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Definition: Qubit

Definition: Ket vector
A qubit is 2 component vector The Ket vector (notation) is the column vector

(Z) (1) |2) = (2) 2)

with z1,z € C and |z1]? + |2|? = 1.

/ Definition: Bra vector
Writing z1 = et and z; = rpe/®2, the equation |z1]* + |2[* =1 The Bra vector (notation) is the row vector
becomes rZ + r3 = 1. So we can set r; = cos(6/2), r» = sin(0/2),
with 0 < 6 < 7. (z] = (Zf zﬁk) (3)
Instead of the four parameters {ri, ¢1, r2, p2} we now have three
parameters {0, ¢y, ¢o}. So, (z| is the complex conjugate transpose of |z).
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Definition: Inner Product (|)

We can multiply the (z| and |z) vectors in the obvious way, as
follows.

el = %) (3)=laP+ial=1 @

Exercise 1

Which of the following vectors are qubits (and, if not a qubit,
explain why not):

O (1) @) (2) Q) () @),

(5)
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We traditionally represent the basis vectors as

1) = (2) —x (é) + 2 ((1’) a0 +nl) ()
Note:

1. In Physics it is more traditional to use v and 3 instead of z
and z», we will do this at times (« and 3 are complex scalars
whose modulus is not greater than one).

2. Other notations that are common in books, notes, online, etc.
are |up) for |0) and |down) for |1). The “up” and “down" refer
to spin properties of fundamental particles.
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Observables

A qubit gives us information about the possible outcomes of
measuring a certain observable (property) of the quantum
system/particle in question, as follows:

1. An observable O described by a qubit has exactly two possible
outcomes (lets say, generically, o; and o). (As an example,
which is not realistic but nonetheless gives the idea, imagine
“measuring” the color (by looking at something) in a world
where everything was blue or red.)

2. r# (or |z1]?) is the probability of observing outcome o7, while
r2 (or |z|?) is the probability of observing outcome 0p. Of
course, these two probabilities sum to one, as there are only

two possible outcomes for a qubit.
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After measuring observable O,

» if you actually obtained outcome o7, then the subsequent state
of the system is |0)

» if you actually obtained outcome oy, then the subsequent state
of the system is |1)

Nota bene: Measuring a system in principle “interferes” with
the system: The state after measurement is not in general
the same as the state before measurement. (Think of our
previous example - where the observable is having color red or blue:
To check this, we have to physically shine a light on the “object”,
which in principle at least could interfere with / change the object.)
We will see that, in fact measurement corresponds to projecting on
to a vector in the orthonormal basis of the Hilbert Space in which
the qubit lives.
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Orthonormal bases

» {]|0),|1)} form an orthonormal basis, i.e.
(0j0) =1, (0]1) =0, (1]0) =0, (1|]1)=1,.

» Another orthonormal basis we will use is written as
[+) = (10) + [1))/v2, |=) = (I0) = [1))/V2. We leave it as
an exercise to the reader to check that (+|+) = (—|-) =1
and (+|—) =(—|+) =0

Exercise 2

Show that

V6

Qubits, Bloch sphere, qudits, unitary matrices

A general state of a qubit can be written as

) = cos(9/2)e"¢1 10) + sin(0/2)e"‘z’2 |1). (9)

Determine the parameters 6, ¢1 and ¢, that correspond to the
states in Equation 8.

The multiplicative factors e’®* and e/®2 in Equation 9 are called
phases. We can write

1 . - .
710 +i7Z 1) and —=0) + == 1) (8) ) = e/ (cos(e/z)m +sin(6/2)e/(¢2=1) 11>) (10)
form an orthonormal basis.
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The overall (global) phase factor e/t makes no difference to any
physical measurements we can make (it does not affect the
probabilities of any outcomes). In other words, |¢)) and e/ |+) are ) i Heptee e o)
indistinguishable physically. We simply drop this phase factor and “longitude’”.
write , B .
1) = cos(6/2) 0) + sin(0/2)e’ 1) (11) < [0 I e Wertly Peler
(0 =0, and ¢ is immaterial) %
By choosing 0 < # < w and 0 < ¢ < 2, we represent uniquely while |1) is the “South Pole” Ty
physically, but not mathematically any qubit. Choosing two (0 = ).
angles like this may remind you of “longitude” and “latitude” in > |+) and |—) are states on
geography: Precisely this analogy leads to a picture of any qubit on the Equator (0 = /2 with
a sphere: The Bloch sphere (also variously known as Poincaré or ¢ = 0,7, respectively). .
Riemann sphere). o 112
?Source: Wikipaedia
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One must be careful with interpreting the Bloch sphere picture.
One cannot “add” vectors pictorially, as one would do in Cartesian
space R3. In particular, two “vectors” of equal length, pointing in
opposite directions in the Bloch sphere do not cancel (e.g.

|0) + |1) # 0)! Indeed, for any vector on the sphere, the one
pointing in opposite direction to it is orthogonal!

Definition: Hadamard matrix

Because of its ubiquity, we introduce the Hadamard matrix

50

You should check that H|0) = |+) and H|1) = |—). Furthermore,
since H2 = I, we also have H |+) = [0) and H |-) = |1).
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Exercise 4

Calculate the matrix M that sends the basis {|0),|1)} to the basis
defined in Equation 8. Is (M "*)M = [?

Definition: Superposition

| \

A qubit with 0 < 1 < 1 is said to be in superposition. Since
neither r; nor rp are zero, there is a non-zero probability of
measuring both |0) and |1): It is “in two states at the same time"?.

?“God does not play dice with the universe”, Albert Einstein

N\

Definition: Interference

Constructive/destructive interference simply refers to the
addition/subtraction of components of the qubit vector.
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Definition: Qudit

A qudit is a d component vector

7
2

Zd

with z; € C and _; |zi|2 = 1.
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How does “classical” computing compare with “quantum”
computing, mathematically?

Classical Computing (as Boolean functions)

» “States”: Bit (Binary Digit) chosen from B = {0, 1}
» Operations: Logic gates, AKA Boolean functions
f:B"— B.

Example: The AND gate is a function fuyp : B2 — B with
fAND((O;O)) =0, fAND((07 1)) =0, ﬁ&ND((]-aO)) =0, ﬂ\ND((]-a 1)) =1 )

Classical Computing (using vectors and matrices)

» “States’:

Q)

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 16
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Classical Computing (using vectors and matrices) . .. continued

» Operations: The four possible unary operators can be
represented using 2x2 matrices. For example,

NOT = (g é) (15)

Classical | Classical (take 2) | Quantum
Fundamental ob- | bits vectors qubits
jects (‘“‘states”) {0,1}
Operations Boolean | 2x2 matrices Unitary
functions matrices
Number of dis- | 2 2 00
tinct states
http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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Definition: Unitary matrices

A matrix U with entries in C is said to be Unitary if and only if
Utu = (UNH*)U =1

We will show that

L 140 1
U‘E(l—i 1+i) (16)

Example:

is Unitary. We have

1/1—i 147\ (1+i 1—-7\ 1
Ty* _ = _ -
((U))U_4(1+i 1—i> (1-/ 1+i> 4

o 4)=(o 1)

(17)
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Exercise 5

Which of the following matrices are Unitary?
00 11y 1 /1 1 cosf —sinf
0 0 11 V2 \1 -1 sinf  cosf
3+i7 —i—1 0 —i
2i+1 -3 i 0

Unitary matrices have the very important property that they
preserve norm, i.e. our inner product (|). If U is Unitary, then
(U | Unpa) = (91| UTUtha) = (1 ]l4p2) = (¢a]th2) . (If we wished
to avoid the bra-ket notation, we could just write

(V1) Ut = ${UTUY2 = 9110, )
In particular when 1 = 1» we have (Uy|Uy) = (¥|y) = 1.

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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» The set of all nxn Unitary matrices form a group U(n) (we
have already seen each Unitary matrix necessarily has an
inverse).

» If a Unitary matrix has in fact only Real entries, it is an
Orthogonal matrix.

» The eigenvalues of a Unitary matrix are all “unimodular”, i.e.
they have modulus equal to one, i.e. the eigenvalues are
)\j = et

» A subgroup of U(n) is SU(n), the matrices that have
determinant equal to one. (In general, the determinant of a
Unitary matrix is complex unimodular.)

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 20
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To date, we have been discussing qubits in what is termed the standard
basis (or computational basis), {|0),|1)}. We may write any qubit state
in this basis, or in any other orthonormal basis. What is more significant
though is that we can measure any qubit state in any orthonormal basis
we chose. Why is this important? We commented earlier on phases, and
on global versus relative phase. We said for example, if you measure

Y1 = (|0) — |1))/+/2 in the standard basis, you will get 0 or 1 (or more
correctly observable o; or 02) with equal probabilities. Measuring in the
standard basis could not distinguish t; from 1), = (|0) 4 |1))/+/2. But, if
we were to measure in the {|+),|—)} basis, we could distinguish ; from

Y.

quantum computing involves deciding both what sequence of

The construction/development/invention of an algorithm in

Unitary operations to carry out on a state(s) and what basis to

measure the final state(s) in.

Qubits, Bloch sphere, qudits, unitary matrices

Diversion: Let the quantum games begin!

PQ PENNY FLIP: “The starship Enterprise is facing some
immanent—and apparently inescapable—calamity when Q appears
on the bridge and offers to help, provided Captain Picard can beat
him at penny flipping: Picard is to place a penny head up in a box,
whereupon they will take turns (Q, then Picard, then Q) flipping
the penny (or not), without being able to see it. Q wins if the
penny is head up when they open the box.

“taken verbatim from Meyer, https://arxiv.org/abs/quant-ph/9804010

" g

So: Picard agrees. He loses the first game. “Best of three!” he
declares. He loses all 3. Figuring his luck must turn [50/50 chances
to win each game, right?], he keeps playing. 40 games later, he has

still lost every game...... =
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The representation of any operator A as a 2 X 2 matrix in an
orthonormal basis E = {e1, e} is
How is this possible? The steps are A A
. €1 (1 €1 €2
1. P presents the coin in state |0) (heads up) (< ‘A’ ) ! ’A‘ >) (18)
(2] Aler) (e2| Alez)

2. Q operates with the Hadamard matrix: H|0) = |+)

3. P can either flip the coin, or not: In both cases, the state
remains unchanged,
+) = (10) +[1))/v2 = (11) +10))/v2 = [+).

4. Q operates with the Hadamard matrix: H |+) = |0)

and so the final coin is always“heads up”. Note that, of course, this
is an “unfair” game in that Q is allowed quantum moves, (and has 2
moves) while P is restricted to classical operations. Nonetheless, it
demonstrates how in this game a quantum player can always beat a
classical player.
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Example: Basis change

Question: What is the representation of the Hadamard matrix in
the basis {1, H} = {%2]0) + 1 |1),10) — %3 |1)} ?

Answer: We calculate

() (@ -
(Bl H|fh) (RIHI|fR)
We have
> H|f) = LH|0)+3H[1) =2 |+ +3]-) =
5 10) + Y3 1)
http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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> H|R)=LH0) — BH|1) =L|+) - L |-) =
S Eo NG /s |1>
Now Expression (19) becomes
((?<0|+;<1|)(€“|o>+@—1|1>) (i<|+ 1N(EZE (0) + 53 1))
(0] = 2 AN(EL10) + B2 1) (L0l - L ANESE 10y + 152 1))
_ (é(—%“w (5D 258+ %(—f))
05 + 2057 (55 - 2(59)

Example: Basis change ... continued

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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Definition: Outer product

The outer product of a state [¢) is given by

[¥) (| (20)
Example (Outer product)
The outer product of
=5 (1) (21)
- GO0 -1 )

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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Definition: Projection

A projection operator P projects an element of a vector space on to
a subspace, and has the property P?> = P

For any qubit/qudit |¢), |¢) (1| is a projection operator. This is
easy to see since P = |¢) (¢| = P? = (|3) (¥|)(]2) (¥]) =
[¥) (lp) (| = |4) (¥] = P (since (|¢h) =1 because of

normalization).

For any qubit |¢), |¢) (¥] is a (2 x 2) matrix with rank 1. These

matrices are not invertible (since their rank is one but dimension is
2). (Reminder: rank is the number of rows/columns of the matrix
that are linearly independent)

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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Definition: Measurement

For any chosen orthonormal basis |e;), measurement (of a qubit
state [1))) corresponds to projection using the operators |e;) (&;l.
The state then “collapses” to |e;) with probability (e;|)).

Calculate the projection matrices |e;) (e;| in the basis |[+) ,|—).

E ¥
HOW'S YOUR S| THE PROJECT EXISTS |
QUANTUM COMPUTER E| INASIMULTANEOUS |[i| CANTI THATS

PROTOTYPE COMING 8| STATE OF BEING BOTH |:| OBSERVE A TRICKY
ALONG? 2| TOTALLY SUCCEssFUL |{ 1T? QUESTION.

H AND NOT EVEN £

) GREAT! 3 STARTED. g

4 3

4 a 5

g g

t o

3 g

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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Definition: Pauli matrices

(01 (0 —i (1 0
9%=\10) =i o) 27 \o -1

(23)

Any 2 x 2 complex matrix can be written as a linear combination of
the identity and the three Pauli matrices, i.e.

al + Box + o, + do;.

