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From IVPs to Linear Systems (2/14)

In this final section, we highlight some of the many important
aspects of the numerical solution of IVPs that are not covered in
detail in this course:

m Systems of ODEs;
m Higher-order equations;
m Implicit methods; and

m Problems in two dimensions.

We have the additional goal of seeing how these methods related
to the earlier section of the course (nonlinear problems) and next
section (linear equation solving).



Systems of ODEs (3/14)

So far we have solved only single IVPs. However, must interesting
problems are coupled systems: find functions y and z such that

y,(t) = fl(tayaz)>

Z'(t) = h(t,y, z).

This does not present much of a problem to us. For example the
Euler Method is extended to

yi+1 = yi + hfi(t, yi, zi),

ziy1 = zi + hfa(t, yi, zi).



Systems of ODEs (4/14)

Example

In pharmokinetics, the flow of drugs between the blood and major
organs can be modelled

%(t) = ko1 z(t) — (k12 + Kelim)y(t)-
92 (6) = kiay (£) — hnz(t)

y(0)=d, z(0)=0.

where y is the concentration of a given drug in the blood-stream
and z is its concentration in another organ. The parameters ko1,
k12 and kgjim are determined from physical experiments.




Systems of ODEs (5/14)

%(t) = ka1 2(t) = (ka2 + ketim )y (t)-
%(t) = kypy(t) — ko1z(t).

y(0)=d, z(0)=0.

Euler's method for this is:

Yitr = Yi + h( = (ki2 + Kelim)Yi + k212i),



Higher-Order problems (6/14)

So far we've only considered first-order initial value problems.
However, the methods can easily be extended to high-order
problems:

Y'(t) +a(t)y'(t) = f(t,y);  y(to) = y0,¥'(to) = y1.
We do this by converting the problem to a system: set
z(t) = y'(t). Then:
Z'(t) = —a(t)z(t) + f(t.y), z(to) = 1,
y'(t) = 2(t), y(to) = yo.

Consider the following 2nd-order IVP
y'(£) = 3y/() + 2y (t) + €t =0,

y(1) = e, y'(1) = 2e.




Implicit methods (7/14)

Although we won't dwell on the point, there are many problems for
which the one-step methods we have seen will give a useful
solution only when the step size, h, is small enough. For larger h,
the solution can be very unstable.

Such problems are called “stiff” problems. They can be solved, but
are best done with so-called “implicit methods”, the simplest of
which is the Implicit Euler Method:

Vie1 = yi + hf(tig1, yio1).

Note that y; 1 appears on both sizes of the equation. To
implement this method, we need to be able to solve this non-linear
problem. The most common method for doing this is Newton's
method.



Towards Partial Differential Equations (8/14)

So far, in MA385/530, we've only considered ordinary differential
equations: these are DEs which involve functions of just one
variable. In our examples above, this variable was time.

However, many physical phenomena vary in space and time, and so
the solutions to the differential equations the model them depend
on two or more variables. The derivatives expressed in the
equations are partial derivatives and so they are called partial
differential equations (PDEs).

We will take a brief look at how to solve these (and how not to
solve them). This will motivate the following section, on solving
systems of linear equations.



Towards Partial Differential Equations (9/14)

Recall (again) the Black-Scholes equations for pricing an option:

OV 1 ,,00V 9V
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With a little effort, (see, e.g., Chapter 5 of “The Mathematics of
Financial Derivatives: a student introduction”, by Wilmott et al.)
this can be transformed to the simpler-looking heat equation:

ou 0%u
E(tvx) - ﬁ(tvx)v for (Xv t) € [07 L] X [07 T]:

and with the initial and boundary conditions

u(0,x) = g(x) and u(t,0) = a(t), u(t, L) = b(t).
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If L=, g(x) =sin(x), a(t) = b(t) = 0 then u(t,x) = e *sin(x).




Towards Partial Differential Equations (11/14)

In general, however, this problem can't be solved explicitly for
arbitrary g, a, b, and so a numerical scheme is used. Suppose we
somehow know 0%u/0x2, then we could just use Euler's method:

0%u
u(t;+1,x) = U(t,', ) /‘l8 2(t1, )

Although we don't know (t,,x) we can approximate it:

Divide [0, T] into N intervals of width h, giving the grid
{02t0< < <ty <ty = T}, with t; = to + ih.
Divide [0, L] into M intervals of width H, giving the grid
{0=x0 <x1 <---<xym =L} with x; = xo + jH.
Denote by u;; the approximation for u(t,x) at (t;, x;).
For each i=0,1,..., N — 1, use the approximation:
32
0x 2(
for k=1,2,...,M—1.

1
ti xg) & Oxuij = s (i1 = 203 + Uijy),



Towards Partial Differential Equations (12/14)

: ._ 2
Now set: Uiyl = Ujj— h[éxu;J] .
This scheme is called an explicit method: if we know u;;_1, u;;
and u; 11 then we can explicitly calculate ujyq ;.
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Towards Partial Differential Equations (13/14)

Unfortunately, this method is not very stable: huge errors occur in
the approximation. (Example).

Instead one might use an implicit method: if we know u;_1;, we
compute wu;j_1, u;j and u; 11 simultaneously:

ujj — h[Zuij] = uj_1j

This is actually a set of simultaneous equations:

Uio = a(t,-),
ozu;’j,l—i-ﬁu,-’j—i—au,-’jﬂ =U—1k, k=1,2,...,M—-1
uim = b(t;),

Wherea:—ﬁandﬂ:%—kl.



Towards Partial Differential Equations (14/14)

This could be expressed more clearly as the matrix-vector equation:

1 0 0 0 ... 0 0 0 O Ujo 3(0)
a f a 0 ... 0 0 0 O ui1 Ui—1,1
0 « ﬂ o ... 0 0 0 O ui2 Ui—12
0 00 0 ... « ,3 a 0 Ujn—2 Ui—1,n—2
0 000 ... 0 af « Ui n—1 Ui—1,n-1
0000 ..00 01 Ui n b(T)

So “all” we have to do now is solve this system of equations. That
is what the next section of the course is about.
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