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4.3 The FEM

4.3.1 On Infinite- and Finite-Dimensional
Spaces

A space is a collection of functions. The dimension of
that space is smallest number of pieces of information
that is required to uniquely describe any of its members.

Example 4.3.1. The set of points in R%2. Each member
can be written as (x1,x2) so we need two pieces of in-
formation (‘“coordinates”) to describe the point. So R?
has dimension 2.

Example 4.3.2. The space of quadratic polynomials (over
the reals). Each member can be written as a+bx +cx?.
So we need to know a, b and ¢ for each member of the
set; the space has dimension 3.

Another way of thinking about this is considering that
these space have certain members that can be combined
is various ways to give us every other member; they form
a basis for the space.

Examples of bases for R? and P>
Take notes:

Example 4.3.3. All the solutions to the differential equa-
tion u”(x) + u(x) = 0 (note: no boundary conditions)
can be written in the form u(x) = asin(x) + B cos(x).
So {sin(x), cos(x)} is a basis for this space which is of
dimension 2.

All of the spaces mentioned have finite-dimension.
But consider the space of all continuous functions on
[a,b]. This is an infinite dimensional space: we would
have to write down an infinite number of values to de-
scribe a member uniquely.

Example 4.3.4. The space of functions C2(a, b) is infinite-
dimensional, as is C3(a,b). So too is H}(a,b).

Example 4.3.5. The space of functions that are of the
form g(x) = y(x — a)(x — b) for any v € R is finite-
dimensional (because it has dimension 1). But every
member of this space also belongs to the infinite dimen-
sional space H(a,b); it is a finite-dimensional subspace

of Hi(a, b).

4.3.2 The Galerkin Basis Functions

Example 4.3.6. To get another very important exam-
ple of a finite dimensional subspace of H}(a,b), first
This is just a set of points
{a =xg < x1 < x90 < -+ < xnp = Db}. Then con-
sider the space of all functions that are piecewise linear

fix a “mesh” on [a,bl].

on this mesh and that vanish at x = a and x = b.

This is a a finite-dimensional sub-space of H}(a,b).
A reasonable basis for this space would be the hat func-

tions {11’171*])2’ s 7l<|)n—1} given by
(x —=xi—1)/h xi—1 <x<xq
Pi(x) =< (%41 —x)/h xp <x < Xiq1

0 otherwise.

where h = (b — a)/n is the distance between adjacent
points. Then we can write any function uy, as

Un(x) = A1 (x) +AoPa(x) + - + A 1Pn_1(x).

This basis set, shown below, are often called hat func-

tions or Galerkind Basis functions. We met them before

in [Section 2.1 on piecewise linear interpolation.

Yn1

4.3.3 The Discrete Variational Form

Recall again that we are trying to solve the problem: find
u € C%(a,b)

—u”(x) +r(x)u(x) = f(x)

u(a) =u(b) =0,

on (a,b),

wherer(x) > 0 for allx € (a,b). We defined A(u,v) :=
(u’,v') + (ru,v) and L(v) := (f,v), and wrote the weak
form of the DE as: Find u € H}(a,b) such that

Au,v) =L(v) forall ve&H}(a,b).

Now imagine we were trying to solve it by taking a func-
tion from H{(a, b) and checking if this integral equation
is true for all functions v in H}(a,b). This would take
forever because there are an infinite number of candi-
dates. So instead we restrict our attention to a finite-
dimensional subspace S of Hé(a,b). Now we can select
a function uy, from S and “put it on trial” by testing
it against (all) the functions vy in S. This leads to the
terminology of calling uy, a trial function and vy, a test
function.

Moreover, it leads to the following method.

2Born, 4 March 1871 in Polotsk, Belarus. Died 12 June 1945
in Moscow.
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Definition 4.3.7 (The Finite Element Method). Let S
be the finite dimensional subspace of H}(a,b) made up
of the piecewise linear functions on a fixed mesh a =
Xg < X1 < --- < Xn = b. Then the Galerkin Finite
Element method is: find uy, € S such that

Aun, vi) = (f,vn) forall  vi€S. (4.6)

4.3.4 FE implementation

We now want to look at how to turn Definition into
an algorithm (ideally, one that we can implement on a
computer).

Let S be the space of piecewise linear functions on
the mesh x; = a+ ih, where h = (b —a)/n. As above,
Uy, is can be written as

un(x) = A1 (x) + A2 (x) + - +F A1 Pn_1(x).

So up has n — 1 unknowns: A1, As,...,An_1. To solve
for these, we need n—1 equations. To get these, we just
choose n—1 different (i.e., linearly independent) possible
V1, and substitute into .