Since o is diagonal, the computational (standard) basis vectors |0)
and |1) are eigenvectors of o,. By contrast, the standard
computational basis vectors are not eigenvectors of o,. Instead,
since oy |[+) = |+) while oy |=) = —|—), ox is diagonal in the

{|4+),|—)} basis.

http://www.maths.nuigalway.ie/~gettrick/teach/ma437/

29

Check that o, behaves like a NOT operation in the standard
computational basis, while o, behaves like a NOT in the {|+),|—)}
basis.

We now study the possible states of multiple qubit systems,
beginning with 2 qubits. We may index these qubits at times using
A and B (in books/literature, Alice and Bob). For out (Bra)ket
notation, we will use

) @ 9) or [¥)|9) or [¢¢) (24)

The notation ® is called a tensor product:

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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Definition: Tensor Product

The tensor product of two vectors
Vi wi
V2 W2
v = and w = (25)
Vp Wm
is the vector
viw
Vow
VR w = (26)
VoW
which has nm components.
o
http://www.maths.nuigalway.ie/~gettrick /teach/ma437/
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Example: Tensor Product

4

3 3 5
1®3_1<4>_4 ;@4_8
2 4) 1,3\ (8] 3 5) |10
4 8 12

15

(27)

Note that in general the tensor product is not commutative:
VOW#E wR V.

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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In the standard basis we have

1 0 0 0
0 1 0 0
|00) = 0 |01) = 0 |10) = ] |11) = 0
0 0 0 1
(28)
The most general state of a 2-qubit system is
o1 |00> —+ ao |01> + a3 |10> + o |11> (29)
with a; € C and
(30)

> P =1
j

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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We may interpret

» |ay|? is the probability, on measurement, of finding Alice's
qubit in state |0) and Bob's qubit in state |0)

» |az|? is the probability, on measurement, of finding Alice’s
qubit in state |0) and Bob's qubit in state |1)

» |az|? is the probability, on measurement, of finding Alice's
qubit in state |1) and Bob's qubit in state |0)

> |044|2 is the probability, on measurement, of finding Alice’s
qubit in state |1) and Bob's qubit in state |1)

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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Exercise 7

Given the 2 qubit state

V8 1y

1 1 1
= 2101 + —i= |1
2|OO)~I—/3|O>+ I4|O>+ 1

(31)

» If Alice measures her qubit in state |0), what is the probability
that Bob will measure his qubit in state |0)?

» |f Bob measures his qubit in state |0), what is the probability
that Alice will measure her qubit in state |0)?

Note: This exercise is a problem in conditional probability (check
your favorite probability or statistics course!) The relevant equation
is

P(AN B)

PIAIB) = 5y

(32)

http://www.maths.nuigalway.ie/~gettrick/teach/ma437/
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The no-cloning theorem (or “What do you mean | can't copy

my USB stick @ ")

It is impossible to copy a quantum state.

a

Theorem: For an (arbitrary, unknown) quantum state [¢)) (the
one we want to copy), there is no Unitary operation that will map

[¥) [6) to [¥) [¢).

Proof: We prove by contradiction. Suppose we had such a Unitary

operation U, with U([¢) |¢)) = [¢) |1). Set [¢) = a|0) + B |1).

Since U is a linear operator, copying any qubit state, we have

U((a0) +8[1)) [¢)) = aU(|0) [¢))+BU(|1) |#)) = |00)+ 5 |11)

But we also must have

U((a|0) + 811)) |9)) = ((«[0) + 8]1))(c|0) + B[1)))
= a?]00) + a3 |01) + 3 |10) + B2 |11)

?In Quantum Computing, you can't “copy and paste’. See also footnote on page
143.

http://www.maths.nuigalway.ie/~gettrick/teach/ma437/
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Two Qubits, Tensor Products, No Cloning Theorem Entanglement
Definition: Separability
The no-cloning theorem ... continued A 2-qubit state
Equating these two expressions would force either a1 00) + a2 [01) + a3 |10) + ag |11) (33)
l.a=0, f=p%or

2.8=0, a=a? is said to be separable if and only if (iff) it can be written as

Either of these would then contradict our original assumption that [11) ® |dw2> Wherteh [11) is Zhe ftl)r.it ?utblt sEate (02115|0>1+ o [1)
U would copy an arbitrary/general qubit state. Therefore, there is syl e () s e sasons el i { = (0 4 iz L el
no such U ) ——

Definition: Entangled

A 2-qubit state is said to be entangled iff it is not separable.
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> The state v/2[|00) — |01) + +/3]10) — +/3|11)]/4 is separable.

Examples: It can be written as [(|0) +v/3]1))/2]|-).

» The state (|00) + |01))/+/2 is separable. We can write it as » The state (|00) +2]01) + v/5[10) + v/6|11))/4 is entangled.
|1h1) [¢02) where [¢)1) = |O> and [¢2) = (|0) + |1>)/\/§: +). Let us denote for the moment the set S = {|00), |01),|10),|11)}
(Remember: We are abusing the tensor product notation of basis 2-qubit states. Closer examination shows (why?) that
[¥1¢2) = [¥1) [Y2) = [¥1) @ [92)) 1. if |¢) has only one term from S it is separable;

> T_he state [¢)) =_(|00> + |01? + |10>)/\/§ is entangled. .(We 2. if |¢) has exactly 3 terms from S it is entangled;

W|||.not prove th|§ yet. But .I'F you think carefully you will 3. if [1b) has 2 or 4 terms from S, it may be entangled or
realize any 2-qubit state which has exactly three terms from separable
the four possible ones {|00),|01),|10),|11)} is entangled.) '

» The state (|00) + |01) + |10) + |11))/2 is separable. It can be Definition: Bell pair (Bell state)
written as [++). A Bell? pair is the two qubit state

» The state (|00) + |11))/+/2 is entangled. We will see soon 1
that it is in some sense “more entangled” than the entangled |y = —(]00) + |11)) (34)
state |¢)) above. V2

?John Stewart Bell (1928-1990) was a quantum physicist from Belfast.
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Note that while |¢)) above is a Bell pair - in fact there are four

different Bell pairs in the standard definition, the others being (]00) 4 (01))/v/2  If Alice measures first she will get zero for
(]00) — [11))/v/2,  (]01) +]10))/v/2, (]0O1) —|10))/v/2. the result, and no further information about Bob's
The Bell pair state is maximally entangled, in that, according to qubit. If Bob measures first he may get zero or
measures we will discuss soon, it is “more entangled” than any one, but no new information about Alice's qubit.
other 2-qubit state. (]00) 4 [11))/v/2  If Alice measures first if she gets zero, she
For the moment, we present more of a plausibility argument / knows for sure Bob’s qubit is in state zero; if she gets
qualitative discussion of “how much” entanglement is in a state. 1, she knows for sure Bob's qubit is in state 1. If
We ask the two questions: Bob measures first if he gets zero, he knows for
1. If Alice were to actually measure her qubit, how much sure Alice's qubit is in state zero; if he gets 1, he
subsequent uncertainly would there be in the measurement knows for sure Alice's qubit is in state 1. In both
outcome of Bob's qubit? cases, whichever party measures first determines

completely the state of both qubits, which is the

2. If Bob were to actually measure his qubit, how much
property of a maximally entangled state.

subsequent uncertainly would there be in the measurement
outcome of Alice’s qubit?

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/ 41 http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 42

Entanglement Entanglement

(]00) 4 |01) + [10))/+/3  If Alice measures first if she gets 1,

she will know for certain Bob's qubit is in state 0; if We may re-write the definition of (2-qubit) entanglement in terms of
she gets 0, she has no new information about what properties of the 4-vector. Let the 2-qubit state be given by

state Bob's qubit is in (it could be 0 or 1 with equal components (ag, az,az, as)’ with > |aj|*> = 1. Let the associated
probability). If Bob measures first if he gets 1, he 1-qubit states be (81, 32)T and (71,72)T with

will know for certain Alice's qubit is in state 0, but if S 182 = 1= 3. || Then the system is entangled iff there is no
he gets 0, he has no new information about Alice's soljution oy e setJof equations

qubit (which is equiprobable to be in 0 or 1).

So, on both sides, measurement can give us extra a; = Bim az = P12 az = Bom as = Baya  (35)

information about the second party, but in general
will not give us complete information, pointing to
partial entanglement.
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Example: Maximally entangled state ]'Cl'vl\;o |mportant states exhibiting tripartite entanglement are the
ollowing:

Considering the Bell pair (|00) + |11))/v/2, we have

o1 = oy = 1/\/§ and ap = a3z = 0. So, for example, from Definition: GHZ state
Equation (35), ap =0 = either 51 =0 or 7o = 0. But The GHZ? state is
» 51 =0 = a3 = 0 (contradiction) 1
» v, =0 = au = 0 (contradiction) Gz = EUOOO) ale
and so Equation (35) has no solution. ) 2Greenberger-Horne Zeilinger
Our previous discussion of entanglement between two qubits is —
often referred to as bipartite entanglement. We now consider the Definition: W state
three qubit tensor product The W state is
|1h1) ® [¥h2) @ [3) = [h1) |1h2) [t03) = [Yh1th21b3). This can of course 1
be written as 3 |000) + cvp |001) + cr3 [010) + g [011) + W) = —3(|001> +|010) + |100))

as [100) + a6 [101) 4 a7 [110) + ag[111) with Y- [ay]* = 1.
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Discussion:
GHZ state: When Alice measures her qubit, she obtains 0 or 1 Clearly for tripartite entanglement, we have a number of
with equal probability. The subsequent state (for Bob and Charlie) possibilities.....
is completely separable, either |00) or |11). 1. Alice could be entangled with Bob, but not with Charlie

W state: When Alice measures her qubit, she obtains 0 with
probability 2/3 and 1 with probability 1/3.
» If she measures zero, the subsequent Bob/Charlie state is a
maximally entangled Bell pair (|01) + [10))/v/2.

» If she measures 1, the subsequent Bob/Charlie state is the
separable state |00).

Bob could be entangled with Charlie, but not with Alice
Charlie could be entangled with Alice, but not with Bob
Nobody is entangled with anyone else

Everyone is (partially) entangled with everyone else (GHZ, W)
2

oG AW

(Check here - there is nothing special about Alice measuring first - and for multipartite entanglement, even more possibilities &

analogous statements apply if Bob or Charlie measured first.)
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Definition: Mixed states

A mixed state is a probability distribution (sometimes called a
statistical ensemble) over pure states (i.e. a probability distribution
over ket vectors {p;, [¢);)} with 0 < p; <land 3 .p;=1). (A
pure state can in reverse be defined as a mixed state where exactly
one of the p; is one, and all the other p; are zero.)

el e}

corresponds to a state which is either in state |0) (with probability
0.125) or in state |1) (with probability 0.875).

Example 1:
The mixed state
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The mixed state

(CRRETRRE)

corresponds to a state which is
» |0) with probability 0.1
» |+) with probability 0.3
» |—) with probability 0.6

(Note, in this example, the states are not all mutually orthogonal.)

Definition: Maximally mixed state

A maximally mixed state {pj, |1);)} occurs precisely when

p1 = p2 = p3 =---= pp = 1/n (each state has an equal
probability of occuring) and the states {|¢;)} are orthonormal.
Such a uniform ensemble is often denoted by 7.
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Neither of the previous examples are maximally mixed states (can
you say why?), but {{0.5,|0) },{0.5,|1) }} and

{{0.5,|+) },{0.5,]—) }} are maximally mixed.

It may seem that a pure qubit state A = |+) and a mixed state
B = {{0.5,]0) },{0.5,|1) }} correspond to one another: In each
case,

» S1:  the probability to measure |0) or |1) is the same, right?

» S2:  the subsequent qubit state after measurement is the
same, right?

