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Part 6 — PDEs

Our model problem is

du_
Jat ot

subject to the initial condition
u(x,0)=0
and the boundary conditions

u(0,t) = u(1,t) = 0.
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Discretization

Discretization

The numerical scheme that we will use is central differencing in
space, and backward-differencing is time.

Take the spacial mesh w™ = {xg, X1, ..., XN},
and temporal mesh {0, 7,27, 37,..., Mt = T}

Denote by U;; the numerical solution at the point x = x; and
time t = jt.

Then the numerical method is

Uij— Uij—

21, . ). = f .
- —0°Ujj+riUij =i

fori=0,1,...,N+1,andj=1,2,..., M.
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This can be rearranged to get

2
—10 U,',j + (T + I’,',j) U,',j = Tfi,j + Ujj-1.

That is, at every time-step, we just solve a (stationary)
boundary value problem.

Sample code for this is given in Parabolic.m

Our only new Matlab function is meshgrid:

[X,Y] = meshgrid(x,y)
returns matrices X and Y so that the rows of X are copies of the
vector x; columns of the output array Y are copies of the vector

y
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Discretization

m Rewrite this script as a function file.

m Extend it so that there is a convective term present, and so
that the boundary conditions are not necessarily
homogeneous.

Part 6 — PDEs

5/9

The numerical method

We approximate the solution to this problem by applying a
standard finite difference method on a tensor-product mesh.

Choose one-dimensional meshes wyx and wy and let
QN = {(x;, yj)}l!‘;:o be their tensor product.

Set h; = x; — X;—1 and k;j = y; — yj_4 for each i. Given a mesh
function {v,-,j},’.‘;.zo, define the standard second-order central

differencing operators

1 (Vikj—Vij  Vij— Vi1, .
6§v,-,,-:=ﬁ—( =0 SR fori= 1, N1,
i i+1 i

1 (Vijs1 = Vij  Vij= Vij1 .
(”* v ”) forj=1,...,N-1,

(52V" ==
YT\ K ki

where h; = (hiy1 + h)/2 and k; = (ki1 + ki)/2.
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An Elliptic Problem

Our model problem is:
find u(x, y) = that satisfies
Lu:=—-?Au+ru=f onQ:=(0,1)x(0,1),

u=0 onodQ,

where Au is the Laplacian:

T ox2  9y?
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The numerical method

Set ANv;; == (6} + 6)/)vi;. Then we define the difference
operator as

(LNU);j = —2ANU; j+r(xi, y)Uyj,  fori=1,...N-1,j=1,...N-1.

To generate a numerical approximation, solve the system of
N + 1 linear equations

(LNUy;j = f(xi, ) for (xi,y)) € QN,
Uj=0 for (x;, yj) € JQN.
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The Matlab Implementation

See Elliptic.m and RunElliptic.m

Where the code appears complicated, it is because we are
dealing with a two-dimensional mesh. (See notes on the
black-board.)

New Matlab features include

B reshape
m Use of structures.
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