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1 Abstract

We present the moving finite element method together with a brief on the
origins of the idea together with an overview and some simple deductions of
the method. We then present the general 1D elastic wave equation, reveal
it’s domain of dependence and show how to formulate the equation in terms
of an MLS meshless method. Upwind schemes are discussed and numerical
results are presented for the advection equation.

2 Meshless Methods

To introduce meshless methods here is an extract from [1] “Meshless Meth-
ods: an Ouverview and Recent Developments”:

“The problems of computational mechanics grow ever more challenging.
For example, in the simulation of manufacturing processes such as extrusion
and molding, it is necessary to deal with extremely large deformations of
the mesh while in computations of castings the propagation of interfaces
between solids and liquids is crucial. In simulations of failure processes, we
need to model the propagation of cracks with arbitrary and complex paths.
In the development of advanced materials, methods which can track the
growth of phase boundaries and extensive microcracking are required.

These problems are not well suited to conventional computational meth-
ods such as nite element, nite volume or nite di erence methods. The un-
derlying structure of these methods which originates from their reliance on
a mesh is not well suited to the treatment of discontinuities which do not
coincide with the original mesh lines. Thus the most viable strategy for deal-
ing with moving discontinuities in methods based on meshes is to remesh
in each step of the evolution so that mesh lines remain coincident with the
discontinuities throughout the evolution of the problem. This can, of course,
introduce numerous di culties such as the need to project between meshes in
successive stages of the problem, which lead to degradation of accuracy and
complexity in the computer program, not to mention the burden associated
with a large number of remeshings.”

The first steps to develop such methods were based on mollifiers, or a



kernal approximation,
W) = [ o=y v, (1)

where u”(z) is the approximation, w(z — ¥, k) is a kernel or weight function,
and h is a measure of the size of the support. Where w was required to
satisfy certain properties, such as

o Jqw(x—y,h)dV =1
e w(x,h) = d(s) as h — 0, where d(x) is the delta dirac function.

A simple and much used choice for w is radially symmetric functions, for
example the exponential:

7,8$2/h2
| exp x/h <1,
w(z,h) = { 0 z/h > 0.

For the discrete version of the Mollifier equation (1) we wish to obtain a
formula in terms of nodal values u; = u(x;) for j =1 to N. This would lead
to formulas of the type:

ul(z) = Zw(:v —xj, h)u;AV; = Z @?(m)u]
J J

We call @;‘ the shape functions where in most cases u; # u”(z;) for the

<I>§»”s are not true interpolants. The problem with these methods, most com-

monly known as “Smooth Particle Hydrodynamics” is two fold: to develop

robust techniques for assigining AVj’s for each node and more crucially the

discrete form above does not lead to consistent methods, in other words for
reasonable choices of w and AV} it can be shown that for u(z) = «,

u'(w;) = Z O (2)x; # i,
J

for a nonuniform arrangment of nodes and boundaries. See [5] and [1]. Now
we present a most successful method for meshless methods that is flexible
and consistent.



2.1 Moving Least Squares - MLS

Following the idea of mollifiers we wish to weight nodal values of u(x) on the

nodes z; = [r1,T9,...,7x] then we denote Uy = [u(x1),u(z2), ..., u(zyn)]T.
For the weight functions let the matrix Wy (z) be a diagnonal matrix of the
vector [w((z —x1)/r1),w((x — x2)/r2),...,w((x — xN)/7rN)], each node can

have a different range of influence. First we wish to approximate u(z) giving
a weight to each node,

> w(a/ry —x/rj)u; = Wi(@)Us,
J
now the major obstacle is consistency, i.e. we want the method to be exact
for u(x) = agr® + ag_1251 + ... ap. To make this so let

Uf =lat, a5, ..., aR)", (2)
P =[U7|UF]--UF ], (3)
a:[ag,al,...,aK]T, (4)

then consistency means we wish to recover «;’s from Wy(x)Pra for every x.
By construction Wr(x)Pra should be one-to-one, to restrict it’s image to it’s
codomain we multiply by (W;(z)P;)T on the left resulting in P W;(x)P;c,
this can also be seen as removing everything orthogonal to the space gener-
ated by Wi(x)Pr. Now we may invert to obtain