These statements S1 and S2 are correct, but it does not mean
that A and B correspond, as we now show.
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2. Operate with

Entanglement

1. INITIAL (PURE) 1. INITIAL (MIXED) STATE:
STATE: A= [+) = B ={{05,10) },{0.5,]1) }}
(o) + [1))/v2 2. Operate with Hadamard: New

ensemble is

{{0.5,H10) },{0.5,H[1) }} =

{{0.5,]+) },{0.5,|=) }}

Hadamard:
|+) — H|+) =0)

3. Measure in 3. Measure in computational basis

{]0),|1)}: We obtain |0) with
probability (0.5)P(|0) | |+)) +
(0.5)P(|0) [[=)) =

0.5(| (O] H [-+) [2+] (0] H =) |?) =
(0.5)(0.5) + (0.5)(0.5) = 0.5

computational basis
{]0),]1)}: We obtain
|0) with certainty
(probability 1).
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The density matrix formalism consists in representing a quantum
state (ket vector) using instead a matrix as follows:

Definition: Density Matrix

The density matrix p corresponding to a (pure) quantum state [¢)
is the matrix (outer product)

p =) (¥ (36)

In this case,

[¥) = I+)

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/
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[9) = /3]0) /2 —i|1) /2 We have now

p=toriet=(3 () (303 0)

(=)

1
4

Definition: Hermitian

A complex matrix M is Hermitian iff M™* = M

Definition: Positive semi-definite

A complex n x n matrix M is positive semi-definite iff, for all
xeC" x™Mx >0
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THEOREM: The density matrix p is a Hermitian, positive

semi-definite matrix with trace one
PROOF:
» Hermitian We must show that p = p"* where p = [1)) (3|

We have p™* = (|¢) ()™ = (Jv)" ()" = (| " |v) " =
|1} (1| = p (we have used the property of the transpose, that

for any 2 matrices A and B, (AB)" = BTAT) O
» Positive semi definite Writing x as the (column) vector |x)

we have x"*px = [x) " 1)) (v|x) = (x|v)) (¥|x) =

(x9N ((xl))* = [ {xI¥) |2 > 0 O
» Trace one If ) = (v, va,...V,) ", normalization implies

>_;1vjI* = 1. But, the diagonal entries of p = [¢) (1| are

pii = vivi = |vi[*. So, the trace is Tr(p) = > ;[P =1. O

v
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Exercise 8

For a mixed state {pj, |1/;) }, check that the definition

p=>_ pulvi) (Wil (39)
k

satisfies the three conditions (Hermitian, positive semi-definite,
trace one) to make it a density operator.

The density matrix provides a unique (basis independent)
representation of any (pure or mixed) state.

We return to our comparison of the pure state A= |+) and the
mixed state B = {{0.5,|0) },{0.5,|1) }} to show they have
different density matrices. We saw in Equation (37) that

C1(11
PA= 51 1
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For the mixed state B we have

p =Y i) (] = pu 1) (1] + pa [2) (o]
J

=0.5/0) (0| +0.5|1) (1| = 0.5 (3) (1 0)+0.5 ((1)) (0 1)

1 0 0 0 1/1 0
Cos (2 9)os (3 )1 (2 0).

Since pa # pB, these represent different quantum states.
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Note that the definition of the density matrix for a mixed state,
Equation (39), can also be written as p = > pjp;, where p; are the
individual density matrices of each pure state in the ensemble.

Example: Density matrix for a mixed state

Let us calculate the density matrix for the mixed state

{H1/3,11)},{2/3, [+)}.

The individual pure state density matrices are

(e 00
m=3(1) 6 =3 1)

1 2 1/0 0\ 2/1\/1 1\ 1
= r=3MmT3A0 =300 1)T3 )1 1) T3
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Example: Density matrix from Bloch sphere representation

We will calculate the density matrix corresponding to the (pure)
state defined by the Bloch sphere parameters = 27/3, ¢ = 77 /6.
The Bloch sphere representation gives

|1b) = cos(0/2) |0) + sin(9/2)ei¢ |1) (40)
We have

cos(f/2) = cos(m/3) =1/2
e'? = cos ¢ + ising
cos ¢ = cos(77/6) = cos(m + 7/6)
= cos() cos(7/6) — sin(m) sin(7/6)
= —cos(7/6) = —V/3/2

sin(#/2) = sin(7/3) = V3/2

(41)
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...continued

sin(¢) = sin(77/6) = sin(m + 7/6)
= sin(m) cos(7/6) + cos(m) sin(7/6)
= —sin(7/6) = —1/2

— '¢_—ﬁ2+' |¢>—%|o>—\/7§(‘/§2+i>|1>
_Lo- (”4"\/3) 1
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... continued

1 1 1 .
=5 (Lesivayn) 30 0V5-972
(i

1 < 1 \/§—3)/2)
4 \-(3+iV3)/2 3

Aside: We have used some trigonometric identities, which you
probably should memorize (if you don't know them already):

» | sinA+cos2A=1

Density operators Density operators

The following are also used often (but can be derived quickly from
sin(A+ B) and cos(A + B) formulae above):

»  sin(2A) = 2sin(A) cos(A)

> cos(2A) = cos?(A) — sin’(A)

You may have pondered some further questions about density
matrices, such as

Is it possible/easy to check if a given density matrix is that of
a pure state or of a mixed state?

> | sin(A+ B) =sinAcos B + cos Asin B The answer here is, for a pure state, p?> = p, or, alternatively,
> | cos(A+ B) = cos Acos B — sin Asin B rank (p) = 1. (Reminder: The rank of a matrix is the number of
linearly independent rows in the matrix. For a qubit, this is very
> | sin(—A) = —sin(A) easy to check - just see if one row is a multiple of the other onel)
» | cos(—A) = cos(A)
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Given a density matrix for a pure state, how would we recover
the (a 7) corresponding ket vector?
We saw above that We carry out an eigenvalue/eigenvector calculation on p. The (a 7)
0 0 1/1 1 eigenvector is the ket vector in the standard basis. Consider again
Pi1) = (0 1) and  piy) = 2 (1 1) : Equation (38). The density matrix is
Both these matrices are rank one (for Py the first row is zero 1 ( 3 Y% —3> (43)
times the second; for p|,y, the two rows are the same). It is easy 4\-v-3 1
also to check that p? = p in each case. By contrast, the mixed ) )
state we analyzed, {{1/3,|1)},{2/3,|+)} has We calculate the eigenvalues
1/1 1 3/4—-\ -3/4 _o0— §_/\ l_)\ (V3 —v/-=3
P=3\1 2 (42) —V=3/4 1/4— A 4 4 4 4
=X - A=XA-1) = A=0orA=1.
which has rank two, with p? # p. (44)
2This is instructive, but in fact, we waste our time here: For a pure state
the eigenvalues are always zero and one
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If we operate on a ket |¢)) with a unitary matrix, |¢)) — U |¢),
what does this correspond to for the corresponding density

( 3/4—1 \/—_3/4) (a) -1 V=3 matrix?

Choosing A = 1 gives as eigenvector

=0 = —a+—>b=0
—V=3/4 1/4-1) \b 4 4 . p=1v) (Wl = (UI) (| UT) = UpU' (47)
) 1 (45)
= a=Vv-3b = p) =l L How do we calculate the expectation value of measuring an
V=3 observable O using the density matrix formalism?
lgnoring global phases (so a is a positive real number),
normalization gives us a>(1+1/3) =1 =4a%/3 — a=/3/2, (Y| O y) = Z Z(|T/J>T)jojk(|7/1>)k = ZZ Ojk(|¢>)k(|¢>T)j
so we get the ket ik ik
) = (ﬁ/@ (46) =3 0Nkl = D° 3 Owll) (wl)y; = Trace(Op)
- ik ik
as in Equation (38). (48)
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We now explore how the density matrix formalism extends to two
Note that (or more) qubits. Recall that in the standard basis a general two

» The Trace of a matrix A is by definition Trace(A) = >, Aii, qubit state can be written as in Equation (33):
i.e. the sum of the diagonal entries in the matrix.

> 1) = a1 |00) + ap |01) + a3 |10) + oy |11) (50)
Trace(AB) = Trace(BA) (49) We can use the same definition, Equation (36), p = |[¢) (¥|, which
(even when matrices A and B do not commute). gives
> Trace(AB.C) = Trace(BCA) = Trace(CAB) (Cyclic o 1?2 1ol onad e
permutation does not change the trace.) | (a* o a*) _ axal lag? aped azal
» In particular, we will often use the fact that p a3 172 73 T4 aza] 30 |a3|? a3
Trace(|1b1) (12]) = (2|¥1) Qq Qa0 00l o |a4|2

Let us look at some examples:

http://www.maths.nuigalway.ie/~gettrick/teach/ma437/ 67 http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 638



Density operators Density operators

|t)) =100)  For this separable state, we have two equivalent ways ) = (|00) + |01))/+/2  For this separable state,
to look at the resulting density matrix: .
» Writing [¢)) as a 4-vector 1)) = (1 00 0)" we have p=; (|0) ®|0) + [0) ® |1)) ({(0] ® (0] + (0] ® (1|)
1
. e = 5(10) (0] ©10) (0| +[0) (0] © |0) (1] +10) (0 @ |1) (0]
p=lv)wl=1,1 1 000=]77 4 o + [0y (0] @ 1) (1])
0 0 0 0O

SE0G 60

» Alternatively, since |¢) is separable, we write the tensor

o 10 00 1 0 0 0
product |¢)) = |00) = |0) ® |0). This gives _|_<0 O)®(1 O)+<O O>®(O 1)]
p = (10) ©10))({0] @ (0[) = (|0} {0[) @ (|0) {0]) 1000 0100 0000 0000
1000 ~[0oo0o00 0000 1000 0200
/10y (10 [o0000o0 (51) “loooo|"{oooofT|0oo0oo0o0]T|[oo0 0o
_<00>®(00)_0000 0000 0000 0000 0000
0000 (52)
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1 100
111100
=510 0 0 0 000 000 3 0000 0000
00 0O 0000)+0000+0000+0000
0 00O 0 00O 0 00O 0 00O
l4) = (]00) + |11))/+/2  For the maximally entangled Bell state, 0 00O 0 00O 000 000 3
1 1 001
p=5(10)@[0) +[1) ®[1)) (0] @ (0] + (1] @ (1]) _1loo0o00
1 210 0 0 O
= 5(10) (0] @10) (0] +10) (1] @ |0) (1] + [1) (O] @ [1) (O] 1001
1) (1] ® |1) (1)) B |
1 10 0 1 0 1 [4) = (|00) + |01) + |10))/+/3  This is a (non-maximally)
:§[< > (0 O)+(O 0)®(0 O) entangled state. With three terms, the density matrix will have
0 0 0 0 0 0 0 0o 3 x 3 =09 terms. If we follow our previous examples, we get nine
4 (1 0) ® (1 0) + (0 1) ® (O 1)] 4 x 4 matrices (with mostly zeroes in them).
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Suppose, having prepared their two qubits in a (possibly entangled)

It i i ly sh i L . . .
tis considerably shorter to write state, Bob stays on planet earth with his qubit, while Alice leaves

1 1 1110 Wonderland and brings her qubit to Alpha Centauri (4.3 light years
1|1 1 111 11 0 away). We can be sure there is no further communication between
)= V3|1 — 731 (1110)= 311110 them, and each can only see their own qubit. Given a description
0 0 0000 pag of the overall system, can we determine what Alice and Bob
(53) “see” locally, i.e. a py for Alice's qubit, and pg for Bob's qubit?

The matrix to be calculated for Alice (pa) or Bob (pg) is termed a

How do we interpret the overall (global) state of the two qubits in reduced density matrix.
these examples? We may have three “viewpoints'

Definition: Reduced density matrix

For a bipartite system given by density matrix pag, the reduced

1. global (“referee” . i : D
global (‘referee’) density matrix for the first party (Alice) is

2. local 1 (Alice, first
qubit)

3. local 2 (Bob,
second qubit)

pa = Trgpag orin more detail py = Z(/®<bi|)pAB(l®|bi>)

!

where |b;) is any orthonormal basis for system B.
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Let's calculate some reduced density matrices from our recent

. . examples.
» We have of course a corresponding definition for P

pB = Trapas.
» Writing pag in the standard basis

pas =Y i |i) (il @ |k) (/|
ijkl ) <1 o) - (1 0)
AB pu— prm—
the reduced density matrices are 00 00

pa=> i li) Gl @ (kIk)  pe ="y aimili) @ k) (]

. . S (10 1 0\ (10 . (10
w " BY = 1v0 e = (0 0)®Tr (0 0) = (o o)®1 = (0 0)
where we have used the cyclic property of the trace to
- 10 10 10 10
Bl oo = rapns = (0 0)®(0 o) = 1®<o o) = (o o)

interchange Y, (1j) and 3; ) (]
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|ty = |00) We calculated in Equation (51) that this separable
state has

O oo
o O O o
o O O o
o O O o




[9) = (100) + [01))/¥/2 | From Equation (52)
e =3((o0) 2o 0)+ (6 0)° (o o)
oo)o (o) (o o) )]

7 . 110 10 10 0
ﬂ pa=Trgpag = [(0 0>®Tr<0 O)—l—(o 0)®Tr(0

I Yere (Y er] (29

As expected, Alice “sees”’ her qubit in the |0) state.

