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1.4 Computing the polynomial in-
terpolant

1.4.1 Synthetic Division

The Lagrange form of the polynomial interpolant has
great theoretical importance. It is also useful for n =
0,1,2, say. It practice, for larger n, it is easy to write
down the Lagrange form of the polynomial interpolant,
but it is tedious (and computationally expensive) to work

with. Evaluating each of the

n

ne=I1 =
)

X
j=0j#1 7"

at a given value of x requires 2n — 1 multiplications. So
therefore computing

pab =Y wits =3 (w T] 225,
i=0 i=0 i=0j#i "t )

for a given value of x requires 2n? + 2n multiplications.
On the other hand, suppose we have p;, in the standard

form
Pr(x) = ag + arx + apx® + - - - 4+ apx™.

At first glance it seems that this takes (n? —n)/2 multi-
plications, which is only a little better. However there is
a faster way of doing this called synthetic division. As an
example we'll consider how this works for the case n = 3.
For the general case, please have a look at [S96] Lecture
19].

Take notes:

In summary,

e The Lagrange form is easy to find and difficult to
evaluate.

e The standard form (i.e., pn = ap + a1x + -+ +

anxN), is hard to find, but easy to evaluate.

e So we want to find a form for the polynomial is
easy to construct and efficient to evaluate.

There are plenty of possibilities — too many to men-
tion — and we'll consider one of them: the Newton Form.

1.4.2 The Newton Form of the Interpolant

This section is just for your information: it will not
be covered in class or be part of any assessment.
These notes are based on §2.1.3 of [SB92] and on [S96),
Lecture 19].
Suppose we were to write the interpolating polyno-
mial py, as

Pn(x) = ap + ai(x —xo)
+ az(x —xp)(x —x1)
+ az(x —xp) (x —x1) (x — x2)

+...-|-an(x—xo)(x—xl)"'(X—Xn71)~

Then it could actually be evaluated as

Pn(x) = ao+

(x —x0) (al + (X—Xl)(GQ + (x —x2)(az+

(---+an(xxn_1))-~-)). (1.9)

This is called the Newton Form of the Interpolating Poly-
nomial. [l

Let 7t be the nodal polynomial 7t = ]_[]fzo(x —xi).
Then the Newton form is

Pn(X) = ap + a1y + asm + azmy + -+ AnTln 1.
So how do we find the coefficients? Let

F[Xi] = f(Xi),

Flxi41] — Flxil

F[Xiv Xi+1] =
Xi+1 — Xi

F[XivxiJrh cee 7Xi+k} =

FlXit1, Xit2, - - - Xigid — FIXi, Xit1, - -« Xigk—1]

Xitk — Xi
Then
ap = flxol, a; = Flxo, x1],
an = Flxg,x1,...%nl.
Or, if you prefer:

pu(x) =Fixol + Y Flxo,x1,...,xiJme(x).  (1.10)
k=1
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It is not hard to show that the formula given in (|1.10))
yields the interpolating polynomial. The argument is in-
ductive. Before we do that, we will demonstrate that it
works for a particular example.

Example 1.4.1. Write down the Newton form of the
polynomial p, that interpolates e* at xo =0, x; =1
and xo = 2.

Solution: (For the Newton form)

| Flxi]  Flxixipi]  Flxixipixiyol
X0 1
e—1
X1 e 1(e?—2e+1)
62 —e€
X2 62

This gives

p2(x) = Flxol 4+ (x — x0) (Flxox1] + (x — x1)Flxox1x2]),

1
=1+x(le—1)+ (X—2)§(62 —2e+1)).
Written in the form of ([1.10]) above, this is

pa(x) =1+ (e—1)(x)+ %(e2 —2e+1)(x)(x —1).
One can quickly check that this

1. is a polynomial of degree n,

2. interpolates e at x =0, x =1 and x = 2.

It is not hard to show that the formula given in (|1.10))
yields the interpolating polynomial. The argument is
Clearly its true for n = 0, because in that
case the interpolant is just the constant polynomial py =
Fixol = f(xo).

Next, suppose it is true for n points. Then let

inductive.

Pn interpolate f(x) at x = xg, X1, - - - Xn,
gn—1(x) interpolate f(x) at x = xg,X1,...Xn_1,

Th_1(x) interpolate f(x) at x = xq,X2...%Xn.

We must convince ourselves that

X —Xo

Prlx) = gqn-1(x) + (Tho1 () — dn_1 (%)),

Xn —Xo

First, since both qn_1 and r,_; are polynomials of
degree n — 1, it follows that the expression on the right
is indeed a polynomial of degree n.

Next, check that it is the interpolant of f at xg, x1,

, Xn. For the first point, xq:

X0 — X0

Pn(x0) = qn-1(x0) + (rn_1(x0) = dn_1(x0))

Xn —Xpo

= gn-1(x0) = f(xo).

For the last point, xn:

Xn —Xo

Prn(Xn) = qn_1(xn)+ (Tnfl(xn)_qnfl(xn))

Xn — Xo
=qn-1(xn) + (Tn—l(xn) - qn—1(xn))

= Tn71(xn) = f(xn)~

And for every other point, x;, i=1,...,n—1,
Xi —X
Pr(x) = dno (x0) + == (T (%) = Ay (x0))
Xn —Xo
Xi — X
= fxi) + ——(f(xi) = fx0)) = f(xa)-
Xn —Xo

Finally, we need to compare the coefficient of x™ on
the left- and right-hand sides of this equations.

The coefficient of x™ 1 in qn 1 is Flxo, X1, . .., Xn_1].
The coefficient of x™ ! in 1,1 is Flx1,%X2,...,Xn]. So
the coefficient of x™ in py, is

1
(F[X17X27 .o >XT‘L] - F[X07X17 e ,Xn,ﬂ)7

Xn —Xo

as required.

1.4.3 Exercise

Exercise 1.12. Do Exercise 6.3 from Siili and Mayers,
An Introduction to Numerical Analysis.