PIwW2(2)P) ' PI W2 (2) Prac = a,
I I

now to finish we denote p(x) = [1,z,...,2%] and use Wy in place of W;?
consistency follows from the fact that

p(a) (P} Wi(z)Pr) ™" P{ Wi(2)U} = ",
Hence the so called shape functions ®;(x) and method are given by
() = p(x)(Pf Wi (x)Pr) =" P{ Wr(z)e;, (5)
u(z) = @j(x)u; = @r(2)Ur. (6)
J

In the literature the MLS method is deduced as a weighted minimization:
to represent u(z) approximately as u(z) = p(z)a where

min } _w((z = aj)/ry)Ip(a)e = ule;)|I,
J
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which results in the same method.
Let us investigate some of the ®; shape functions. We shall use the
exponential weight function:

—3g2
e r <1,
wio) = { XpO T ; 0. (7)

The resulting shape functions for

21 = [0,0.2,0.4,0.6,0.8, 1], 8)
p(fL‘) = [17$]> (9)
wj(z) = w(x/0.3 — x;/0.3), (10)

are shown in Figure 1. Note that during the proof of consistency of the
MLS method there is considerable flexability in the choice of the w;’s. One
interesting choise is to use wj(x) = w(x/r; — x;/r; — bj) so as to slant the
domain of influence of the node. This strategy can be usefull to help acheive
an upwind behaviour for hyperbolic equations. See Figure 2 for an example
with the above data and b; = 1/4 which shifts the domain of influence
roughly 7; to the right.

The power of approximation of MLS is near-best in the sense that the
local error is bounded in terms of the error of a local best polynomial approx-
imation given some regularity constraints on the data and weight functions.
See [4].
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Figure 1: The shape functions ®;, ®3 for z(1) =0, z(3) = 0.4.
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Figure 2: The slanted shape functions for (1) = 0, (3) = 0.4 and w; =
w(xz/0.3 —x;/0.3 —1.4) .



3 Wave equations

We will briefly illustrate the domain of dependence of the 1D-elastic equa-
tions, which is fundamental for designing numerical schemes.

pla)un(et) = 0ul )+ Fnt)  o(o0) = po) g (a), (1)
ug(x,t) = v(z,t). (12)

We shall formulate these equation as a Hyperbolic system,

U 0 O 0 U v

vl =10 0 1/p| |v| + |f (13)

o], 0 pv O o], 0
or equivalently

Qr = AQ,2)Q: + F(Q, ) (14)
where )
v
Y(ug, ) = 4 (ug,x) and Q = [u,v,a]T

ou?
Then by multiplying both sides of equation (14) on the left by the inverse
eigenvector matrix of A we get

G jt (1(0),6) + S0 n(0),6) = V%,

VB 020, 0) + o (a(0),1) = oY,
Suls(t), ) = v, (15)

where

61571(7_) =~V ¢(71(T)7T)7 ’Yl(t) =,
Av2(1) = VY(2(7),7), 12(t) = =,
Ory3(T) =0, v3(t) = x.

These equations together with causality! indicate that the boundary of the
domain of dependence for each point z is determined by the curves (y1(7), 7)
and (y2(7),7) for 7 < t.

Lthat information from the future can not effect the present.



If ¥ only depends on z, which can be considered as a linearized material
close to some state, we can manipulate the characteristic equations (15)
further to obtain:

& oo )VFE w0 (1), 1)+ ol (0),1)] = FOn(t), Do(n (D)D)

i %p(’yl(t))w('h (1)),

%{—p(w(t)) ¢(72(t))v(72(t)at)+0(72(7f)a75): = —f(72(t),t)p(72(t)) V1 (12(1))
— o)),
L s(),1) = v(rs(8). ),

dt

which in turn implies that

%@W@WA%@=/fwm%ﬂ¢wwﬁb—ﬂwﬁ%ﬂ¢wwﬁwh
+ p(y2(t0)) ¥ (72(t0)) — p(11(to)) (71 (to)),
2mm¢wmm@¢wi/ﬂmv»ﬂ¢wm@»+ﬂwwmﬂwwww»m

+ 2p(x)p () — p(11(0))9(11(0)) — p(12(0))¢(72(0)),
(16)

where in this case 0 = pyu,.