(o)™ o)+ o o) =m0 V)

)

Density operators Density operators

P 1 10 1 0 10 01
BiJ pB—TI’ApAB—§|:TI’(O 0)@(0 0)+TI‘(O 0)@(0 0)
10 0 0 10 00

(o 02 (o) o 6)e o 1)

1 10 01 0 0 0 0
_5{1@)(0 0)—|—1®<O O>+1®(1 0>+1®(0 1)]
_1/11

S 2\1 1

As expected, Bob “sees” his qubit in the |4) state. To avoid having
to write down so many matrices, lets redo the calculation using the
BraKet notation from the second line of Equation (52).

pEMBZ%WHW®WHN+WHW®WHH+WMW®HHN
+10) (0] @ [1) (1])
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We note that Tr{|i) (j|} = Tr{{j|i)} = J;;, where § is the X 1
Kronecker delta function defined by 2 pe = Trapag = 5(Tr{|0> (0[} @ 10) (0] + Tr{]0) (0]} ® |0) (1]
i +Tr{[0) (01} @ [1) (0] + Tr{0} (O]} @ [1) (1]
5 = o (54) 1 1/1 1
’ {o|h¢f =300 0+ o) al+ o+ =3 (] )
n pa = Trg pag = 5(!0> (0] ® Tr{|0) (O]} + |0) (O] ® Tr{|0) (1|} [4) = (]00) + |11))/+/2  For the maximally entangled Bell state,
o T O oy B T () 1(|><||><| 10) (1] ® |0) (1] + [1) (0] ® [1) (O]
1 p=pag = =(|0) (0] ®1]0) (0| + |0) (1] ® |0) (1| + |1) (0| ® |1) (O
::ﬂmﬂm®1+mﬂm®o+mum®o+MMm®n 2
+[1) (1] @ [1) (1])
~0y0l= (5 o)
v e Bl s =t oms = 200 01+ myap =2 (2 €
4 pa=Trepag =3 (O] + =51l0 1
which is a mixed state.
80
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Bl pB=TrApAB=§(|o><0|+|1><1|)=§(3 ‘j)=pA (55)

() = (100) + [01) + [10))/v/3

p = pas = 3(100) +]01) + [10))({00] + (01] + (10])

,a 1
B s = 705 a5 = 2010) 0160+ 10) (0161 + 10) (1100 + 10) 0130
+0) (0] 011 + [0) (1] d10 + [1) (O] S0o + |1) (O] do1 + [1) (1] doo)

1 1/2 1
= 5(210) (0] + [0} (1] + [1) (0] + [1) <1|):§<1 1)

which is a mixed state.
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2| /)B:TVAPAB:%(‘(» (O] +10) (1] + [1) (O] + 1) (1] + |0) {0])
12 1
25(1 1>:pA

While we have seen how to get the 4 x 4 density matrices from
tensor products of two 2 x 2 individual qubit density matrices, what
about the other way around?

We now describe a “trick” for the quick calculation of reduced
density matrices pa and pg from a given 4 x 4 bipartite state
density matrix

(56)

* ok ok ok
* ok ok ok
PAB = |y« & &
* ok ok ok
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Q Add the numbers in the color coded areas to get the 4
numbers in pp

g Add the numbers in the color coded areas to get the 4
numbers in pg
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Example: Reduced density matrix
We calculated in Equation (52) that the density matrix for the

state |1) = (|00) + [01))/v/2 is

[
= =

Ply) = 5

S
~~
N o o
— OO = M
-@.B 5o e
o oo o
ol ——

@ pa=Trgpyy = Trg

|
—
<=
Sle
~——

[c]E
B8 (o]
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Density operators

Example: Reduced density matrix ... continued

Eg p = Trapp) = Tra E
o] [o]
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(Von Neumann) entropy

Definition: Shannon entropy

The Shannon entropy of a probability distribution
P1,P2,P3,---,Pn With0 < p; <1, > .pi=1,is
n
S=-> pilogp;
i=1
Note:

» We will take log as the log to base two, log,. Other definitions
can be used (and are used), but logs to different bases just
differ by a scaling factor: a = log, x, b = logg(x) = B’ =
x = log,(B") = log, x = blog, B = a. This means to
convert back and forth from log, to logg for any base B we
multiply or divide by log, B.

» You may think S “looks” negative with the minus sign in front.
In fact it is positive (or zero). p; is positive, but log p; is
negative (or zero). (Can you reason why?)
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(Von Neumann) entropy

» We may interpret the entropy as the amount of uncertainty
associated with an event (or a probability distribution): Zero
entropy means complete certainty, while the larger S is, the
more random is the outcome.

» In information theory terms, the larger the entropy, the less
information is transmitted.

Entropy of uniform distribution (max entropy)

pi=1/n = S=—3"pjlogpj=—3(1/n)log(1/n) =
—log(1/n) = —log(n~t) = logn

Zero entropy

For some particular 1 < j < n, pj =1, and p; = 0 for all i # j.
Then S = —> pilogp; =

—0log0 —0log0 —0log0---—1logl---—0log0 =0 (since
log1=0).
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(Von Neumann) entropy (Von Neumann) entropy

Definition: Von Neumann entropy

The Von Neumann entropy associated with a density matrix p is Von Neumann entropy of a pure state

A pure state corresponds to a rank one density matrix, one of
S(p) = —Tr(plog p) whose eigenvalues is one, with all other eigenvalues zero. The

resulting Von Neumann entropy is therefore zero. We give some

If you're wondering, for log p, what is the “log of a matrix”, consider explicit eigenvalue calculations,

eX =p = X =logp, where

X =1+ X2/2 4+ X3/30 + X4/4l + ... >
Operationally, if A1, A2, A3, ..., A, are the eigenvalues of the n x n 1/1 1 1/2— A 1/2
density matrix p, then P=511 1 12 1/2—A| 0

S(P):—i)\ﬂog)\i- :(%_AY_(%) <%):)‘2—/\:)\(>\—1)

= A=0orA=1 = S(p)=—-1logl—0log0=0.

The Von Neumann entropy of a density matrix is the
Shannon entropy of its eigenvalues.
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» From Equation (53), which means the matrix has the four eigenvalues 0, 0, 0, 1 (or
rather eigenvalue 1 with multiplicity 1 and eigenvalue 0 with
1110 multiplicity 3). The Von Neumann entropy is now
. 1f1 110 S(p)=>_; )\.,- I(?gA; == 0|og0+0.|0g0.+0|og0+ llogl =0.
311 1 1 0 Note that this is the entropy of a bipartite state
000 Ol Y 1 1 0 Some important properties of the Von Neumann entropy are
>y 12 A 3 0 1. Positivity: S(p) > 0 (and S(p) = 0 iff® p is a pure state).
= lp =AMl = g ’ % % ° A 0| 0 2. the maximum value for S(p) is log(n) and occurs for density
0 0 0 — matrix p = 2/ (the maximally mixed state).
1 1 2 4 171 1/1 3. Concavity: S(>_; pjpj) = >_; pjS(p;), for non-negative p;
:A((g—)\) [(5— ) ~9 —|—§[§—§(§— >] summing to one.
4. Subadditivity: S(pag) < S(pa) + S(ps), with equality
4 1 F 1 (1 _ A)} _ )\3()\ _1) precisely when pag is a separable state.
319 31\3 3if and only if. For statements A and B, when we write A iff B, we mean

both A =— Band B = A.
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Von Neumann entropy of a mixed state

We exhibit the subadditivity property, using the example of the pure
bipartite state just considered, |) = (]00) + |01) + [10))/+/3. We
found that the reduced density matrices for both parties are equal
and correspond to the mixed states

_ 121
—PET31\1 1)

The eigenvalue calculation gives

PA

LG E-6)6)
:AZ—A+% — A= 1*\/1226‘)*(1)(1/9):%(&?)

~ 0.87 or 0.127. S(pa) ~ —0.8710g 0.87 — 0.127 log 0.127 ~ 0.552.
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We return to our discussion of entanglement, which we described
qualitatively but not quantitatively. For a pure bipartite state, the
entanglement measure is defined as follows.

Definition: Entanglement entropy

For a pure bipartite state with density matrix pag, the
Entanglement (or Entanglement entropy) is the Von Neumann
entropy of the reduced density matrix.

Where it says in this definition “the” reduced density matrix, you
may wonder “which one?” It turns out not to matter, we can
calculate either — Tr palog(pa) or — Tr pg log(pg) since
Tra(pas) = Tre(pag) for pure bipartite systems (see Equations
(55, 56)).
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(Von Neumann) entropy

Definition: Purity

The purity of a quantum state with density matrix p is
P(p) = Tr(p?).

» A pure state has purity equal to one.
» For a maximally mixed state, P(p) = 1/2 (for qubits). In the
general case, P(p) =1/n.
» We may also describe the purity in terms of the eigenvalues of
p: P(p) = Zj )‘12-
> PURE: P(p) =124+ 02+ 402 =1
» MAXIMALLY MIXED:
P(p)=1/n®>+1/n®>+---+1/n*> =n/(n®) =1/n
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(Von Neumann) entropy

Example: State purity

» Calculate the purity of the state represented by the density
matrix
101 V2
3\vV2 2 )°
We have

1/3 3V2\ _1/1 V2

2 2

— — = — T = ]--
’ 9(3\@ 6) 3(\/5 2):> o

» Calculate the purity of the mixed state

{{1/3,11)},{2/3,|)}}-
We saw in Equation (42) that the corresponding density
matrix is

1/11 , 1(2 3 o T
p_§(1 2) e _§<3 5) — Tt =g
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(Von Neumann) entropy

(Von Neumann) entropy

Question: If the purity of the mixed state

N L

is given as 5/9, calculate the probability of measuring |1).
Answer:
We calculate the density matrix:

1
_1( e 1 1) 10
3 () ) (e

2

1 p—1
1 (L et *
— p2:_ (P2 p? b 1) — Tr{p2} = 1p

1 —
20t
We write * since we don't bother calculating these terms, they have
no effect on the trace. Setting (2p? + p — 1)/(4p?) = 5/9 gives

p = 3. We then calculate

Prob(|1}) = %( ’%)% (%) (g) T

2p? +p—1
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If the 2 x 2 density matrix
_(a b
=5
Proof: We have seen (Equation (47)) that under a Unitary
: represents a pure quantum state, then we must have
operation U,
2
p= ) (Wl = ¢ = (U] UT) = UpU! 20 = I
2 — T T — T — U2yt
= ()7 = UpUlUpUT = Up(l)pUT = Up"U » Proof 1: This matrix will have rank one (and hence
= Tr{(¢')*} = Tr{Up2 UT} = Tr{p2 UTU} = Tr{p*} represent a pure state) if (for example) the first row is a
multiple of the second: a = kb* and b = kc. But this implies
where we have used UUT = I and the cyclic property of the trace ac = (kb*)(b/k) = bb* = |b|?.

(Tr{ABC} = Tr{BCA}, etc.) » Proof 2: Doing the eigenvalue calculation gives
characteristic polynomial A> — X 4 ac — |b|?. (We have used
the fact that Tr{p} = 1 = a+ c.) From this, we obtain the
polynomial A% — X\ (which is factorizable to give eigenvalues 1
and 0) only if ac — |b]? = 0.
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CPTP maps, Kraus operators and quantum channels CPTP maps, Kraus operators and quantum channels

CPTP stands for Completely Positive Trace Preserving. These are Definition: Completely positive

superoperators that map linear operators (e.g. density operators) to The superoperator £: Ha — Ha, p — p' is completely positive
other linear operators: p — p’ = L(p). iff it is positive on H 4 and also £ ® [ is positive on Ha ® Hpg, for
Recall first that density matrices any Hg.

» have non-negative eigenvalues between zero and one (physics
interpretation: these are probabilities). This is the positive
part.

The intuitive interpretation here is that, not only must the
superoperator preserve positivity (probabilities) on H, it must also

: — : eserves probabilities on larger spaces into which
» have eigenvalues that sum to one (phy5|cs Interpretation: ipsremrl;/eddzrd ! N 1arger sp (HA ® HB) into which 74

probabilities sum to one). This is the trace one part.

We give an example of a superoperator which is positive but not

So, a CPTP. map will send a po.sitive, tr.ace one density matrix to completely positive.

another positive, trace one density matrix.

This would be fine if were working with a single quantum state (on Example: Positive but not completely positive

one dimensign), but in bipartite, tripartite, multipartite situations, L(p) = pT. Clearly this is trace preserving (taking the transpose

it is not sufficient. For simplicity, we consider the bipartite case, does not change diagonal elements). The characteristic polynomial

with Hilbert spaces Ha @ Hp. of p' equals that of p, meaning they have identical eigenvalues.
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Example: Positive but not completely positive ... continued Example: Positive but not completely positive . ..continued

We now consider £ ® | acting on the bipatrite state 100 0
[) = (|00) + [11))/V/2. We have (e, 1[0 0 10
! P= PY= 3210 1 0 0
Py = 5(100) +[11)) @ ({00] + (11) 000 1
_ 1(|0> (0] ® |0Y (0] + [0) (1| ® |0) (1] This is positive iff all eigenvalues are greater than or equal to zero.
2 We calculate
+11) (0] ®[1) (0] + |1) (1] ® [1) (1]) @ 6 d
2 - 1 0
Then n_| 0 —A % 0 | _(1_ 1 2
o] = 1 = Al 3 A 0
1 0z A 0 2 0 0 1-2
(L& ey = 5(10) 0] ® |0) (0] + 1) (0] ® |0) (1] 0 0 0 5-A 2
I Ee R @R EE R = (32 [(AENG - - 3B)G - )
where we have shaded in corresponding colors the terms changed =(3-A)"(\—37) = A=13,5,3,—3 Since a negative
by the transpose operation. eigenvalue appears, we conclude | is not positive on Ha ® Hp.
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Let us write out explicitly the action of the transpose superoperator
L(p) = p". We consider the simplest case of two qubits, so ps and
pp are 2 X 2 matrices, and the overall system has a 4 x 4 density
matrix pag. Then

(L@ Npag = (L)

ESE S
* %k X ¥
* % X X
* % X ¥
|
* Ok X ¥
* Ok X ¥
* % X ¥
* % X ¥

while

*
*
*
*
*

* * * * k
(l® L)pag = (I ® L) N B I
k * * k
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Definition: Quantum Channel
A Quantum Channel is a CPTP map

Quantum Channels (and so CPTP maps) can be described by
giving their Kraus operators which we now define.

