw(w,, z,) is generated by {s1s2, 84821, Wp,(ay)}- Define ¢, 7.

v

§0A2g2(8182) = (3, 90A222(84821) = (3, and 90A2g2(wD4(a1)) =L
Then ¢, 7, (W, 5,) = .

Using [21, Theorem 4.2] it is easy to see that Cyy (w Ay g2) acts on its (3-eigenspace

as the complex reflection group Gs. This group may be described by the diagram
4

&) ®b where @ = 5159 and b = s35359535453. Then QOAQEQ((I) = ‘PAQZQ(b) =(3

and ¢, 7, = det | E(cs)-

Fy(a1): This class does not contain elements that lie in any proper reflection sub-
group of W. It is regular. The image of this class under multiplication by
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wy is the class labeled by Aggg. Thus, Cy (wp4(al)) = Cw (wAQZQ). We take
wF4(a1) = wAggng and SDF4(CL1) = gOAQIZQ'
Because wg,(q,) = Wy, 7, W0 and Wy, 7, has order three, the (s-eigenspace of wg,(q,)

is equal to the (3-eigenspace of w, 7 . Therefore, Cy (wp4(a1)) acts on its (g-
eigenspace as the complex reflection group G and g, (4,) = det |g(g)-

AszAq: This class contains the Coxeter elements in the reflection subgroups of W of
types AzA;, A1As, 2A1Bs, and 2A; By (see [9]). In addition, the image of this
class under multiplication by wy is the class labeled by B, and contains sys3. The
reflections so; and s94 corresponding to the highest short and long roots generate
a subgroup of W of type Bs. Taking w, ; = s283wo, we have

CW(wASAl) = <wA3g1> X <5217 S24> = Z4 X W(BQ)
Define ¢, 3, by 0,7, (Way7,) = —1 and 9, 5 lwm) = ew(m,)-

The characters pq satistying pfy, = >, Indng(wd) 4 = ewy, are summarized in the fol-
lowing table. The conventions are the same as for W (Bs).

d 4A, | Dy | Du(a) | Cs4,
Cw (wy) W | Zg x Ss Gy Zs X Ss
Generators || S |wp, *| ¢ d |wega, *
©d € | G e|—-1 =1 ¢ ¢
AsAy | Fy(ar) | Fy Az A,y By
Gs Gs Zho | Zy x W(Bs) | Zs
a bla blwg|w,z * |ws
G GG G| G | —1 € | G

The values of the characters o7 together with pj;, and wy}, are shown in Table 4.

4.4. W of type H. When W is a non-crystallographic group it can happen that for a
given positive integer d there is more than one regular conjugacy class of elements of
order d. In this case, if ( is a fixed primitive d*® root of unity and w in W is regular with
order d, then ¢ might not be an eigenvalue of w (see [21, §5]). Thus, some care must
be taken when describing the determinant of the character of Cy (w) acting on a regular
eigenspace of w. Similar considerations apply to the characters ¢,,.

We label the conjugacy classes Cy, Cy, . .. and choose representatives wy, ws, ... as in [13]

and CHEVIE. When n is fixed, we frequently denote |w,| by d.

4.4.1. W = W(Hj3). The cuspidal classes are Cg, Cg, Cy, and C1g. All these classes are
regular.

Ce: d =10 and Cy (ws) = (ws). Define pg(ws) = C10. Then ¢g = det [gc,)-
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Ay 4A; 2A1 Ay Dy Dy(a)) Ay CsAy AyAy Fy(a)) Fy A 34
e=wqa,| 1 1 1 1 1 11 1 1 1 1 -1 -1
©op, | 32 32 -1 -1 2 2 4 —4
CDsay | 12 12 4 8 6 6 2
©osA, | 32 32 2 2 -1 -1 -4 —4 -8 -8
$a i, | 16 16 -2 -2 8 -2 -2 7 7 —1
Prya) | 16 16 -2 -2 8§ -2 -2 7 7 —1
or, | 96 96 16 —6 —6 —2
Cad, | 36 36 4 —12 —6 —6
©p, | 144 144 —24
Py | 385 385 -2 =2 5 -2 =2 7 -1 —15 —15
wiy | 385 385 -2 =2 5 -2 =2 7 -1 15 15
A1 Ay O Ay 2414, AsA, By BoAy A1A By AsA, By
-1 -1 -1 -1 -1 -1 -1 -1 1 1 I 1|p4a, =€
-8 -8 1 1 ©D,
-4 =4 =2 9p,(a)
11 PC3A;
P Ay A,
PFy(ar)
PF,
—6 —6 2 e
©By
—-15  —15 1 1 -3 =3 —1|p}
-1 15 15 -1 1 -3 =3 —1|wy

TABLE 4. The characters ¢, pfi,, and wyy, for W (Fy)

Cs: d =6 and Cyw (ws) = (ws). Define ps(ws) = (6. Then g = det |g(c)-

17

Cy: d = 10 and Cy(wg) = (wg). Define pg(wg) = (9. The elements wg and wy
Thus the (j,-eigenspace of wg coincides with the (jo-
eigenspace of wg, and we have pg = (det g3 )"

are related by wg = w

Cho: The element wyg = wy is central and we take 19 = €.

