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16 Gaussian Elimination

Last week we studied the finite difference method for

finding approximate solutions to partial differential equa-

tions, which led to the construction of linear systems
of equations that must be solved. For the next few
We begin with

an overview of the most classic method, but our main

weeks, we’ll study how to do that.

focus will be on methods for special matrices.

16.1 Gaussian Elimination

Suppose we want to solve Ax = b, where A €¢ R™*™
is nonsingular and x,b € R™. The classical method
that we all learned at school is called Gaussian Elimi-
nation: preform a series of elementary row operations
to reduce the system to a lower triangular one, which
is then easily solve with back-substitution.

Suppose the matrix is

aix G2 ais
A=|a az as3
asip az2 dAsg
The first step is to eliminate the term as;. This is
done by replacing A with
ay ajs ais
0 a2+ H21ai2 Q23+ U21Q13 | =
asi Qas2 ass
0 0 0
A+ [an az ags
0 0 0

where Ho; = —ao1/aj;. Because

0 0 0 0 0 O aj;p Qapg ais
a;; a2 aiz|=(1 0 0 [axn azx as
0 0 0 0 0 O as3; Qgg 0Ass,

the row operation can be written as (I + uglE(Ql))A,
where E(P4) € R™X™M hag all zeros, except for epq = 1.
Next we eliminate the term asz; and then ass so
that, when we are done, A has been reduced to an
upper triangular matriz.
In general each of the row operations in Gaussian
Elimination can be written as

(I+ppqEPY)A  wherel<qg<p<m, (16.1)

and (I + upqE(pq)) is an example of a Unit Lower
Triangular Matriz.

16.2

Recall from Section that L € R™*™ is a lower
triangular (LT) matriz if the only non-zero entries are
on or below the main diagonal, i.e., if l;; = 0 for 1 <
i<j <m. It is a unit lower triangular (ULT) Matrix
is ]-ii =1.

Triangular Matrices

The analogous definitions of Upper Traiangular and
Unit Upper Triangular matrices is obvious.

In Example we saw that the product of two
lower (upper) triangular matrices is lower (upper) tri-
angular. Most importantly for us, as seen in Q4 of
Problem Set 1:

(a) the product of two ULT matrices is a ULT matrix.

(b) the inverse of a ULT matrix always exists, and is
a ULT matrix.

16.3 Factorising A

Each elementary row operation in Gaussian Elimina-
tion (GE) involves replacing A with (I + p,sE("))A.
But (I + psE(™)) is a unit lower triangular matrix.
Also, when we are finished we have an upper triangu-
lar matrix. So we can write the whole process as

Ll 1L o... LA = u, (16.2)

where each of the L is a ULT matrix. Since we know
that the product of ULT matrices is itself a ULT ma-
trix, we can write the whole process as

LA =U.

We also know that the inverse of a ULT matrix exists
and is a ULT matrix. So we can write

A=Ll,

where L is unit lower triangular and U is upper trian-
gular. This is called the LU-factorization of the ma-
trix.

16.4 Exercises

Exercise 16.1. Suppose that B € R™*™ ig a matrix
of the form
B =1+vei.

where v € R™ with v; = 0. Show that B~! = [—ver.

Exercise 16.2. We'll now use the exercise above to
show that the inverses of the matrices Ly, Lo, ..., Lg
on the left of (16.2)) have a convenient form. If we let
lij = x4j/%;jj, then we can write
Lj =1+ lj ej,
where 1; = (0, 0, ey 0, 71j+1,ja71j+2,ja .o
Show that if A = LU, then

k
L=]]u
j=1

) 71m,] )

can be expressed as

k
L=1+) Le;.
j=1