Kraus Representation Theorem

The Kraus representation theorem? states that a CPTP map £ can
be represented as

Llp) = MpM}  with > MM, =1 (57)
k k

where M) are known as the Kraus operators.

“The proof of this theorem uses something called the “Choi-Jamiolkowski
isomorphism", which is beyond the scope of this course.

A

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/

CPTP maps, Kraus operators and quantum channels CPTP maps, Kraus operators and quantum channels

106

CPTP maps, Kraus operators and quantum channels

We now give some examples of quantum channels and their
associated Kraus operators....and the effect the channel has on the
quantum state. In what follows sometimes we will use notation like
|1s) ® |1g) where S denotes our system (think qubit) and E
denotes the environment. You may think interchangeably of “Alice
and Bob" or “System and Environment”.

Example: The amplitude damping channel

For simplicity |1s) and [ig) are both qubit states, and we are
interested in what the channel does to [is). The behaviour of the
amplitude damping channel on the overall system is given by a
Unitary matrix U that acts as follows (with 0 < p < 1):

u(loo)) =100)  U(|11)) = [11)

U(101)) = /T~ p[01) + /5 10)

U(|10)) = iv/p|01) + /1 — p[10)
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CPTP maps, Kraus operators and quantum channels

Example: The amplitude damping channel ... continued

As can be seen, the channel “mixes” the |01) and |10) states. In the
standard basis we can write

1 0 0 o0
s_|o vi=p B o
0 iy/p i—p 0
0 0 0 1

(You should check that U is indeed Unitary, i.e. that UUT = I, the
4 x 4 jdentity matrix, so it is a permissable quantum operation on
the overall system+environment.) We write U in bra-ket notation

as

U = [00) (00| + /1 — p|01) (01 + i1/p |01) (10|
+iy/p|10) (01] + /1 — p|10) (10] + |11) (11|

where we color the system in blue and the environment in magenta.
http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/
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CPTP maps, Kraus operators and quantum channels CPTP maps, Kraus operators and quantum channels

Example: The amplitude damping channel ... continued
You should think of the Kraus operators as the action of U Example: The amplitude damping channel ... continued

restricted to the system. They are given by 1 0 0 0 10
; (6 12,)+ (6 5) = 1)
Mo = (0] U [0) = [0) (0] + /T — p|1) (1] = (0 \/Tp)

Finally, the channel changes the density matrix as follows:
. (0 i\/p
M= qaluio) = ivelr = (g "YP) £05) = 3 Meph] — Mopht] + My ]
k

where the first and fifth terms in Equation (58) contribute to My,
while only the third term contributes to M;. We check now that = <1 0 ) (pn p12> <1 0 )

Equation (57) holds: 0 1-p/ \p21 p2) \0 1—p
(0 1) <p11 ,012) (0 0) _ (Pn +pp12 V11— PP21)
+p =
Z I\/I,t/\/lk = I\/Ig Mo + I\/II/VIl 0 0/ \p2a1 p22) \1 O Vv31—pp2n p11—ppu1
k 4
/10 Y 0 o0 o i\/P
“\o vi—p —iy/p 0 0
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Note: Example: the phase damping channel

1. In the new density matrix, : _ .
_ y _ The Unitary defining this channel acts as follows:
» the entry in the upper left corner has increased

» the off-diagonal entries have decreased by a factor of /1 — p U(|10)) = |10) U(|11)) = |11)
» the entry in the bottom right corner has decreased by a factor _
of (1- p). U(100)) = /T = p00) + i/ |01)
2. Repeated application of this channel (with equal or varying U(|01)) = i\/p|00) + /1 — p|01)

values of p) will “push” the system state density matrix to
This “mixes” |00) and |01). The matrix and bra-ket representations

10 are
(0 0) Vi—-p iy/p 0 0
| u_| P vi—p 00
corresponding to |¢)) = |0) 0 0 10
0 0 01

Can you construct a quantum channel that will “push” the system U = |10) (10[ 4 +/1 — p|00) (00| + iy/p |01) (00| (59)
state towards |¢) = |1)7 +iy/p|00) (01| + /1 — p|01) (01| + |11) (11|
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Example: the phase damping channel ... continued

We calculate the Kraus operators
)+ VImplo = (VP )
M= aluio) = iveioy o= (4P )
Ek:Mle:MgMO+MjM1: (16” 8) + (8 g) =
_ ZMI(/)MT _ (m 0) <P11 P12) (\/ﬁ 0)
P

0 1) \p21 p2 0 1
n ('\/5 0) (Pll P12) (—i\/ﬁ 0)
0 0/ \pa1 p22 0 ©
_ ( o VI pmz)
V31— ppa

Mo = (0| U |0) =

.. continued

Example: the phase damping channel

Note:

1. the phase damping channel reduces (by a factor of \/1 — p)
the off-diagonal entries in the density matrix

2. the system density matrix is pushed towards a diagonal density
matrix - i.e. a mixed state

3. the phase damping channel moves pure states towards mixed
states: This is an example of what is known as decoherence

4. a maximally mixed state is obtained if we start with |+) (i.e.
an equal superposition of |0) and |1))

CPTP maps, Kraus operators and quantum channels CPTP maps, Kraus operators and quantum channels
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The Kraus representation (Equation (57)) is not unique. Lets show Finally
this for the phase damping channel. Using the Bra-Ket expression ; ;
(Equation(59)) for U, we calculate (different) Kraus operators with L(p) = MypM + M_pM_
regard to the |+),[—) basis: 1 <\/1 —p+iyp 0) <p11 P12) (\/1 —p—iyp 0)
. - 2 0 1) \p21 p22 0 1
My = (+ U10) = <= 1) (1] +/ =52 10) (0] + i /2 10} (0 L(VI=p—iyp 0y (pu p2) (VI=p+iyp O
V2 2 2 +
- . 2 0 1) \p21 p22 0 1
vi—p+i . .
\/—< 0 VP ) l((\/l— p+iy/P)p11 (vl—P-l-l\/ﬁ)Pu) (vl—P—I\/ﬁ 0)
2 P21 P22 0 1
M_ = (—|U|0) = —|1){ 1\+,/ Ploy ¢ oy—/f|o +1((\/1—p—i\/5)p11 (Vl—P—f\/l_?)Plz) (\/1—p+iﬁ 0)
\/_ 2 P21 P22 0 1
V1i—-p— 0 e E—
T2 ( v 1) = <‘/—p11 B ppu)
1 —ppx P22
Since (v i - P+ ’\/Tl_))( vV1- pT_ ivp) =1, which is identical to what we previously calculated using Kraus
MM = 3l = M M, +M_M_=1 operators My and M.
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POVM

A Positive Operator Valued Measure is a set of operators {E;}
that are

» Hermitian: E; = EI-T
» Positive semi-definite: (| E; [1)) > 0 for any |¢))
» Complete: > . Ei =1

Definition:

Note that

» The number of POVMS in the set {E;} is not restricted - it
can be greater than the dimension of the Hilbert space (so for
qubits, we can have 3 or more E;).

» The probability of obtaining outcome i is Tr{pE;}, for a
quantum state with density matrix p.

» Projective measurements are POVMs with the extra property
that each E; is a projector, i.e. E,-2 = E,.
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Positive Operator-Valued Measures (POVMs) Positive Operator-Valued Measures (POVMs)

POVM Example

Es=1—-E — E.
or equivalently

1/1 0 1 -1 1/1 1
a3 &ma(h 7)) m-ia)
It is easy to check these are not projectors: For example
1/1 0 10 1/1 0 1
2 _ — = — = —
E1_4(o o) (o o) 4(0 0) g7

The completeness property is easily seen from the definition of
Es=1-—E — E.

1
£ =5 10) (01

EQZZ

118
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Positive Operator-Valued Measures (POVMs)

POVM Example ...continued

Consider the state [¢)) = % |0) + % |1) with

_1(9 12
P) = 25 \12 16
Measuring this state using this POVM would give
» Outcome 1 with probability

1
Sf(3 O\ L (9 12\1_29
0 0)25\12 16 50

» Outcome 2 with probability
1/1 —1\1 /9 12 1 3 g4 1
Tr{Z(—l 1)%(12 16)}‘%“(3 4)‘%
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Positive Operator-Valued Measures (POVMs)

... continued

POVM Example

» QOutcome 3 with probability

Sf1(1 1\ 1 9 12\] _ 1 _ (21 28) _
4\1 3)25\12 16/ 100 " \45 60)

We now consider a different example with five operators,

cos 0 sin 0
Sin2 9k

81
100

2 cos? 0
E,= - .
5 \ cos b sin 6

with k € {0,1,2,3,4} and 6, = 27k/5. Let's check these are not
projectors:

_ 4 cos* 6 + cos? 0 sin? O

~ 25 \ cos® O sin O + cos 0y sin3 0,
_ 4 [ cos?O(cos? B + sin 0))

~ 25 \cos By sin O (cos? B + sin? 0;)

cos3 Oy sin O + cos O sin3 6,
cos? 0, sin? 6 + sin® 0,
cos Oy sin O (cos? Oy + sin? 0y)
sin? 0 (cos? Oy + sin? 6y)

E¢

120
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A ([ cos? Oy
~ 25 \cos b sin O

The spectral decomposition (calculation of eigenvalues and
eigenvectors) follows:

cosfisinfy) 2
sin® 0 ) o EEk 7 Ek.

0.4cos? 0, — A 0.4 cos by sin by
0.4cosfsinf, 0.4sin?6, — \

= X2 — 0.4\(sin% 6 + cos? B, ) = A(A—0.4) = X =0o0r A =0.4.

0=|E—\|=

Eigenvector associated with eigenvalue A\ = 0.4 (In the
following we abbreviate cos 8y by ck, sin 0k by sy etc.):

0.4c2 — 0.4  0.4cysk a\ (0 ) B
( 0.4c¢cy sk 0.45,% —-04/)\b) \O = (c—1)atcksyb =10
2

= askb=(1—-)a=s;a = a= &b

Positive Operator-Valued Measures (POVMs) Positive Operator-Valued Measures (POVMs)

We have the eigenvalue equation Exvy = Avy with

P [ cos b
)\—04—5 Vi = (Sinek)

and we can write 5
Ee=¢ Vi) (Vi

Definition: Kraus operator decomposition of a POVM

A Kraus operator decomposition of the POVM {E,} is a
(non-unique) family of matrices { My} with E; = I\/I;El\/lk.

N

Example (Kraus operator decomposition of a POVM)
From the preceding example, set My = /0.4 |vk) (vk|. Then

Figure 1: Venn Diagram illustrations of the relation between CPTP,
POVM, Unitary and Projective Operations: Unitary C CPTP and
Projective C POVM.
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. . 2 2 T = 2 = = =
Normalization: a? + b?> =1 = b? (E—é + 1) =5 = b=5 M My = M = 0.4 |vi) (vi|vi) {vie| = 0.4 |vi) {vi| = Ex,
k k
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Returning momentarily to a single pure qubit state « |0) 4+ 3 ]1), let
POVM us represent |a|?> = p and |3]?> =1 — p, so that p and 1 — p will
CPTP represent the probabilities of measuring |0) or |1). We show in
. .. schematic form what the associated density matrices “look like":
Unitary Projective

®OEDEDE S

(s %)

0 0

p=1 p=20.9 p=20.8 p=0.7 p=20.6
b5 5 4 5 3 46 2 4 1 3 0 O
5 5 5 6/ \46 B/ \4 B/ \3 B/ \o B
p=0.5 p=0.4 p=0.3 p=0.2 p=0.1 p=

Figure 2: The red shading represents the (positive) magnitude of the
corresponding entry in the matrix, ranging from zero (white) to one

(.
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The Deutsch-Jozsa algorithm is the first quantum algorithm
(dating from 1992) to “beat” any known classical algorithm. As
with many breakthroughs, it concerns itself with an “unusual”
problem/thought experiment:

QUESTION:

Suppose | give you a function f(x), defined on a finite subset of the
integers. The range of the function is true/false or 0/1. | promise
you (pinky promise @) that the function f has exactly one of the
following properties:

» property 1: f(x) has the same value for all x, (constant), or

» property 2: f(x) has value 0 for half of the values of x, and
value 1 for the other half (balanced).

The queston is: How will we go about determining which property

ANSWER: Let's think at first about the classical "best
response”’ we can give to this problem. We can evaluate f(x) for a
few values of x. If we by chance find different results for f(x)
among the few we test, we conclude property 2 holds and we are
finished. On the other hand, if amongst the few values of f(x) we
evaluate, we find the same result, we can conclude nothing. We
must continue until we have evaluated f(x) for at least half the
values in the domain of f. Examples:

> £:{0,1,2,3,4,5} — {0,1} with

x [0]1]23]4]|5

fx) [0[1]1]0]0]1
after two comparisons, we determine the function must be
balanced (since f(0) # f(1)).