The values of the characters p!" together with p, and wj, are given in Table 5.

4.42. W = W(H,). The cuspidal classes, the order of their elements, and the sizes of
their centralizers are listed in the next table. Only the five classes Cig, Cs1, Cas, Co7, and
(31 are not regular.
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w_|w] [Cw )| w |w| |Cww)|| w Jw [Cw)]| w [w] |Cw(w)
w11 30 30 W19 10 50 Was 6 36 W30 10 600
wig 20 20 we; 10 100 Was O 600 ws; 10 100
W15 15 30 W92 15 30 War 5 50 W32 3 360
w17 12 12 Wa3 20 20 Wag 30 30 W33 5) 600
w18 10 600 W24 6 360 W29 4 240 W34 2 14400

For n = 11,14,17,23,28 each of the elements w, is self-centralizing and regular. We
define ¢, (w,) = (7 in all cases. Then, ¢, = (det |p(,))? for n = 11,14,17. For n = 23
we have d = 20, E((3,) is a regular eigenspace, and g3 = (det |p3,))"*. For n = 28 we
have d = 30, E((,) is a regular eigenspace, and g5 = (det | 5(cg,)%°

For n = 15,22 we have d = 15 and Cy(w,) = (wow,) = Zy x (w,). These classes
are regular. We define @, (wow,) = (5 in both cases. For n = 15, E((;5) is a regular
eigenspace. Notice that, since (15 = (¢3)'6, the (i5-eigenspace of wys = (wow;s)'e is
equal to the (3]-eigenspace of wowis. Thus @15 = (det|g ;)% For n =22, E(({) is a
regular eigenspace and pgy = (det gz ).

For n = 18,26, 30,33 we have Cy (w,) = (wis, w9, wag). These are regular classes and
in all cases Cy (w,,) acts on a regular, two-dimensional eigenspace of w,, as the complex
reflection group G14. Define

@18 = 33 by  (wig, wig, wag) = (Cg»CEL, 1)
and
a6 = P30 by  (wis, wig, wag) — (Cé‘,C?, 1) .
e For n = 18 we have d = 10, E((y9) is a regular eigenspace, and @15 = (det | (o))
e For n = 26 we have d =5, E((5) is a regular eigenspace, and a5 = (det | g(e))*
e For n = 30 we have d = 10, E((},) is a regular eigenspace, and @30 = (det | s,))*.
e For n = 33 we have d = 5, F((3) is a regular eigenspace, and w33 = (det |g(2))*.
For n = 19,27 we have wq; = w?y and Cyy(w,) = (wig) X (war) = Z1g X Zs. Define

P19 = o7 by  (wig, war) = (C53, Cé) .

Ci G O3 Cy G5 Cg Cr Gy Cy Cyg

wg | 12 S - -V v - o—p —12

s | 20 | | - =20

Yo | 12 S 7 o= - —v =12
e=¢p| 1 -1 1.1 1 -1 1 -1 -1 -1
pa 145 =1 - 1 . S . - —45
w451 -1 . - . - 45

TABLE 5. Induced characters W(Hs): p= (s + ¢ v =+
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For n = 21,31 we have w3; = w3 and Cy(w,,) = (wig) X (war) X (s2) = Z1g X Zs X Zs.
Define
2 _ 3
o1 by (wis, war, 52) = (C57C57 —1) and 31 = pyy.

For n = 24,32 we have Cy (w,) = (wa4, w5, wag). Denote this group simply by Z. The
classes Uy, and C3y are regular. The representatives wqy and wszs have order d = 6 and
d = 3, respectively and are related by w3z, = w3,. Thus, the (s-eigenspace of wsyy, is equal
to the (3-eigenspace of wso. Denote this vector space simply by E. Then F is a regular,
two-dimensional eigenspace for wqy and wsq, and Z acts on E as the complex reflection
group Gyg. Define

Pos = P32 by (Waa, Was, way) (C327 (3, 1) .
In both cases we have ¢, = (det |g,)>
For n = 25 we have Cy (was) = (Wyguwsy) X (Was) X (S2) = Zg X Zg X Zy. Define
a5 by (wowas, was, S2) (C§7C327 —1) .
For n = 29 we have Cy (wag) = (wis, way, wag). This class is regular. We have d = 4,

E(() is aregular, two-dimensional eigenspace, and Cyy (wag) acts on E((y) as the complex
reflection group Gsy. Define

29 by  (wis, Was, wag) — (1,1, —1).
Then @y = det |g(c,).
Finally, for n = 34 we have w3y, = wy and we define ¢34 = €.

