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Introduction (2/20)

The Cubic Spline! is perhaps the most useful and popular
interpolating function used in numerical analysis, automotive and
aeronautical engineering, computer and film animation, digital
photography, financial modelling, and as many other areas as there
are human endeavours where continuous processes are modelled by
discrete ones.

!It is generally accepted that (mathematical) splines were first described by
Isaac Schoenberg (1903-1990) during WW?2. However their physical realisation
had been used in the ship-building and aircraft industries prior to that.
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One could argue that the most

fundamental short-coming of the linear

spline interpolant to f is that they are
@not “smooth’: that is, although

li(wi) = liga(xi),
ft

TS
it is generally the case that has

Li(w:) # Ui (24).

(FH)AIso, the interpolating function cannot
capture the “curvature” of f. (If you
think about this last statement, you'll
see that it can be expressed as
I"(x) =0 for all x € [a,b].)
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Cubic splines try to balance the simplicity of the linear spline
approach — by using a low-order polynomial on each interval —
with the desire for curvature and more smoothness — by using
cubics, and by forcing adjacent ones, and their first and second
derivatives, to agree at knot points.
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Definition (Cubic Spline)

Let f be a function that is continuous on [a,b]. The cubic spline
interpolant to f is the continuous function .S such that

fliece-
fori=1,...,N, on each interval [x;_1, ;] let S(x) = sz(x;} Loise

(i)

i)
(iii) si(z;) = f(x;) fori=1,..., N, ok oy g«
(iv) si(zi) = siy (@) fori=1,...,N—1% §/ o eomtinvou)
. n <
(v) si(xi) = siyq(x;) fori=1,...,N — % S' N CO'VIHV‘U,O\)

where each of the s; is a cubic polynomial. g

Lhie

N4

So, we have defined the cubic spline S as a function that
interpolates f at IV + 1 points, has continuous first and second
derivatives on [zg, x| and is a cubic polynomial on each of the n
intervals [z;_1,z;]. Thatis, it is piecewise cubic.

\Vg)



Definition (5/20)

Definition (Cubic Spline)

Let f be a function that is continuous on [a,b]. The cubic spline
interpolant to f is the continuous function .S such that

(i) fori=1,..., N, on each interval [z;_1,z;] let S(z) = s;(z),
where each of the s; is a cubic polynomial.

(ii) si(wi_1) = f(wi_qy) fori=1,...,N, = N eqvalbions

(iii) si(z;) = f(z;) fori=1,...,N, —5 N equkir.
(iv) sj(xi) = sjoq(x;) fori=1,...,N—-1, >0~ eq Lo
(v) si(xi) = siyq(xg) fori=1,...,N—-1.5 p~1 @?u,aﬂ,m

-7
So, we have defined the cubic spline S as a fun(gtcion that

interpolates f at IV + 1 points, has continuous first and second
derivatives on [zg, x| and is a cubic polynomial on each of the n
intervals [z;_1,z;]. Thatis, it is piecewise cubic.
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We know that one can write a cubic as ag + a1z + asz? + azx>.

So it takes 4 tesms to uniquely define a single cubic. To define the

spline we neeterms. They can be found by solving 4N
inearly independent) equations. But the definition only gives

4N — 2 gquations.

The “missing”equations can be chosen in a number of ways:

(i) by setting S”(x¢) = 0 and S”(z,) = 0. This is called a
natural spline, and is the approach we'll take.

(i) by setting S’(z9) =0 and S’(z,) = 0. This is called a
clamped spline.

(iii) set S'(zg) = S'(zy) and S"(zg) = S”(x ). This is the
periodic spline and is used for interpolating, say,
trigonometric functions.

(iv) only use N — 2 components of the spline: s, ..., sy_;. But
extend to two end ones so that s,(z¢) = f(x¢) and
sy_1 = f(zx). This is called the not-a-knot condition.
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The following figures show the linear spline (left) and natural
cubic spline (right), and errors, interpolants to f(z) = 1/(1 + z?)
(with @ = —5 and b =5 as usual) for various N.

Compared with linear splines, we seem to get significantly better
approximation. Moreover, the rate at which the error decreases
with respect to A is much faster.
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Some notation:

mh= Ty — Tij—1 = (l‘N —xo)/Mor all 4. '
mfi = f(%)r\slx_wé Liperrol Wi & #(Df;) ab 'P:L

To construct the spline, first observe that if S is piecewise cubic,
then S’ is piecewise quadratic, and S” is piecewise linear.

(i) Let/Uz S"(x;) ffor i =0,...,N.

Sinw S¢ o o CuLnC I"°l‘\j"lﬂvnul) 3;‘/ (/rD 70,1%/“@'_(]

('/W"L gb o Airoev (e S vo Piece 1S l:‘vuwv)ll
€le fc-rmw(b- ]A»;’V Lineory splins we cCom wiil

< x - X~ W-;
5(, (x) = O Lh + 9¢ —

wlowo e Op ove, ab ?,u?j onKuo wiy.