If we evaluate “from the left”,

Deutsch-Jozsa algorithm Deutsch-Jozsa algorithm

holds?
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We are now considering questions in computer science, in particular
> f:{0,1,2,3,4,5} — {0,1} with in the computational complexity of a particular algorithm, i.e. how
x [0]1]2]3|4]5 Again, evaluating from the left many “steps’ does it take to determine the result. For this
fx) [0]0]1]0]1]|1 ' ' particular problem, it should be clear that the classical
we must check f(0), then (1), then f(2), and at that point computational complexity (the number of operations we have to
we conclude f(x) must be balanced. make as a function of the size of the input) is:
» f:{0,1,2,3,4,5} — {0,1} with Best case scenario: 2 comparisons
X 01112131415 Evaluating f he lef Worst case scenario: N /2 comparisons
fx)[1[1]1]0]0]0O valuating from the left, we This means that the average case scenario is linear in .
need four comparisons to determine that f is in fact balanced Deuizah Jomse A
rather than constant. : :
> £:{0,1,2,3,4,5} — {0,1} with We know that the Hadamard matrix has the behaviour H [0) = |+)
and H|1) = |—). We write this as
X 0112|3415 .
Evaluating from the left, we
fx)y|0|0]|0[0]|0]|O 1 0y 1 1y
need four comparisons to determine that f is in fact constant H10) = E Z =1y HIL) = E Z (=1 1ly)
rather than balanced. y€{0,1} y€{0,1}
(61)
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continued

Deutsch-Jozsa Algorithm

We can package the two Equations (61) into one equation:

H|x) = \/—Z( 1) |y)

with x,y € {0,1}. Extending this to 2 qubits, we get

Deutsch-Jozsa Algorithm ... continued

Let f:{0,1,...,2" — 1} — {0, 1} be the function in question
(with N = 2"). We construct a Unitary operation

Ur = [x) lyo) = [x) [yo @ f(x))

with x € {0,1}" and yp € {0,1} (& here is addition modulo 2).

(63)

Deutsch-Jozsa algorithm Deutsch-Jozsa algorithm

For example:
1 , , n=1, f(0) = f(1) =1| Then Ur(]00)) = |01), Ur(|01)) =
H H e —1)yan _1)yey2
(Hba))® (Hbe)) =3 2 ) | @ ( 2172 ) 00), Ur(]10)) = |11), Ug(|11)) = |10). This is a constant
v y2
1 1 function.
=3 D (1t (|p) @ |y)) = 5 D (=1 o) - n=2, f(0)=7(2)=1,f(1)=f(3)=0
s s ) || 100) | [10) | [20) | [30) | [01) | [11) | [21) | [31)
For n qubits, writing x for bit string x1x ... x, etc., Url) || 101) | [10) | |21) | [30) | |00) | [11) | |20) | |31)
(In this table - the red digits are integers representing 2-digit binary
HEN | A 62 strings, for example 3 is 11, 1 is 01, etc.) It should be clear from
) \/2_” Z - (62) these examples that Ur is a permutation matrix.
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Deutsch-Jozsa Algorithm .. continued
A final ingredient we need is the property that Deutsch-Jozsa Algorithm ... continued
N » Step 3 Apply our Unitary Ur to get
Ur (1) =) = (=1)/9) ) |-)
f X
which we can show by examining the two cases: ﬁ Z ) ) [=)
> f(x)=0: Ur(lx) =) = [x)[=) = (=1)°x) |-)
> f(x)=1: Ue(|x) =) = |x) (|0 & F(x)) — |1 & F(x))) » Step 4 Apply H®" ® I (and use Equation (62)) to get
= [x) (11) = [0)) = = [x) |=) = (=1)* [x) [-) . .
The algorithm is _ 1)) 1Y _
N 25 2 (=0 ) ) 1)
» Step 1 Input the state |[0)°" |1) = y
1 1 X)+x-
» Step 2 Apply H to all qubits to get =5 (_1)f( )+xy ly) =)
=S| /
X —
Vo 2
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...continued

Deutsch-Jozsa Algorithm

» Step 5 Measure. The probability of getting the |0) |—) state

is
1 X
_n§ (_1)f( )

X

if f(x) is constant
if f(x) is balanced

This algorithm gives exponential speedup over the best known
classical algorithm. Lets compare the number of operations in the
worst case scenario for n = 20 (i.e. N =220 = 1048576):

» Classical: Worst case, we have to check 524289 values of
f(x) (i.e. 10485762 +1).

» Quantum: Go through the steps to count the number of
operations we applied: e 20 Hadamard operations e One
application of Ur e 20 more Hadamard operations e
measurement: A total of about 42 operations.

Deutsch-Jozsa algorithm Deutsch-Jozsa algorithm

Some further observations. . .

1. Applying the Hadamard operation to every qubit gives us an
equal “mixture” of all the numbers from 0 to 2" — 1. This
allows us in some sense to apply f(x), via Uy, to all possible
inputs simultaneously (hence references, in popular media /
books / online, to “massive parallelism” in quantum
computing).

2. In this algorithm and others in quantum computing, the
speedup is obtained in a problem where we ask some global
question about a function (not a local question). (A local
question would be something like “What is the value of f(5)7".
The quantum algorithm does not actually obtain the answer to
any such local question.) The quest for new, efficient
algorithms in quantum computing focuses on which such
global questions can we ask that may have useful applications.

3. If we want to actually ask “What is the value of £(5)7", there
is no quantum algorithm (currently) that will improve on the

clascical aloarithm
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Quantum circuits and gates Quantum circuits and gates
In the circuit model, we represent schematically quantum Lets look at some sample circuits:
algorithms as follows:
» Time flows from left to right. —[0) +[1) = — [-) = ox(H(|1))):
» At the very left, we have the input (qubit state(s)).
» At the very right, we have the output (projective/POVM 1) — HF X — —10) + |1)
measurements).
» In the middle we have Unitary/CPTP operations (represented Note here we write X instead of the Pauli matrix ox.
mostly by boxes or rectangles). 1(100) — [01) — [10) + [11)) = (/ ® H)(H & o) 10):
» Each “wire” running from left to right represents a single qubit. 2 X '
» For each Unitary operation, the number of input wires should
equal the number of output wires, to ensure reversibility. |I1) — H
» Unitary operations (U) act on a single or on multiple qubits. If |00>_|01>;|10>+|11>
U has n input wires from the left (and therefore also n output 0) — X H —
wires), it is represented by a 27 x 2" matrix.
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Quantum circuits and gates Quantum circuits and gates
Circuit to create a Bell State:

L(|00) + |11)) = (CNOT)(H ® 1) |00): Circuit for Deutsch-Jozsa algorithm (for a function with n =2
2 whose domain is {0, 1,2, 3}):

CNOT is the Control-NOT gate, defined by (|0> <O| ® |0> <0| ® /)(H QH® /)(Uf)(H® H® H) |001>:
¥) 00) | [01) | [10) | |11)
CNOT [¢) || ooy | Jo1) | |11) | |10) 0
o) {HH HAHA
0) — H
|00)+]11) 0
0) & vz 0 —{HH Y HAH~
For CNOT, the first qubit controls the second qubit: The first
qubit does not change, and if the first qubit is zero, it does nothing 1) —H
to the second qubit, while if it is one, it flips the second qubit. The _ _ _
CNOT Unitary matrix is a permutation matrix. On its own, the Note that we show generalized Unitary operations on a number of
NOT gate is of course just Pauli X, 0. Because of its wide use, qubits as a rectangle extending across the corresponding qubit
the CNOT has its own special symbol in quantum circuits, with a WIres.
bullet representing the control and a larger circle for the target.
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Quantum circuits and gates Quantum circuits and gates
75(100) + [11)) = (CNOT)(H ® 1)|00):
Circuit to generate the tripartite GHZ state:
(GHZ) = (CNOT(2,3))(CNOT(1,2))(H ® | © 1)]000): L 1 000 1o 10 1
’ ’ 1 jof_fo 100 1101 0 1 0
v210] (00O T1])|y2|1 0 -1 O 0
0) — H 1 0010 01 0 -1 0
|000)+|111)
o —— e
0) v » The CNOT can be (and is) extended to CCNOT, CCCNOT
etc.: In all cases, the target qubit is flipped (Pauli X) only if all
Observe that the last CNOT gate could alternatively have its the control qubits are |1).

control on the first qubit.

You should check explicitly the matrices corresponding to these
previous circuit examples. We show here just the matrices for the
Bell State circuit:

» CNOT is also generalized to Cy, the Control-Unitary gate,
where a single qubit Unitary operator U is applied to the
target qubit only if the control qubit is |1).

» If you put on your programming / computer science hat for a
minute - the Control gate family looks very much like the if

statement in any programming language.
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Quantum circuits and gates

We can define

a)|b ifa=0
cnoT(a) 16 = 4121
lay|bp1l) ifa=1
b 1 fa=b=1
CNOT(Ja) b)) = { 12/ 1P/ &t o=
|a) |b) |c) otherwise
|a) ® |b) ifa=0
Cu(la) ® |b)) = .
lay@ U|b) ifa=1
aR|b)yUlc) fa=b=1
cculla) @ by @ ) = { 17 21212 V1) .
la) ® |b) @ |c) otherwise
etcetera 4
Figure 3: Teleportation, as imagined onboard the USS Enterprise in the
science fiction series “Star Trek”
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We now examine the phenomenon of quantum teleportation #, Setting |¢) = a|0) 4+ B |1) our system is in the state
which allows quantum information to be sent using classical
communication. At the cost of (]0) + B]1)) ® (i(|oo> + |11>))
» destroying one shared entangled Bell state V2
» transmitting two classical bits of information (or, a number = 1 («]000) + «|011) + B]100) + B|111))
from the set {0,1,2,3}) V2
this allows A||ce. to send a qubit state to Bob.. The steps are: > Step 2 Alice performs a CNOT operation, followed by a
> Step 0 /i\llce and Bob prepare a Be.II pair . ' Hadamard on her first qubit:
|oT) = 5(/00) +[11)) in their lab in Shanghai. Bob takes his
: 1
qubit to Tokyo. — (|000) + |011) + B |100) + 3 [111))
» Step 1 In the Shanghai lab, Alice is given an (unknown) V2
qubit [¢)) by her colleague Charlie. She must transmit the CNOT 3, 1 (|000) + a|011) + 3110 + B |101))
qubit state exactly to Bob, using classical communication, and V2
without travelling to Tokyo. The overall state of the system is Holol 1
——— — («|000) + «|100) + |011) + v |111
V) @ |9T) = |[¢) @ (\%(|OO) +|11)) where we color blue/red 2 (or]000) 100) 011) [111)
the qubits in Shanghai/Tokyo respectively. +41010) — 8 |110) + 3[001) — 3[101))
*In Quantum Computing, you can “cut and paste”’. See also footnote on page 36.
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Note that this state can be re-written as

1
5 (100) ([0) + B 1)) +[01) (a[1) + £10))

+[10) («[0) = 811)) + |11) (a[1) — 810)))
» Step 3 Alice measures her two qubits in Shanghai: With

equal probability, she obtains |00) or |01) or |10) or |11). She
phones Bob in Tokyo to tell him her result.

» Step 4 Finally, Bob operates on his single qubit as follows:

01
ox

10
oz

11
ox first, then o7

Alice's result: 00
Bob's operation: I

Bob's final qubit state is now « |0) 4+ 5 |1).
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In quantum teleportation,

1. No matter, energy or information is transmitted
instantaneously. Bob and Alice both make local
measurements/operations, and information is transmitted
classically (at a speed below the speed of light, so as not to
break laws of general relativity).

2. Alice’s qubit (or rather the one she was given by Charlie in the
example) is not physically transmitted from the Shanghai to
the Tokyo lab. Rather, the state of that qubit is destroyed in
the Shanghai lab, and that state “appears” in the Tokyo lab at
a later time.

3. Neither Alice nor Bob need to know anything about the qubit
state they are teleporting to successfully execute the protocol.

4. In 2017, teleportation was carried out over a distance of nearly
1400 kilometers in China.

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/

Quantum Teleportation Quantum Teleportation

146

Quantum Teleportation

Quantum Teleportation Circuit

________ SEWEE  eyn
) ——4—{H ~ 0) or [1)
i 0/1 i
D e : 0) or [1)
|00)+|11) . e _C H _______ __o
V2 | : ]
S X An %)
"""""" Tokyo
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Quantum Teleportation

Quantum teleportation preserves entanglement!

We now show that if Alice (in Shanghai) shares an entangled state
with Charlie (in Moscow), when she quantum teleports her state to
Bob (in Tokyo), Bobs new state is entangled with Charlie.

» Let the Charlie-Alice (partially) entangled state be
|t) = «|00) 4 5 |11) (This can vary from the unentangled
case when |a| =0 or |a| =1 to the maximally entangled case
when |a|v2 = 1.)