The values of the characters p}' together with pj;, and wy;, are given in Table 6.

APPENDIX A. BULKY PARABOLIC SUBGROUPS

For each finite irreducible Coxeter group W the following table lists the types of all bulky
parabolic subgroups of W other than W itself, the trivial subgroup, and the subgroup of
type A;. This information has been extracted from the results in [11].

W Bulky Parabolic Subgroups
A, A Apy -+ Ay, with n; distinet and Zle n<n+k-—1
B, Bywith1<j<n—1 AB;withl1<j<n-—2

D,, neven | A1D, »
Dn> n odd Aan—2> AlAn—3> An—l

FE AAy,  AjAs, Ay, AjA,,  As, Ds
E- Dg

Ey Er

Fy A, AA, By, By, Gy

H, A2

H, H;

I,(m), m even | Ay
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Ci Co (C3 C4 Cs Cg C7 Cg Cog Ci9p Ci1 Cr2 Ci3 Cia Ci5 Cie Chir
p11 | 480 . . . . . . . . . —y . . -
P14 | 720 . . . . . . . . . . . R
o15 | 480 . . . . . . . . R — . . .-y
p17 | 1200 . . . . . . . . . . . . . . . 2
P18 24 - 2v : : : : o 2n p : : 7 v
P19 | 288 . -2 . . . - - =2
©21 144 —12 1—p . e . - 1-v . = . - -V
P22 | 480 . . . . . . . . .-y . . -
w23 | 720 . . . . . . . . . . . -
P24 40 . . -=2 . . . . | . . =1 -1
@25 | 400 —20 . . 1 . . 1 . . . 1
©26 24 . 21 . . . . - . 2v v . . v o
pa7 | 288 - =2 . . . . . - =2
pog | 480 . . . . . . . . N — . . . -y
P29 60 . .4 . . . . . . . . -} . . -2
¥30 24 . 2u . . . . . . 2v v . . v o
©31 144 —-12 1—v . - -V —u . - 1-p . 4 . - =l
032 40 . . . -9 . . . . .1 . . .1 .1
P33 24 2w : : : : ‘ C2p M : : M v
€= 34 1 -1 1 1 1 -1 -1 -1 -1 1 1 -1 -1 1 1 -1 1
Py, | 6061 —45 —4 -3 -2 . . . -1 -4 -1 . -1 -1 -1
wy, | 6061 45 -4 -3 -2 . . . 1 —4 -1 . -1 -1 -o-1
Cig Cig Cz9 C21 Caz C23 Coqg Co5 O Car Cag Ca9 Cs3p C31 Czz  Czz  Csy
201 . : B 4 - =12 . 20v = : 20v - =12 20 480 | p11
30 . . . - =2p . . 30v . - =24 30v . . 30 720 | p14
20v . . B - =12 . 20p 4 . 20u - =12 200 480 | p15
-30 . . . - —40 . - =30 - 1200 | 17
11—p -1 . 21 “w v 12 - 11—-v -1 v 12 11—v 2v 12 11—p 24 | 18
—12 3 - =2 . . . - =12 3 . =120 =2 - =12 288 | ¢19
120 -1 —-12 1—v . . . . 12v -1 . . 12v 1—p . 12 144 | p21
20p . . B - =12 . 20v = . 20v - =12 20p 480 | w22
30v . . . - —2v . . 30u . - =24 30u . . 300 720 | 23
20 - - -1 . 19 -2 20 -1 20 20 . 19 20 40 | @24
-20 . . - =20 1 . . . . . - =20 - 400 | @25
11-v -1 . 2v v o 12 - 1l—p -1 o 12 11—p 2u 12 11—v 24 | p26
—12 3 - =2 . . . - =12 3 . - =12 =2 - =12 288 | par
20v . . = - =12 . 20p B 4 . 200 - =12 20v 480 | pa8
30 . . . - =2 30 . 30 . . 28 30 . 30 30 60 | 29
11-v -1 . 2v v o 12 - 1l—p -1 I 12 11—p 21 12 11—v 24 | ¢30
12v -1 =12 1—p . . . . 12p -1 . . 12p 1—v . 12v 144 | p31
20 . . | . 19 -2 20 - -1 20 20 . 19 20 40 | 32
11—p -1 . 2 “w v 12 - 11-v -1 v 12 11—v 2v 12 11—p 24 | p33
1 1 -1 1 1 1 1 1 1 1 1 1 1 1 1 1 1| ¢34
11 1 —-45 -4 -1 -1 19 -2 11 1 -1 29 11 -4 19 11 6061 p‘év
11 1 45 -4 -1 -1 19 -2 11 1 -1 29 1 -4 19 11 6061 wév

TABLE 6. Induced characters for W (Hy): p= (5 + 5, v=C2+ G
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