The domain of dependence of each point must be taken into account
when designing the numerical scheme. For the MLS method, if we fix a
constant time step then for every point we can calculate the radius of it’s
corresponding weight function to cover the point’s domain of dependence.

3.1 Variation Formulation and MLS Method

The convergence of polynomial finite element methods for the wave equa-
tion [2] and a certain class of nonlinear wave equation [3] has been be proven.
Adapting these proofs for the meshless MLS should be viable but is outside
the scope of this project. Also, to the authors knowledge there exist no
proof of convergence of the general elastic wave equation, presented bellow,
by using finite elements.



The elastic wave equation (12) can be formulated in the variation form

z=b
< pug, du >+ < 0, 0u, >=< f,0u > +odu . (17)
r=a
A nice property about this method is that it potentially conserves a discrete
energy. Let

v (x
E(t) = /p(Z’t) + p¥(z,t)dz,

a

then if for our numerical scheme we have that

E(tn+1) — E(tn)
tn—l—l - tn

< p( v t),v(t) > + < o(-t),ve(-,t) > = , (18)

for t, <t < tp41 then choosing Ju = v equation (17) becomes

E(tn-‘rl)_E(tn) = (tn-‘rl_tn) (< f(? t)v ’U(‘, t) > +U(b7 t)v(b, t) - U(a7 t)v(a, t)) )

(19)
which is a discrete energy conservation.
For the Meshless MLS method we approximate
u($7t) ~ U[(ZL‘,t) = (I)T($)U(t)7 (20)
du(z) = T (2)0U, (21)

where U(t),0U € R", &(x) € R". Though we are not free to choose any

U and U for we want to satisfy the boundary conditions exaclty d,us(b,t) =

5. PT (DU (t) = 5,07 (b)6U = go(t) and ur(a,t) = 6,7 (a)U(t) = 6,7 (a)dU =
g1(t). To do so, let

_ (0:27(a) _ L
A= <8x<I>T(b)> and Ab; =0 ,for j=1ton—2

where the b;’s form the basis of kernel(A). Let

B = (b1|by] ... |bp_2) and Ay(t) = (?;8) '

then every U(t) and 60U can be written as

U(t) = BU(t) +y(t), 6U = BSU + y(t) (22)



and

ur(x,t) = &7 (2)BU(t) + T (2)y(t), du(z) = ®T(x)BoU + &7 (z)y(t)
(23)

where Q(t),éf] € R"2. To simplify notation let ®p(z) = BT ®(x) , we
denote U(t) as simply U(t) and will work with g2 = g1 = 0 for what follows.
Substituting

ur(z,t) = dp(x) - U(t), (24)
du(z) = @p(z), (25)

in the variation form for the linearized material we get

b b
/ p(2)B5(x) @ () - Un(t) + / p(2)0(2)0,B 5 () © 0B (x)da - U(t) =

b

/f(:t;, t)®p(x)dz,

a

where du = ®p(x) so that solving the above system is to solve for every
Su = ®L(z)sU.
We will also formulate the advection equation (3.1) in the same manner.

up = ug + f, u(0,t) = up(t), u(b,t) =0,

whose variation form, with the same analysis as before. leads to,

b b b
/@B(:c) ®@ Op(z)dr - U(t) = /‘IJB(x) ® 0, Pp(x)dx - U(t) + /f(Lt)(I)B(x)dx,

a a a

(26)
where B’s columns generate the nullspace of
A= (9T(b)).