» As before, Alice and Bob prepare a Bell pair
|ty = %(|00> + |11)) in their lab in Shanghai, and Bob flies
to Tokyo with his qubit in his suitcase.

» The overall system is now in the state

) ® |oF) = (a00) + 8]11)) ® (%uom T m>>)
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Quantum teleportation preserves entanglement! ... continued

) ® [6+) = = (@ 0000) + a [0011) + £ [L100) + § |1111))

V2
e 2 qubits in Alice's lab in Shanghai
e 1 qubits in Bob's lab in Tokyo

e 1 qubits in Charlie’s lab in Moscow

» Alice operates with CNOT to get

V2

» Alice operates with Hadamard to get

(a]0000) + o [0011) + B |1110) 4 B |1101))

1
5 (@[0000) + r[0100) + r[0011) + r[0111)
+41010) — B|1110) + 4 |1001) — 4 |1101))

Quantum teleportation preserves entanglement! ... continued

Alice as before measures her two (blue) qubits. The possible
outcomes are:

Probability | Alice’'s outcome | Charlie-Bob state
0.25 00 00y + B]11)
0.25 01 « |01) + 5]10)
0.25 10 a|00) — B11)
0.25 11 |01) — B10)

» Alice transmits clasically her result to Bob, who carries out the
corresponding ox and/or oz operations (if any) to obtain the
final Charlie-Bob state a|00) + 3 |11).

Quantum Teleportation Quantum Teleportation

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/

http://www.maths.nuigalway.ie/ ~gettrick/teach/ma437/ 149 http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 150
(Computational) Complexity (Computational) Complexity

Computational Complexity theory is the branch of computer science _ _ . _ _

that concerns itself with (loosely speaking) the amount of time or > We will f:on5|der (as In most of classical computer science)

space an algorithm will take, and the dependence of that mainly time complexity.

time/space on the size of the input. » Nota Bene: The word “complexity” in this context has nothing

» By time we mean the time it will take some computer program to do with hO_W comphcated or sn_nple an algc_'mthm may be;
that implements the algorithm to run on some computer. By furthermore, it certainly has nothing to do with the Complex
space we mean the “amount” (in bits/qubits) of storage space Numbers C.
the algorithm will require. In a very practical sense, one can We use so-called Big-Oh notation in complexity theory.
understand why these quantities are important: When you bu " , ,
y a P : Y Y Definition: Big-Oh notation
a computer at your local store, among the top things you look
for are a fast CPU (“time") and lots of RAM / hard disk We say “f is Big Oh of g" and we write f(n) = O(g(n)) iff there
(“space”). exists a positive integer m and a positive constant (real number) K
» It's clear the time for an algorithm will differ on different such that ) < K ol
CPU's, in different operating systems, in different (n) < Kg(n) (64)
programming languages, etc.: These dependencies are for all n > m. )
important of course, but are not part of complexity theory.
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(Computational) Complexity (Computational) Complexity

Let's prove that n® = O(2"): We are only interested in positive
integer values of n. We tabulate a few values:

n 112 3| 4 5 6 7 8 9 10 11
f(n)=n3]1[8]27 |64 125|216 | 343 | 512 | 729 | 1000 | 1331
g(n) =2"112|14| 8 |16| 32 | 64 | 128 | 256 | 512 | 1024 | 2048

Note that, between n = 9 and n = 10, one function “passes out”
the other function, in that
f(n) > g(n) for n=9
f(n) < g(n) for n=10
We prove that n3 < 2" for n > m = 10 (and we can take K =1 in
Equation (64)). We use induction:
Base Case: n=m=10:103 <210
Inductive Step: Assume true for p, i.e. p3 < 2P.
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We must use this assumption (along with the base case) to prove
the statement is true for p+ 1, i.e. (p+ 1)3 <2(Pt1) But

(p+1)°%=p>+3p2+3p+1, and 2(PT) = 2P 4 2P,

From our assumption, p3 < 2P, so we are left to prove that
3p> +3p+1<2P. But

3p% +3p+1<3p?+3p%+3p? =9p°
<p’ (since p > 10)

< 2P (from our assumption)

So we have proved that (p + 1)3 < 2(P*1) and we are done. |
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(Computational) Complexity

Some common complexity classes (and functions) follow:

polynomial exponential
L
o £ QO —
c < "r_\; @
| = . — =
n = o | © | .© 9
By :
oO| © =I5 | O J
1|logn|n n®|n° 2n | 3" n!

In this table, reading from left to right, if f is to the left of g in the
list, then f(n) = O(g(n)).

Example: Sequential (Linear) search

[1[6]5[7[2[4]3]8]

Suppose we want to search for a particular number in the list, and
our (best!) algorithm is to look step by step from the left.
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(Computational) Complexity

...continued

Example: Sequential (Linear) search

» Search for 5 would necessitate 3 comparisons
» Search for 3 would necessitate 7 comparisons
» Search for 2 would necessitate 5 comparisons

etcetera. It should be clear, on average about 4 comparisons are
needed. For a list of length n (and we only care about very large
n), about n/2 comparisons are needed. We say this algorithm is
linear in n (which is the size of the input), or O(n).

Example: Shortest path in a (complete) graph

Suppose we have an idealized road network with n(n —1)/2 direct
roads connecting n cities. This is a graph with an edge between
every two nodes. Given a number attached to each edge,
representing the distance, find the shortest path between two given
nodes/cities.
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(Computational) Complexity

... continued

Example: Shortest path in a (complete) graph

The Brute Force algorithm for solving this
problem considers all possibile paths between
the two vertices, calculates the total length
for each path, and then finds the smallest
one. In this problem, the number of cities

is n, the number of edges is n(n —1)/2,

but the number of different paths (of length
1, 0or 2, or...(n—1)) is proportional to

n!. So, the Brute Force algorithmic solution
is O(n!).? To put in to context how bad
factorial complexity is, if n was just 20, n! is
more than 107 = 100, 000, 000, 000, 000, 000.

Figure 4: Kg, the
complete graph on 8
vertices.

“there are other algorithms for this problem with better algorithmic
complexity
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Grover's algorithm

The Grover Algorithm presents a solution to the unstructured
search problem that is quadratically faster (O(v/N)) than any
classical algorithm (O(N)). For example, to search a list with a
million items in it, we expect a classical algorithm to average half a
million operations, while the Grover algorithm will necessitate about
a thousand operations.

We assume for simplicity we are looking for an item that occurs
exactly once in a list of length 2" = N. Let our list be

[x0, X1, X2, .. .n—1] and, for example we are looking for a particular
letter (e.g. x5 = a). We can represent this as a function

f:{0,1}" — {0,1}
with f(xs) = 1 (for example), and f(x;) = 0 for i # 5 (i.e., we label

the item we are looking for with a one).

=0
= O

Notation:

0010 €{0,1}*, 00111 €{0,1}5,  {0,1}2 = {00,01,10, 11}.
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Grover's algorithm

As in the Deutsch-Jozsa algorithm (see Equation (63)), we define
the Unitary Ur : [x) [y0) — [x) [yo @ f(x)) so that we have as

before
Ur (1x) =) = (=1 ™ x) | =)
We represent the list of length N using log N qubits, and define

|a) ... the marked element we are searching for
[y = % >_xefo1}n |X) .. an equal superposition of all states

Note that the inner product satisfies v/2" (a]i)) = 1: These two
states are “nearly’” orthogonal, since we are interested in large n, so
\/%7 is “close to" zero. From our N dimensional space, we consider

the 2-dimensional subspace generated by |a) and an equal
superposition of all the other states,

1
9) = o1 > 0.

x€{0,1}" x#a

160
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Grover's algorithm

Grover's algorithm

Note that We can re-write this in the concise format
V21 —1|¢) + |a) 1 la)\  [—cosB sind)\ []a)
) = NeT and  (¢Y]|p) =4/1— on Uy l#)) — \ sinf cosf) \|¢p)
We have with .
Ur(ja) [=)) = (=1)" @ [a) |=) = = [a) |-) (65) cost) = (1 - 2n—1) -
Ur(l9) |=)) = 1) =) (You should check that
Define Uy = 2|¢) (¢| — I, so that we have ) . 1 \2 VT
2 cos“f+sin“f=|1—-——=) + — =1.)
Uy |a) = (2]¢) <w!—l)\a>=ﬁrw>—!a> 2 2
51 ) We re-write Equation (65)
~ 0+ (1)1 (7)) (20)
: 8)1-) 1) \Ua) 1))
Uy [¢) = (219) (W] = 1) |¢) =24/1 — on ) — [¢) by abuse of notation, as
on 1 on —1 1 27— 1 @) _ (-1 0\ [la)
= ( = —1) [6) + g 1a) = (1—2,7—1) [0)+ 1 1a) Uf(|¢>) N (0 1) \lg))
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We define the Grover iterate
, Grover's Algorithm
G(0) = Uy Uy = cos  sinf
T VEE T\ —sinf cosf ) > Initial State: [0)®" 1)
> 2 ®(n-+1)
Note that G¥(0) = G (k). Since @ is small, this rotation matrix G Step 1: Apply H _ _
increases the amplitude of |a) while decreasing the amplitude of > S.tep 2: Apply the Grover iterate (Uy ® /)Ur about 3v/2"
|¢), so-called amplitude amplification. Limes
The Grover algorithm swaps the (large) amplitude attached to |¢) » Measure )
(i.e. \/(2" — 1)/2")° with the (small) amplitude attached to |a)
(i.e. 27"/2). Since |¢) and |a) are orthogonal, we should carry out Example: Find s in [y,w,c,t,d,q,s, b]
k Grover iterates to obtain a rotation through 7 /2, i.e. k6 = /2. N =8,n=logN =log8 =3, and s is represented by the state
For small 6 we approximate 6 = sin# so that |110). Our function f is
2n —1 2"
Ko~ ksind = k*og= =2 =k~ g —me V20 = 2V X y [wlc|t[d[ag]s][b
2 2 4 \/2 x (binary) [[ 000 | 001 [ 010 | 011 | 100 | 101 | 110 | 111
®Be very careful when writing (by hand) 2"~* or 2" — 1. They are different! f(X) 0 0 0 0 0 0 1 0
The —1 is in the exponent in one case, but not in the other. To be safe it is <
wise to use brackets 2("1)
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.. continued

Example: Find s in [y, w,c,t,d,q,s, b]
At the end of Step 1, we have the state

B=— Y Wel).

x€{0,1}3

(In what follows, we stop writing explicitly the ancilla qubit |—).)

The Grover iterate is G = cosf)  sinf
—sinf cosf
o 1 2!7—1 _ 1 2[1 _ 1 1 3 \/7
~ on-1 —\/2'7 —1 on-1_ \/_ 3
Furthermore, |a) = [110) and |¢) = % Z )
X€{0,1}37x;£a
a) +7
= |¢) = M

V8
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.. continued

Example: Find s in [y,w,c,t,d,q,s, b]

Our component vector in the 2D space spanned by {|a), |¢)} is
7 ()
VB \V7/)"
The first application of the Grover iterate G gives
(7 5)% () 25 (A)
VT 3 )VB\VT) 28 \VT7)
The second application of G gives
(7 $)mal) -5 ()
4\—v7 3)28\V7)  a/B\—VT7)’

and the third gives G3 |y =

Gly) =

G2 [y) =
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Grover's algorithm

.. continued

Example: Find s in [y, w,c,t,d,q,s, b]

If we measure the state (and hence stop the algorithm) after j
Grover iterations, what is the probability of finding s7

Grover iterate 0 1 2 3
Probability of 1/8 25/32 121/128 |169/512
finding s =0.125 [~ 0.78 |~0.945 |~0.33

Remark that

» Even after one Grover iteration, we have 78% chance of
finding s if we were to measure.

» The maximum probability occurs after 2 iterations, with about
94.5% success probability.
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Grover's algorithm

.. continued

Example: Find s in [y,w,c,t,d,q,s, b]

» If we run the algorithm too long - on to the third iteration, the
success probability decreases to about 33%.

» The number of iterations we should carry out is

TVN/&=7/\/2 ~ 2.22.

Exercise (Grover Algorithm)

Check that the matrix G in the previous N = 8 example is Unitary

You may be uneasy with the fact that, in this example, optimum
behaviour of the algorithm still only gives a probability (however
high) of obtaining the correct answer. Variations of the Grover
algorithm give certainty of obtaining the correct answer (this is
beyond the scope of this course).

