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e A +1 matrix of order n which satisfies the equation HH' = nl, is
called a Hadamard matrix.

e Hadamard matrices are used in coding theory, statistics, combinatorial
design theory, and many other fields of mathematics.

e Cocyclic Hadamard matrices are Hadamard matrices whose automor-
phism groups have a subgroup with an almost-regular action.

e A classification of the cocyclic Hadamard matrices of order 36 was
begun by Ito in the 1990s.

e In this poster we describe the methods that we used to complete this
classification. We also provide a summary of our classification for all
smaller orders.

Let M be an n X n matrix with entries in an Abelian group A, and let G
be a group of order n. Then we say that M is group developed over G if
there exists a function ¢ : G — A such that M = [¢ (gh)], ;q- Equiv-
alently, M is group developed over G if there exists a regular subgroup
of Aut (M) isomorphic to G.

Cocyclic development 1s a generalisation of group development. A co-
cycleis amap v : G X G — A that obeys the identity

Y (g, k)Y (gh, k) =1 (g, hk) (h, k).

Equivalence classes of cocycles are central objects of study in group co-
homology; the cocycles defined above determine central extensions of A
by G. The matrix M, is cocyclic if there exists a group G, of order n, a
cocycle v : G x G — A and a set map: ¢ : G — A such that

M = 1Y (g,h) ¢ (gh)], hei -

A more natural description of cocyclic development 1s in terms of group
development of the expanded matrix of M over an extension of A by G.
We define the expanded matrix of M to be the block matrix

By = [abM]a,beA '

Then, by a result in [2], M is cocyclic developed over & if and only if
there exists a group extension of A by G over which E); 1s group de-
veloped. Thus cocyclic development over a group G is equivalent to the
existence of a subgroup of Aut (M ), isomorphic to an extension of A by
(=, which acts regularly on E,.

Let G be a group of order mn with a normal subgroup N of order
n. A subset R of G of size k£ such that the multiset of quotients
ri € R,r # ry contains each element of G\ N exactly A\ times
and contains no element of N is called a (m, n, k, \)-Relative Difference
Set in G with forbidden subgroup V.
RDSs 1n non-Abelian groups have received relatively little attention from
either group theorists or design theorists. A result of de Launey [3] states
that cocyclic Hadamard matrices are equivalent to (4t, 2, 4t, 2t)-RDSs.
These are relative difference sets of maximal size 1n groups of order &¢.
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To ensure the correctness of our classification, we need to explicitly de-
scribe the relationship between CHMs and HRDSs. We begin by defin-
ing an equivalence relation on each of these objects.

Let H be a Hadamard matrix. Then H is equivalent to H’ if and only if
there exist signed permutation matrices P and (), such that

H=PHQ'

Let R be a HRDS. Then R is equivalent to R’, briefly R ~ R/, if and
only if there exists g € G and ¥ € AntiAut (G) such that

R =R'g={9(z)g|z€R)}.

Each of these definitions of equivalence is standard 1n its field. They do
not coincide. Every HRDS i1s equivalent to its complement. The corre-
sponding notion for Hadamard matrices 1s transpose-equivalence. In [4]
we show that an equivalence class of HRDSs generates at least one and
at most two equivalence classes of CHMs. If it gives rise to two equiva-
lence classes, then the matrices 1n one class are precisely the transposes
of those 1n the other.

Results

This work, of which further details can be found 1n [4], extends a clas-
sification of cocyclic Hadamard matrices begun in the author’s Masters

Thesis, [2]. We have shown that generating Hadamard matrices using
Relative Difference Sets 1s computationally feasible, at least for small
orders. This approach still suffers from exponential complexity, how-
ever. An alternative approach 1s to consider the implications of cocyclic
development in the context of Hadamard 3-designs.
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