U$1'vtﬁ
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Constructing Cubic Splines integration  (10/20)
(ii) Integrate twice: 4 2 \
NG .- (- 0Ga) VY
()T « T (%M/I) 4 03 _91.2‘4 . A
And  agein: 3 3
(A ~ T (o~ ‘ \
$,(x) £ O + Acxt Be,

on o Y T
con Cxpross Hom. i ferms o srhitvovy O, B
Atxt By = Gy (X ~ Xem) F A (T

(Twak \“}33 Oix Re= AL, -0 Xeqy +R: X BL)
e get

si(x) = ai(x — mi—1) + Bi(x; — x)+

Til (g, — )

for x € [wi_1,x4).

fudd e $AN7.
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(iii) The «; and f3; arose as the constants of integration. To find
them: sy tlwk  SCCAc-d = g o Si o) = £ ]

T] !‘ (‘ﬂ] a_l:—"’:z
g (i) = B M+ T ) = Fe-1 S pitns ~ =t
A 3 _ [

S'nm:lm’l‘j

2
O n
g () = Ok + —2»4 = P

We  Kwow i £ pﬁ, If we knew O
ond oL, we  com Solve j{;—r e, ﬁ B¢



Constructing Cubic Splines (12/20)

and so, fori=1,2,..., N

{Note that 8; = Oéi—l-;
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(iv) So, now we “just” need the equations for o;. Two of these
come from the fact that this is a “natural”_cubic spline, with
S"(z9) =0 and S"(xp) = 0, therefore(ocy = 0 and oy = 0.
The remaining N — 1 equatlons come from t
continuous at 1,2, ...,Tp—1. SO we set that

Fint o@pﬁvuﬂ:"ue "8’ ]
i sz(xl) = si+1(x;).
S, ¢ <ot ore eq,uuﬂ:}.!. g
After some work (see exercises...), we can show this means that
the system is:

o9 = O’ (33)
1 1
E(ai_l +40; +0i11) = ﬁ(fi—l —2fi+ fit1) (3b)

forz:l,...,N:y Mpfox}wuﬂ"lw
ON

U\)E|“ <00 k[AJ\A = 0. &—f QI, Ca(g) (3C)
agom —  Simpsav’s Rule "
(" Sint differenc')



A cubic spline example (14/20)

Find the natural cubic spline interpolant to f at the points zg = 0,
x1 =1, xo =2 and 3 = 3 where fy =0, f1 =2, fo =1 and
fz=0.

[We won't do all the details in class, so here they are]
Solution:

From (1) we see we are looking for S(z)=

] 3 J1 3
= 1— (1 - - 1
S’, () ala:—i—/?l( a:) + 6h< a:) + th L € [O, ],

S, 0 = ag(x—1)+ﬂ2(2—x)+6—}l-(2—x) +6—h(az—1) x € [1,2],

S o)z as(w —x2) + B33 — ) + %(3 — )3+ g—Z(az — 232 € [2,3].



A cubic spline example (15/20)

We first solve for the o; using (3):

1 0 00 0o 0
1{1 41 0||o]| [-18
610 1 4 1|0~ (2 —2(1) +0) =0,
00 0 1 o3 0
This gives
o g2 6 0
oo =V, g1 = 57 02_57 o3 =U.
Now use (2) to get
14 4
a == ®=g, az =0

and



A cubic spline example

The answer is

1543;— %333, z € [0,1],
tz—1)+2@2-2)-

S(z) =
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¢ L7777 sl comtinusuwd e,
We state the following error estimates without proof. You don't (Ce)b)

need to know these, or be able to prove them. But you should be
able to use them if required.

Theorem

If f € C*[a,b] and S is its cubic spline interpolant on N + 1

equally spaced points, then Compove wit

/ . .
S “ Lneer ¢ ol
mox ]\c"")‘gt“')}"ﬂf — Sl < @M4 {

2
oo ¢ XL Nw (h )

od

1
1F = 8'Now < 57 Mal?,

Hf// - S//Hoo S §M4h27

where My = ||f@)]|s.




Error Estimates (18/20)

Give an upper bound on the error for the cubic spline interpolant
to f = e” on the interval [—1,1] with N = 10 mesh points.

Civ) _
g—(ﬂ).‘_ @D() Co E (x)= eq) So sz— ()/‘;7/: 2".7.{%7
aﬂ“'wo l—— ("'1) O. Q_

h= - - =

»~J |0

>0 ne-sl = = (Q.;us,) (0-2)4;" 5‘-6’631110—;
© 394

( (ompove with  Ela  &rrov fﬁrr Aoaar Sphing 2
I & %1077 )



Error Estimates on [~ lj\ (19/20)

What is the smallest-value of N that you must take td, ensure that,
if interpolating @- N equally sized intervals,‘the error is

less that 10787 Howdoes this compare with a linear spline
interpolation (see corresponding example for linear splines).

We wenb (£ Y g2 18) W' g pF.
39# S—" -

My,
will  Find  need hg 02306,
So Mo ¥67. ¢ Tuke M= €

(Livuz,w Spling P = 19300 agpro¥x ‘13



Error Estimates (20/20)

Recall the minimum energy property of linear splines. There is an
analogous result for natural cubic splines.

Let u be any function that interpolates f at w®, and is such that
u € H*(xo, 7). Then

15" ll2 < [|u”]l2-

The proof is not hard - it is analogous to the proof of Theorem
2.1.9.

Fivided. 3% )17