We describe here though a simple small case where the algorithm is
100% successful.
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Grover's algorithm Grover's algorithm
Example: Grover search of a list of length four . . . .
> : Geometrical view of Grover iterations
Our 2-qubit basis is S = {|00),|01),|10),|11)} with
It is well known that the composition of two successive reflections
¢) = 1 Z |b) in lines through the origin is a rotation about the origin through an
V3 brabesS (66) angle which is twice the angle between the two lines. The combined
1 1) + V3 |4) effect of the reflections Ur and Uy, is to produce a rotation.
|v) = i (]00) + |01) + |10) + |11)) = — Note firstly that Uy, = 2|1)) (1| — [ is a reflection in (the line
generated by) the vector [¢), since
(Remember: |a) is the vector we are looking for, |¢) is an equal > U, operating on ¢} has no effect.
superposition of all the (3) other vectors, hence the factor of \/§) > If |¢) is orthogonal to |4), then Uy, changes [¢/) to — [4)
. 1 1 V3 - 1 1 V3 1 1 For a general vector [1)'), we break in to components parallel and
“2\-v3 1 = GlY) = 4\-v3 1 Vv3/) \o perpendicular to |¢).
Secondly, Ur can be written as Ur = 2 |¢) (¢| — I (see Equation
So, after a single iteration, we measure the correct result with (65)), and so can be interpreted as a reflection in (the line
probability 1. generated by) [¢).
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o
a Following our last example of searching a list of length four, in that
case, n = 2 and (using Equation (66)) the inner product of the two
unit vectors |1) and |¢) is
(a) Time t =0. |¢) is (b) Time t = 1. Using (c) Time t = 2. Using W) = ||10)]]|0)] 5= 5= ﬁ
orthogonal to |a). Ur, |) is reflected in Uy, |¢) is reflected in o COS0 =Cos0 = 2
(the one dimensional (the one dimensional
line generated by) |¢). line generated by) the which means § is 30 degrees (7/6). From Figure 6, 0 is twice the
original (at time t = 0) angle between |¢)) and |¢), so § = /3, which is the angle between
). |1)) and |a). Hence a single rotation is sufficient.
Figure 6: Geometrical view of one Grover iteration. All vectors are drawn
on the unit circle. The net effect of the two reflections is rotation
through angle 6. The overall effect is to move the overall state of the
system, [¢)), towards the desired solution, |a).
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Grover's algorithm Quantum Fourier Transform and Shor’s algorithm

The Quantum Fourier Transform (sometimes abbreviated QFT) is
3) the discrete Fourier transform as applied to amplitudes of a
quantum state. We study it both

Grover algorithm circuit (n =

» as a generalization of the ubiquitous Hadmard matrix (which,
it turns out, is the QFT in 2D)
» for its role in quantum algorithms
0/1
|0) — H Uy — - o — Uy 4 Definition: Discrete Fourier Transform (DFT)
Ur Ur The DFT of a set of N complex numbers xg, x1, ..., xy_1 is the set
0/1 of N complex numbers yg, y1,..., yn_1 given by
0) —{H I e I
L=
== Z w " x (67)
1) — H VN
with w = e2™/N = cos(2m/N) + isin(2w/N). w is called an Nth.
root of unity, since w"N = 1.
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Example: DFT of [1,1,1,1] Example: DFT of [1,2,1,2]

From Equation (67) we get
1 : _
3 V= —(1+2w71—}—w 44 o3 ): (—/)f—l—( )J
yj:—Zw = (14+w™ + w7)?+ (w™)?
2 2 L
k=0 which gives
1 . o
== (1+ (=Y + (1Y + 7/ since w =i 1 1
S+ Y+ (-1 +7) ) w=3 n=l-i-Liizo
which gives 1 1 1 . 1
2=37 015 - =g timo
=2 1(1 —i—1+i)=0
Yo =< Y1=5 i ! Note here in our very small example, the vector is periodic, and the
1 B 1 B DFT has peaks at 0 and at 2 — a small sign of its use in evaluating
Y2=3 d=d+1=1)=0t =z =0 Bari=l=0=t the periodicity of a function.
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Quantum Fourier Transform and Shor’s algorithm Quantum Fourier Transform and Shor’s algorithm

So, we finally get

Definition: Inverse (Discrete) Fourier Transform (DFT)

xi=—— 3 Wk xj = ) x = = (Nxj) = X (68)
d ¢N§ T Nz N

Lets check this is in fact the inverse:

1 N—-1 1 N—-1 1 N—-1
_ k _ k —kp
M ST Y T S
\/N k=0 N k=0 \/N p=0
1 k(j—p) 1 jk
Ly ke, ) = 3 WK (69
N Z P ) Z
kip VN k=0
1 . g g
=N Z (wijo +whU g Xj A4 wkU N+1)XN—1> Note that for qubits (N = 2), w = —1 so Equation (69) is just
k
1 1
But >, wh = Zk(wj)k is a geometric series that sums to 0) — %(|O> +11); 1) = ﬁ(m - 1)
(1 — (W)N)/(1 — w¥) which is zero since wN =1
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Definition: Quantum Fourier Transform (QFT)

N—1
1 .
This is the N x N matrix F,\,:W W |j) (k| L1 1 1 1 1 1
j k=0 1 5 T O A
F3 = — 1 w w F4 = = 1 1 1 1 (70)
1 1 1 1 V3] 2 W 2|11 - -
1 w w? wh-1 1 7 -1 —i
2 4 2(N—1)
_ = 1w v Y Fn has the following properties:
JN 1 W8 w0 oo W3N-1)
. . _ _ . _ » |t is Hermitian: F,J* = Fn
. : : h : » The magnitude of each complex number in the matrix is
N-1 2(N-1) .. . (N-1)(N-1)
Lo “ “ identical (and equal to 1/v/N).
with w = e2mi/N » The columns form an orthonormal set of vectors (as do the

rows).
For example

1 /1 1
i1 ) -

http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 179 http://www.maths.nuigalway.ie/ ~gettrick /teach/ma437/ 180




Quantum Fourier Transform and Shor’s algorithm Quantum Fourier Transform and Shor’s algorithm

From these examples, we note a general pattern in the behaviour of

Example: QFT of [¢) = %(|OO> +101) + [10) + [11)) both classical and quantum Fourier transforms: If the original
We have data / vector components / quantum amplitudes is fairly
uniformly distributed, the Fourier transform will be sharply
1 1. 1 1 1 1 peaked, and vice versa.
A (1 =i =1 i [1f1]_|[O A third example gives us further insight:
‘ 21 -1 1 —1|2]1 0
s 1 0 Example: QFT of |¢) = |01)
1 1 1 1 0 1
11 —i -1 1 11—/
Falv)=3511 -1 1 —1f o] "2 |
1 7 -1 —i 0 i

So, shifting a vector (in this case, (1,0,0,0) — (0, 1,0,0))
produces phases in the components of the Fourier
transformed vector.
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Shor’s algorithm is an algorithm for factoring (large) numbers
in polynomial time. It turns out that 7163 = (13)(19)(29).

» The best current “classical” algorithm for factoring large
integers is approximately exponential. Shor's algorithm is

=  Motivation:

=—  Suppose | give you a choice of two problems to solve. Further, suppose |

polynomial.
=  offer a monetary pntlze f-or the right answer, which is inversely proportional b Factoring large numbers may seem like an obscure
== to the amount of time it takes you to get the answer. mathematical task - but it's presumed difficulty is at the heart
=_C  Problem 1 Multiply the numbers 13, 19 and 29. of RSA encryption, and hence cybersecurity.
=2  Problem 2 Factorize (into prime factors) the number 7163. » Using a naive brute force approach, trying to crack the
= Which would you pick? currently recommended 2048-bit RSA encryption key would
require testing 22948 keys, which is a number with well over
Probably you will (and you should!) pick the first problem. You 500 digits.
know the procedure for multiplying numbers, and you can estimate > It is important to point out - there is no rigorous proof that it

how many operations you should do. But to factorize 71637 Well,

you may (and should) know, you can start trying to divide by other
primes, starting with 3, 5, 7, etc....but you can probably guess this
will take more time than the multiplication in problem 1.

is impossible to come up with a polynomial-time classical
algorithm
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Shor’s Algorithm

Shor's Algorithm uses the QFT (Quantum Fourier Transform) to
find the periodicity of a particular function, and that periodicity is
then used (in a classical algorithm) to find a factor for N. In that
sense, the factoring process is a hybrid of classical and quantum
operations. The quantum part of the algorithm (period finding) is
where the improvement is made (from exponential to polynomial
time).
We assume we want to find factors of a (large) positive integer N,
which is not prime and is not even (so in fact our smallest example
would be N =9).
» Step A Find x with x> =1 mod N. We can re-write this
equation as x> —1 =0 mod N = (x — 1)(x + 1). This means
(x —1)(x + 1) = Nm for some positive integer m, so every
non-trivial factor p of N must also divide into x — 1 or x + 1.
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Shor's Algorithm ... continued

» Step B (Using the Euclidean algorithm) calculate
GCD(x — 1, N) and GCD(x + 1, N) to obtain a factor p.

» Step C Reassign N' = N/p, and proceed again from Step A
with N’ to obtain further factors.
We further specify:
» Step Al To find x with x> =1 mod N, first pick a
(random) a which is coprime to N (i.e. GCD(a, N) = 1).
» Step A2 Find the order of a, i.e. the least positive integer r
with 3" =1 mod N.

» Step A3 Assign x = a'/2. If r is odd, repeat from step Al for

a different a.
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Quantum Fourier Transform and Shor’s algorithm

Shor’s Algorithm ... continued

Finally:

» Step A2a Consider the function f(x) = a* mod N. To
determine r, we find the period of this function

X 1123 |...|r|r+1|r+2

f(x) | ala®]|a®]. 1| a a°

The QFT applied to f(x) will have peaks at r, 2r, 3r, etc.

Example: Modular periodicities

f(x) =2 mod 9

X 112|345 6|7 8 9
2% 2 32 128 | 256 | 512
mod9 (2487 |5 |1 2 4 8

SN
(00)

2X

The period is r = 6.
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...continued

Example: Modular periodicities

f(x) =3* mod 10

X 11213 |4/ 5 6 7
3 319
mod10 (39| 7 | 1| 3 9 7

3X

The period is r = 4.

The computational complexities of the various Fourier transforms
are

» O(N?) for (Classical) Fourier transform
» O(Nlog N) for (Classical) FFT (Fast Fourier Transform)
> O(n?) = O((log N)?) for QFT
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Quantum Fourier Transform and Shor’s algorithm

To describe our quantum circuit for F4, we need to define some
more gates.

Definition: Phase gate

The Phase gate, normally denoted by Ry, is a single qubit gate
given by
1 0
Ry = )
¢ <O e’¢)

Definition: Control Unitary gate

For any single qubit gate / Unitary U, we can construct a 2 qubit
Control Unitary gate, denoted by CU or sometimes C — U. lIts
action is

ifa=0

ifa=1

|B)
) U15)

CUap) = {

N\

190
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Definition: Control Unitary gate ... continued
The generic format for the 4x4 matrix of a CU gate is

10 O 0

01 O 0 where U — (Ul,l U1,2>

0 0 uil U2 uxi1 U22

0 0 ui1 U2

| \

Definition: SWAP gate

This swaps the two qubits, SWAP |a) = |Ba). It is a permutation
matrix, given by

SWAP =

o O o+
o = O O
O O = O
= O O O
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QFT Circuit for Fy4

We consider again F4, which has action

Fa(100)) = 3 (100) +[01) + |10) + [11)) = 2([0) + [1))(10) +[1))
Fa(l01)) = 7 (100) + 7 [01) —10) — [12)) = 2(0) ~ |1))([0) + 7 [1})
Fa(110)) = 3 (100) — [01) +[10) — [12)) = 2([0) + [1))([0) ~ 1))
Fa([11)) = 7 (100) — [01) — [10) +#[11)) = 5(I0) — [1))(0) —  [1)

The resulting 2-qubit states are separable (in fact, this is true for
Fn)

A

192
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QFT Circuit for Fy4 ... continued

We can implement this with 4 gates, using QFT Circuit for F4 ... continued
Falaf) = (SWAP)(I © H)(CR:/2(2,1))(H ® 1) |a3) 1 1 0 0 1000
1 1 -1 0 O 0010
where SWAP swaps the two qubits, while CR4(j, k) is a I®H= Blo o 1 1 SWAP = 010 0
_ . . i¢)
CONTROL-phase gate, with control j and target k and phase e'?. 0 0 1 -1 00 0 1
— H R—Tl'/2 . .
(You should check that the product of these four matrices in the
r order given is indeed the F4 matrix in Equation (70).)
The explicit 4x4 matrices for these gates are If we need 4 gates (and therefore 4 unitary operations) to
implement F4, how many do we need for Fy? It turns out we can
10 1 O 100 O construct a quantum circuit for Fpy using a number of gates that is
1 (01 0 1 0 10 1 a polynomial function (specifically, quadratic) of the number of
Hol=— CR,/»(2,1) = . '
E V210 -1 o0 p2D=14 01 ¢ qubits (log ).
01 0 -1 0 00 —i
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We show further the circuit for Fig.
—HH Rz R R+
E_ Rz | {R=x For n quantum wires, we would have about n/2 SWAP gates at the
end, and (n+ (n—1)+(n—2)+--- + 3+ 2+ 1) other gates, i.e.
Ht R
i i g—}—g(n—l—l):g(n—}—2):0(n2)
H]

which shows quadratic complexity in log V.
We can see

» The first wire has a Hadamard and 3 (controlled) phases.
» The second wire has a Hadamard and 2 (controlled) phases.
» The third wire has a Hadamard and 1 (controlled) phase.

» etcetera. .. at the end we have two swaps.
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