The most obvious, and (it turns out) sensible, choice
for these n— 1 equations are the n—1 hat functions {1,

11)27" '711)1171-

This gives us n — 1 equations to solve:

fori=1,..n—1.

Aun, Pi) = (f, 1) (4.7)

It is now not too difficult to see that, if we write these
equations as a matrix-vector equation, Ax = F, then

aij = A, ;)

Take notes:

Some important observations:

e Any given “hat” function {; is only non-zero on
the region [xi_1,Xiy1].

¢ We have to compute

b
Qs = A b;) = J YL ()

a

+r(x)hi () (x)dx.  (4.8)

But this will be non-zero only if there is overlap
between [xi_1,xi41] and [xj_1,x;+1].

e This gives that A(\{;,;) =0 if i —j[ > 1, and
otherwise

Xi+41

A by) = [ L0000+ )y ()

Xi—1

Such a system is called tridiagonal. The left-hand side
looks like this:

A1, d1)  A(db2,b1) 0 0 .o 0
A1, P2) A2, P2) Az, P2) 0 - 0

0 Az, P2) Az, ds) A(bs,bg) -+ 0

There are two consequences to this:

(i) It takes less effort to set up the linear systems of
equations than one might have thought.

(ii) It is relatively easy to solve.

We should also observe the the matrix, A, is sym-
metric.

Note:
compute in integrals

in general a quadrature rule is used to

J b (X)W ():

Xi—1

The Gaussian Quadrature methods are the most popular
for this.

An example

Use the FEM on the mesh {0, 1,2, 3} to find an approxi-
mate solution to

—u’"+3u=x on (0,3), u(0)=u(3)=0.(4.9)

Solution: The FEM is: Find u (x) € S such that
A(un,vi) = (ug, vi) +3(un, vh) = (x,un)
for all vi, (x) € S.

We have that h =1 so let

x 0<x<1
Pi(x)=<¢2—x 1<x<2
0 otherwise,
x—1 1<x<2
Po(x)=93—x 2<x<3
0 otherwise,

and
Up(x) = A1b1(x) + A2 (x).
Our two equations are:
(AP ] + A2s, 1) + 3(A1d1 + Aada, ) = (x,¥1),
(A1 + Aod, h5s) + 3(A1h1 + Aag, Pa) = (x,P2).
giving
3 3
7\1<J biwidx+s| wlwldx>+
0 0

Az(JSwéﬂ)idX + Sngzwldx) - Jj X1 dx

0 0
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3 3
xlqo ¢;¢gdx+3j0 1])11b2d><>+

Ao ([: Whbpdx + 3[2 w2w2dx> - f xibr dx.

0
We now need to evaluate these integrals. For example, from the
1st equation:

Jjw{wgdx = Jol(l)de +J12(—1)2dx =2,

2

le])11b1d)( = J: X2dX+J (2—x)%dx =2/3,

1
so the coefficient of A1 is 2+ 3(2/3) = 4. Also,

3 2 2
| wawiax =] wpwiax = | W1ax =1,
0 1 1

3 2 2
[, wewrax = | wawrax = [ (x=1)2-x)ax=1/6.
0 1 1
So the coefficient of Ag is —1 + 3(1/6) = —1/2.
For the right-hand side:

2
(x)(2—x)dx=1/3+2/3=1.
1

r xp1dx = Jj(x)(x)dx +J

0

Similarly,
3
J xPodx = 2.

0
The final system is

1 1
AN — A2 =1 —=A 4Ao = 2.
1= 52 ) oM + 4A2

This can also be written as a matrix-vector equation:
4 DN /ay_ N
Solving, we get A1 = 20/63 and A2 = 34/63. The solution

is ul(x) = (20/63)1(x) + (34/63)h2(x).
Figure 4.1

This is shown in
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Fig. 4.1: The FE solution to (4.9) with n =3

4.3.5 Exercises

Exercise 4.6. Show that uy solves (4.7)) if and only if

it solves ([4.6]).

Exercise 4.7. Consider the problem:
—u”(x) = 9x

Use the FEM to find an approximate solution on the mesh
{0,1/3,2/3,1}.
Also write down the true solution to this problem.

Exercise 4.8. Suppose we want to use a finite element
method to solve

—u”(x)+u(x) =1o0n (0,1),

with u(0) = u(1) = 0, using the usual piecewise linear
.y Xn}. Let
the resulting linear system is written as the matrix-vector

basis functions on on uniform mesh {xg, x1, ..

equation Aup = F.

(i) Show that the matrix A is symmetric (i.e.

(1]'1).

ai]- =

(ii) Show that A is tridiagonal (i.e., if [i —j| > 1 then
aij = O)

(iii) Derive the formula for the entries of A in terms of
h. That is, give an expression for a; i—1, ai,; and

Qi,it1-



