MA378: Sample Exercises for Class Test, 8/03/2017: Solutions

1. Let p, be the polynomial of degree n that interpolates the function f at the distinct points {xo,x1,...,ZN}.
State Cauchy’s Theorem for f(x) — pn(x). (You do not have to prove it).
Answer: Suppose that n > 0 and f is a real-valued function that is continuous and defined on [a, b], such that
the derivative of f of order n + 1 exists and is continuous on [a,b]. Let p, be the polynomial of degree n that
interpolates f at the n+ 1 points a =z < 21 < -+ < &, = b. Then, for any x € [a,b] there is a 7 € (a,b) such

that
£ )

f(x) —pn(z) = Wﬂ—nJrl(x)’ (1)

2. Suppose that S is a natural cubic spline on [0, 2] with

S() —z+21—x)+a(l —2)*+ 223, for0<az<l,
xT) =
b2—x)+c(2—2) +dx—1)3, forl<az<2.

Find a, b, ¢, and d.
Solution: Differentiate to get

() -3 —3a(l —x)% + 222, for0 <z <1,
xTr) =
—b—3c(2—2)?+3d(x —1)%, forl1<z<2
and
() = 6a(l —x) + 4z, for 0 <z <1,
6c(2—z)+6d(x—1), forl<z<2.

Since S is a natural spline,

e 5”(0) = 0, which gives that a = 0, and
e S”(2) =0, which gives that d = 0.

To find b and ¢ use any two of

e S is continuous at x = 1, which gives b+ ¢ = —1/3,
e S’ is continuous at x = 1, which gives b + 3c = 1, and

e 5" is continuous at = 1, which gives 6¢ = 4.
That will give that b = —1, and ¢ = 2/3.

3. Suppose that S is the cubic spline interpolant to f(x) = xze™™ on the N + 1 equally spaced points {xo = 0 <
xp < - <axy =2} We know that
17 = 8l i= max [£— 8] < 22w |/0)
T 02?%2 — 384 oréljgg s
where h = 2/N.
What value of N should one take to ensure that ||f — S|| is no more than 1078,
Solution: We have to find h such that

5ht (4) -8
351 (e S (@) < 1075,
For this problem, f) = d*f/dx* = (x — 4)e~. This is negative, but increasing on [0, 2], so

max |f®(2)] =(0)] = 4.

0<z<2

So we have to choose h such that 384
Rt <1078 x S0~ 1.92 x 1077,

This gives h < 0.02093. Since N = 2/h, we get N > 95.544. So take N = 96.



