Annotated notes from Wednesday (1/22)
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An “Investigate” activity

Bit strings

Lattice Paths

Binomial coefficients
Calculating binomial coefficients
@ Pascal's triangle

Permutations

Bl Exercises

These slides are based on §1.2 of Oscar Levin's Discrete Mathematics: an open introduction.

They are licensed under CC BY-SA 4.0



Tutorials (2/22)

Tutorials (other than Tuesdays at 3) started this week. You should attend one
of the sessions listed below.

Mon Tue Wed Thu Fri

9-10
10 -11
11 - 12 AdB-1020

12-1 CA117

1-2

2-3 Tyndall AC213

3-4 IT202 TBA

4 -5

5-6




Assignment 1 (3/22)

ASSIGNMENT 1 is now open!
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To access the assignment go to
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Your PASSWORD is: L«(k 'flUVVlloQ’f‘

There are 20 questions.
You may attempt each one up to20 times.
This assignment contributes 10% to your final grade for Discrete Mathematics.

Deadline: 5pm, Thursday 6th October.

Help: Tukoniaks ov gL)VVlS



An “Investigate” activity (4/22)

A rook can move only in straight lines (not diagonally). Fill in each square of
the chess board below with the number of different shortest paths the rook in
the upper left corner can take to get to the square, moving one space at a time.
For example, there are six paths from the rook to the square c6: DDRR,
DRDR, DRRD, RDDR, RDRD, and RRDD. (R = right, D = down).
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Bit strings L't“;'"f) %3 L‘M&u b, (5/22)
A bit is a “binary digits” (i.e., 0 or 1). /
A bit string is a string (list) of bits, e.g. '100?, 0, 111111, 10101010.
The length of the string is the number of bits. S::,J« Llé Q‘l:;mﬁ
A n-bit string has length n. r & o biwey
9

The set of all n-bit strings (for given n) is denoted B".
Nomb er

Examples:
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Bit strings (6/22)

The weight of the string is the number of 1's. ( Al - Som 05 the 4‘3 :(’,s )
The set of all n-bit strings of weight k is denoted B}.
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Bit strings (7/22)

Bit strings

@ The set of all n-bit strings (for given n) is denoted B".
@ The set of all n-bit strings of weight k is denoted B}.

Some counting questions:

1. How many bit strings are there of length 5? That is, what is |B®|?
2. Of these, how many have weight 37 That is, what is \Bg\?
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Bit strings (7/22)

Bit strings

@ The set of all n-bit strings (for given n) is denoted B".
@ The set of all n-bit strings of weight k is denoted B}.

Some counting questions:

1. How many bit strings are there of length 5? That is, what is |B®|?
@ Of these, how many have weight 37 That is, what is |B3|?
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Lattice Paths (8/22)

The (integer) lattice is the set of all points in the Cartesian plane for which
both the x and y coordinates are integers.

A lattice path is a shortest possible path connecting two points on the lattice,
moving only horizontally and vertically.

Example: three possible lattice paths from the points (0,0) to (3,2) are:

(3.2) _ (3.2) (3.2)
(0,0) 1 (0,0) | [ [ (0,0) | [
RRLVU R VU RRR RURRUY

Question: How many lattice paths are there from (0,0) to (3,2)7



Lattice Paths (9/22)

301 wgc@n

Useful observation 1

The number of lattice paths from (0, 0) to (3,2) is the same as |B;|.

Why? s 3
N Patlh. con be C’/acpresgzoq as a Q“ﬁhg
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Useful observation 2

The number of lattice paths from (0,0) to (3,2) is the same as the number
from (0,0) to (2, 2), plus the number from (0,0) to (3,1).
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@@efﬁcients 2 nombers:t x £ 9. (10/22)

What is the coefficient of (say) x@y@in (x +y)°? \

(x+y) =1
(x+y) =x+y
(x+y) =x"+2xy +y°

(x+y)P =x4+3y +3x° + y*/
(x +y) = x"+4x°y + 6x°y* + 4xy> + v/
(x+y)’> = x*+5x"y 4—!10X3y2}—|— 10x°y°® +5xy* +y°

So, by doing a lot of multiplication, we have worked out that the coefficient of
x>y? is 10 (which is rather familiar....)

But, not surprisingly there this a more systematic way of answering this
problem. \\
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Binomial coefficients (11/22)

What is the coefficient of (say) x*y? in (x + y)°?

(x+y)° = (x+ y)(x + y)(x + y)(x + y)(x +y).

We can work out the coefficient of x>y? in the expansion of (x + y)° by
counting the number of ways we can choose three x's and two y's in
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Binomial coefficients (12/22)

These numbers that occurred in all our examples are called binomial

coefficients, and are denoted <Z>

Binomial Coefficients

For each integer n > 0, and integer k such that 0 < k < n, there is a number

(:) read as “n choose k"

is the coefficient of x*y"~* in the expansion of (x + y)".

1 ()
2. ()
3. (Z) is the number of lattice paths of length n containing k steps to the right.
4 (%)
5. (x)

is the number of ways to select k objects from a total of n objects.
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