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e A +1 matrix of order n which satisfies the equation HH' = nl, is
called a Hadamard matrix.

e Hadamard matrices are used in coding theory, statistics, combinatorial
design theory, and many other fields of mathematics.

e Most known 1nfinite families of Hadamard matrices come from differ-
ence sets.

e We use results on 2-transitive groups to describe the automorphism
groups of these matrices under the assumption that the automorphism
group 1s transitive.

e In the process, we discover a new triply infinite family of skew-
Hadamard difference sets.

Let GG be a group of order v, and let D be a subset of G of cardinality £.
We say that D is a (v, k, \)-difference set if every non-identity element
of G may be expressed in exactly A ways as a quotient of elements of D.
Let xp denote the characteristic function of D. Then the development ot
D 1s the matrix

Dev(D) = [xp(gh)lgrec

We call a difference set with parameters (4n — 1,2n — 1,n — 1) a
Hadamard difference set as it gives rise to a Hadamard matrix in a natu-
ral way.

Lemma 1. Let D be a (4n — 1,2n — 1,n — 1)-difference set. Define D to
be 2Dev (D) — J, and 1 to be the all 1s vector of length 4n — 1. Then

(1T
“\1' D

is Hadamard. Furthermore, PermAut(H ) is isomorphic to Aut(D).

Several infinite families of Hadamard difference sets are known, see for
example [1].

Let G be a group acting on a set X. We say that the action of G is
2-transitive 1f for any four distinct elements w, x, y, 2 € X there exists
g € G such that wg = y and x¢g = z both hold.

Lemma 2. If H is a Hadamard matrix arising from a difference set, then
Aut(H) is transitive if and only if it is 2-transitive.

Now, deep results in group theory yield a complete classification of the
finite 2-transitive groups. Furthermore Ito classifies the groups which

act doubly transitively on a Hadamard matrix. Building on his work we
obtain the following theorem.

Theorem 3. Let I' < Aut(H) be a doubly transitive permutation group

acting on the set of rows of a Hadamard matrix, H. Then one of the
following holds:

o' = My and H is the unique Hadamard matrix of order 12.

e PSLy(p*) < T, acting naturally on p* + 1 points, for p* = 3 mod 4,
p~ # 3,11 and H is a Paley type I matrix.

o' = Sps(2), and H is unique and of order 36.

o' contains a regular elementary abelian subgroup, and H is a
Sylvester matrix of order 2".
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Regular subgroups of AI'L(1, q)

Definition 1.Let D be a difference set in a group G, and let D\=") =
{d7' | d € D}. Then D is skew if G = D U D"V U {15} If D is skew

then D has Hadamard parameters.

The set of quadratic residues 1n [, forms a Hadamard difterence set in
(IF,, +) whenever ¢ = 3 mod 4. These are called the Paley difference
sets. It 1s well known that —1 1s not a quadratic residue 1n I, so that
precisely one of x and —x 1s a residue. It follows that the Paley differnce
sets are skew. For many years these were the only known examples of
skew Hadamard difference sets, and it was conjectured that there were
no others.

This conjecture was disproved 1n 2005 by Ding and Yuan, who con-
structed new difference sets in groups of order 3° and 3" using Dickson
polynomials. Numerous papers outlining new constructions have fol-
lowed 1n the past few years. All known examples have been 1n groups of
orders 3" or ¢°.

Lemma 7 (O C. 2011). The difference sets in Theorem 5 are all skew.

These difterence sets provide examples of skew Hadamard difference
sets at infinitely many new orders.
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