3.2 Numerical Schemes

We shall discuss a scheme for the advection equation (3.1) first. For the
scheme to be stable our approximation to u(z,t+ h) must take information



only from the domain of dependence, which for each point (z,t) is deter-
mined by the line (z + 7,¢t — 7) for 7 > 0. The only form to approximate
uz from along this line is to extract it’s contribution to (u(x,t+ h) — u(z +

h,t))/h, which by doing a taylor expansion on this discrete difference would
tell us that

(w(z,t 4+ h) — u(x + h,t))/h = us — uy + O(h®) = f(z,t) + O(h3).

As this involves a discrete difference for the space derivative it does not

translate exactly to the variational form (26), i.e. one form would be to use
the scheme

UJ(t+ h) = UITH(t)

Ut+h)=U(t+h)+ < (2pe®p) ', f(,t+h/2)®p >, (27)
where U’ (t4h) corresponds to a node on z = jh, this method gives an almost
exact answer, has the same order of approximation as MLS “interpolation”.
A simulation result is shown in Figure (3). We have used r; = dt for all

nodes and simulations.. So to use equation (26) we must either introduce
dissipation or instability. One manner to do so is the following,
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Figure 3: The evolution in time of the initial condition being advected to
the left with f(z) = 0.2cos (z — x(N) + 7/2) sin(z).

10



us(z,t 4+ h/2) = ®L(2)U(t + h/2) and ug(x,t + h/2) = 0,9L(2)U(t + h/2),
then the most evident would be to adopt

O()
h

DL (x)Uy(t + h/2) = (U(t+h)—U(1)),

note that ®L(x)U(t) is outside ®%(z)U(t + h) domain of dependence, thus
instability may appear and convergence is unlikely. Let us try to recover by
moving u,(z,t + h/2) to within the domain of dependence,

Ug (2,147 /2) = ug(z+h/2,t) —tpe(T+h/2,t)h /24 Uz (x4+D /2, 1) h/24+O(h?),

where by the advection equation gives us that u,, = u,¢, hence up to order-2
ug(z,t + h/2) = up(x + h/2,t) + fo(x + h/2,t)h/2. To implment this we
substitute in the variation formulation of the advection equation (26),

OL(2)Uy(t + h/2) = (I)gh(x) (U +h) =U(t)),
0, ®L(2)U(t + h/2) = 0,95 (x 4+ h/2)U(t) + folz 4+ h/2,t)h/2.
Leading to

Ult+h)=Ut)+
b

h /@B(x) % dp(x)de /@B(x) % 0,05z + h/2)dz - Ut)+
ab -1 ab
h /<I>B(:L') ® ¢p(x)dx /(f(m,t) + fu(x + h/2,t)h/2)Pp(z)dx.

(28)

where the domain of influence for each node, r;, should be around h, for
when taking a h time step back, i.e. U(t + h) depending on U(t) , the
domain of dependence is h distant from U(¢) in the = axis. Hence we have
used r; = 1.2 * h for all the following simluations.

The result for this simulation with h = 0.02, N = 60, f = 0 and z evenly
distributed are shown in Figure (4). Initially the the solution is advected
exactly, but the price for conservating energy and taking from outside of the
domain of dependence soon is paid with the onset of complete instability.
This behaviour does not change by decreasing h. To attempt to bring

11
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Figure 4: The evolution in time during 0.4s of the initial condition by
scheme (28).

back some stability we can add some numerical dissipation. One way is
to shift u,(z,t + h/2) to uz(x,t + h/2 4+ 0.3h). The results are shown in
Figure 5 with h = 0.1. The good news is that the smaller A is the closer the
approximation gets to the real solution. To demonstrate we compare the
results of this dissipative scheme with the exact solution, which we take to
be the result of the scheme given by equations (27). The result is shown in
Figure 6 for f(z) = 0.2cos (x — (N ) + 7/2) sin(z) and h = 0.005.
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Figure 6: The evolution in time of the comparison of the exact solution and
dissipative scheme during 0.5s.
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