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Q1. (a) Let L : R2 → R2 be the linear transformation with matrix

A =

(
1 −2

2 1

)
with respect to the standard basis vectors.

(i) [4 marks] Find L((1, 0)) and L((0, 6)).

(ii) [4 marks] Find the image of the line 6x + y = 6 under the linear

transformation L.

(b) Consider the matrix

A =

(
−3 5

−2 4

)
.

(i) [5 marks] Verify that

(
1

1

)
,

(
5

2

)
are eigenvectors of A.

Hence find a diagonal matrix D and matrix E such that An =

EDnE−1.

(ii) [4 marks] Calculate A8.

Q2. (a) [8 marks] Encipher the plaintext

HAHA

by applying the enciphering function

fE : Z26 → Z26, x→ 14x + 12

to 1-letter message units over the alphabet A = 0, B = 1, . . . , Z =

25. Why is there a problem finding the corresponding deciphering

function?

(b) [9 marks] Find the determinant and inverse of the matrix

A =

 1 0 1

2 1 2

3 1 4

 .
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Q3. (a) (i) [3 marks] Use Euclid’s Algorithm to find gcd(5, 27).

(ii) [4 marks] Find 5−1 in Z27.

(b) [5 marks] Determine the third digit of the ISBN 3-5?0-90336-4.

(c) [5 marks]

Solve the simultaneous congruences

x ≡ 4 mod 7

x ≡ 5 mod 8.

Q4. (a) Suppose that

f(t) =
1− t

t + 1
.

(i) Determine the average rate of change of f(t) over the interval

1 ≤ t ≤ 2. [3 marks]

(ii) Evaluate lim
t→+∞

f(t). [3 marks]

(iii) Sketch the graph of f . [3 marks]

(b) Evaluate the following limits.

(i) lim
h→0

(2 + h)2 − 4

h
. [4 marks]

(ii) lim
x→0

sin 3x

sin 2x
. [4 marks]

Q5. (a) Find the derivative of each of the following functions.

(i) f(x) = 3x2 + 5x− 1

x
. [4 marks]

(ii) g(x) = x cos(x) sin(x). [4 marks]

(iii) h(x) =
√
x2 + 1. [4 marks]

(b) Find an equation for the line that is tangent to the curve

y =
1

x2 + 1

at the point (−1, 1
2
). [5 marks]

Page 3 of 4 (p.t.o.)



Q6. (a) The function f(x) = x + 4
x

has 2 critical points. Find them both.

[5 marks]

(b) Find the maximum and mimimum values of x + 4
x

for 1 ≤ x ≤ 3. [5

marks]

(c) A box is to be made from a rectangular sheet of cardboard that is

30cm × 30cm, by cutting equal squares out of the four corners and

bending up the resulting flaps to make the sides of the box (the box

has no top). What is the largest possible volume of such a box? [7

marks]
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