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Mx = b M ∈ Rm×n,m > n


m11 m12 m13
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m31 m32 m33

m41 m42 m43

m51 m52 m53


x1

x2

x3

 =


b1

b2

b3

b4

b5



r = b−Mx.

Find x that minimises ‖r‖2 =
√
rT r ⇐⇒ MTMx = MTb,

Because:

0 = lim
e→0

(
M(x+ e) − b

)T(
M(x+ e) − b

)
−
(
Mx− b

)T(
Mx− b

)
‖e‖

= lim
e→0

2eT
(
MTMx−MTb

)
+ eTMTMe

‖e‖
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A = MTM ⇐⇒



A is symmetric positive definite (spd)

xTAx > 0 ∀x ∈ Rn×n.

Ax = λx =⇒ λ > 0.

f(x) = 1
2x

TAx− xTb is strictly convex for all b.

A(k) = A1:k,1:k,k = 1, 2, . . . ,n is spd

A =

(
a11 A12

AT
12 A22

)
=

(√
a11 0

AT
12√

a11
Ã22

)(√
a11
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a11

0 Ã22
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D0 := 0, Dk = det
(
A(k)

)
, k = 1, 2, . . . ,n.

Theorem (O. Toeplitz, 1907)

If A is an n× n symmetric matrix, and D1, . . . ,Dn are all
different from zero.

Then A = LLT where

lij =

{
1

Dj−1j
det
(
A1:i,{i:i−1,j}

)
, i = j, j+ 1, . . .n, j = 1, 2, . . .n.

0 i < j



The aim of this has been:

I To present an account of an important but sometimes
overlooked idea on linear algebra;

I To provide a carrier for some mild propaganda for numerical
analysis;

I To put on record some of the important contributions to
mathematics, and numerical mathematics in particular, made
by John Todd.

Thank you!


